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V.1 参量振荡、参量激发、参量共振、参量放大 
(parametric oscillator, excitation, resonance, 

and amplifier) 



What are parametric instability?  
What�are�parametric�instabilities?
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参量振荡（parametric oscillation） 
6.1 Parametric oscillator6.1  Parametric oscillator

This equation is linear in . By assumption, the parameters   and  depend q y p p p
only on time and do not depend on the state of the oscillator. In general, 
and/or    are assumed to vary periodically, with the same period  .

Remarkably, if the parameters vary at roughly twice the natural frequency of the 
oscillator, the oscillator phase-locks to the parametric variation and absorbs energy 
at a rate proportional to the energy it already has. Without a compensating energy-
loss mechanism provided by   , the oscillation amplitude grows exponentially. (This 
phenomenon is called parametric excitation, parametric resonance or 
parametric pumping.) 

http://en.wikipedia.org/wiki/Parametric_oscillator



Transformation of the equation 
Transformation of the equationq

By making a change of variables

where   is a time integral of the damping:

This change of variables eliminates the damping term

where the transformed frequency is defined

I l th i ti i d i d f l ti l ll t b tiIn general, the variations in damping and frequency are relatively small perturbations

where   and   are constants, namely, the time-averaged oscillator frequency and damping, 
ti l Th t f d f b itt i i ilrespectively. The transformed frequency can be written in a similar way:

where   is the natural frequency of the damped harmonic oscillator

dand

Thus, our transformed equation can be written



A solution of the transformed equation 
A SolutionA Solution

Let us assume that is sinusoidal, specificallyLet us assume that   is sinusoidal, specifically

where the pumping frequency   but need not equal   exactly. 
The solution   of our transformed equation may be writtenq y

where we have factored out the rapidly varying components 
(  and  ) to isolate the slowly varying 
amplitudes   and   . 

Substituting this solution into the transformed equation and retaining only the 
terms first-order in   yields two coupled equations



A solution of the transformed equation 
A solution (continued)( )

We may decouple and solve these equations by making another changeWe may decouple and solve these equations by making another change 
of variables

which yields the equations

where we have defined for brevity

d th d t iand the detuning



A solution of the transformed equation 
A solution (continued)A solution (continued)

Th i d d d d li i i i ilib i i iThe    equation does not depend on , and linearization near its equilibrium position    
shows that    decays exponentially to its equilibrium

where the decay constantwhere the decay constant
.

In other words, the parametric oscillator phase-locks to the pumping signal   .
Taking   (i.e., assuming that the phase has locked), the   equation 

becomes

whose solution is   ; the amplitude of the   oscillation diverges 
exponentially. However, the corresponding amplitude   of the untransformed
variable   need not diverge.

The amplitude diverges, decays or stays constant, depending on whether isThe amplitude   diverges, decays or stays constant, depending on whether   is 
greater than, less than, or equal to   , respectively.



A solution of the transformed equation 

A solution (continued)( )

The maximum growth rate of the amplitude occurs when At thatThe maximum growth rate of the amplitude occurs when  . At that 
frequency, the equilibrium phase   is zero, implying that    and  . 
As   is varied from ,   moves away from zero and   , i.e., the 
amplitude grows more slowly For sufficiently large deviations of the decayamplitude grows more slowly. For sufficiently large deviations of   , the decay 
constant    can become purely imaginary since

If the detuning   exceeds   ,   becomes purely imaginary 
and   varies sinusoidally. Using the definition of the detuning   , the y g g ,
pumping frequency   must lie between

and   

in order to achieve exponetial growth in   . 

It shows that the spread in pumping frequencies that result in exponentially 
growing   is approximately   .



Intuitive derivation of parametric excitation 
Intuitive derivation of parametric excitationIntuitive derivation of parametric excitation

which represents a simple harmonic oscillator being driven by a 
signal   that is proportional to its response .

Assume that   already has an oscillation at 
frequency   and that the pumping   has double the frequency 
and a small amplitude   . Their product  f(t)q(t) produces two driving 
signals, one at frequency   and the other at frequency   

Being off-resonance, the   signal is attentuated and can be neglected 
initially By contrast the signal is on resonance serves to amplify and isinitially. By contrast, the   signal is on resonance, serves to amplify   and is 
proportional to the amplitude   . Hence, the amplitude of   grows 
exponentially unless it is initially zero.



