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Abstract

As a harbinger of anomalous weather regimes in the troposphere, the Northern Annular Mode (NAM) propagates from the
stratosphere to the troposphere. This fact makes understanding and predicting NAM variability of great importance. In this
study, the multi-fractal behaviors of NAM variability are investigated using extended self-similarity based, multi-fractal
detrended fluctuation analysis (ESS-MF-DFA) and the NAM indices from 1000 to 10 hPa. The results show that there are
contrasting multi-fractal behaviors between the stratosphere and the troposphere that have a transition band near 200 hPa.
The stratospheric NAM variability is more complicated and has multiple multi-fractal regimes over different scales with
marked contrasting warm—cold season features. To understand these contrasting stratospheric—tropospheric multi-fractal
behaviors, three surrogate methods are adopted to show how temporal ordinal patterns over an annual scale contribute to
these behaviors, whereas the distribution of NAM variability only plays a minor role. Further studies show that contrasting
warm—cold variability may lead to these contrasting behaviors. Among them, warm—cold seasonal variations, power spectral
density (PSD), and autocorrelation provide a similar conclusion. Results indicate that although predictions of the NAM index
over the stratosphere are required and necessary, the complicated multi-fractal behaviors make linear prediction strategy

difficult to obtain high realizable predictability of NAM variations over the stratosphere.

Keywords Northern Annular Mode (NAM) - Multiple multi-fractal behavior - Stratospheric—tropospheric variability -

Warm-—cold season variations

1 Introduction

The Northern Annular Mode (NAM), which reflects one
of the main atmospheric variabilities in the extratropical
Northern Hemisphere, represents a dipole phenomenon
of atmospheric mass between high and low latitudes in
the earth’s hemisphere (Limpasuvan and Hartmann 1999).
It is also called the Arctic Oscillation (AO) (Thompson
and Wallace 1998). The concept of this ‘Annular Mode,’
which characterizes the cardinal pattern of extra-altitude
atmospheric circulation and facilitates an understand-
ing of the Arctic climate mode, is also called the North’s
‘El Nifio’ (Kerr 2001). This variability possesses a clear
spatial pattern, has a major temporal variation that is
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estimated using the NAM index, and is associated with
some crucial climatic and synoptic activities (Kerr 1999;
Limpasuvan and Hartmann 2000). An increasing number
of studies have shown that the relationship of the oscilla-
tions between the stratosphere and troposphere plays a key
role in predicting anomalous weather (Baldwin and Dun-
kerton 2001; Baldwin et al. 2003; Baldwin and Thomp-
son 2009; Stockdale et al. 2015; Wang et al. 2017). The
anomalies of NAM/AO from the stratosphere can propa-
gate to the troposphere (Cai and Ren 2007), which can
facilitate a realization of a 10-day to 30-day sub-seasonal
prediction (Baldwin and Dunkerton 2001; Baldwin et al.
2003; Thompson et al. 2002). There is also evidence that
stratosphere-troposphere interactions can induce persistent
intra-seasonal dynamics, displaying enhanced persistence
on intra-seasonal timescales (Ambaum and Hoskins 2002;
Baldwin et al. 2003). By adjusting the strength and the fre-
quency of related atmospheric activities, NAM/AO mani-
fests strong