Parametric resonance 
Parametric resonance

P t i   t k  l  h  th  t l it ti  Parametric resonance takes place when the external excitation 
frequency equals to twice the natural frequency of the system. 
This effect is different from regular resonance because it exhibits This effect is different from regular resonance because it exhibits 
the instability phenomenon.

If a pendulum’s length changes with time
For small amplitudes and by linearising, the stability of the periodic 
solution is given by :

If a pendulum s length changes with time.

solution is given by :

where    is some perturbation from the periodic solution. Here the   
term acts as an þenergyÿ source and is said to parametricallyterm acts as an energy source and is said to parametrically 
excite the system. The Mathieu equation describes many other 
physical systems to a sinusoidal parametric excitation 

http://www.elmer.unibas.ch/pendulum/parres.htm



Parametric resonance 
Parametric resonance

The vertically driven pendulum But vertical driving can change stability intoThe vertically driven pendulum. But vertical driving can change stability into 
instability and vice versa. 

An infinitesimal driving g
amplitude a destabilizes the 
down-hanging pendulum if the 
parametric resonance p
condition

is fulfilled, where n is an integer 
defining the order of parametric g p
resonance 



Parametric amplifier 
Parametric amplifiers

The parametric oscillator equation can be extended by adding an externalThe parametric oscillator equation can be extended by adding an external 
driving force   :

Let the damping be constant   and assume that the external 
driving force is at the mean resonance frequency,
i.e.,   . The equation becomesq

whose solution is roughly

As   approaches the threshold   , the amplitude diverges. 
When   , the system enters parametric resonance and the amplitude 
begins to grow exponentially, even in the absence of a driving force  .



Plasma oscillators: electron plasma oscillator,ion 
acoustic oscillator 

Plasma oscillators: electron plasma oscillator, 
ion acoustic oscillatorion acoustic oscillator
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Coupling between laser and the plasma oscillators 
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(参量共振形式的等离子体不稳定性) 



Coupling between laser and the plasma oscillators 
(参量共振形式的等离子体不稳定性) 

•  一个驱动模要能发展起来，必
须要有一定的pump强度： 

 
由阻尼常数Γ1和Γ2，耦合强度C1
和C2决定的阈值pump强度。 
 
•  驱动模接近共振时，阈值最低： 

ωl =ω1 +ω2
kl =

k1 +

k2

Manley-Rowe relations 



Coupling between laser and the plasma oscillators 
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(共振吸收) 

电子密度涨落 

离子密度涨落 



Coupling between laser and the plasma oscillators 
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V.2 共振吸收 



共振吸收 
3.4 ݅ᤃᬊ(resonance absorption)
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共振吸收 
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共振吸收 
Transverse (EM) & Longitudinal (ES) Waves

Maxwell equations
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共振吸收 
Resonance Absorption

s-polarisation �H xE  0 - no coupling 
to ES plasma waves

p-polarisation �H xE z 0 - EM waves 
are coupled to ES waves!
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共振吸收 
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斜入射的S极化光 
3.4.1 ܹ᭰ᇘⱘSᵕ࣪ܝ⊶
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共振吸收---斜入射的P极化光 
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共振吸收---斜入射的P极化光 
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共振吸收---斜入射的P极化光 
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共振吸收---斜入射的P极化光 
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（利用S极化波的Airy函数解进行计算） 
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共振吸收---斜入射的P极化光 
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共振吸收---斜入射的P极化光 
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V.3 由离子密度涨落引起的耦合 
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由离子声波引起的参量衰变不稳定性的直观解释 
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一维模型研究光波通过离子密度涨落与电子等离子体
波的耦合 
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一维模型研究光波通过离子密度涨落与电子等离子体
波的耦合 
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一维模型研究光波通过离子密度涨落与电子等离子体
波的耦合 
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一维模型研究光波通过离子密度涨落与电子等离子体
波的耦合 
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一维模型研究光波通过离子密度涨落与电子等离子体
波的耦合 
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V.7 空间不均匀性引起的不稳定的阈值 
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V.8 非相干波对不稳定性的影响 
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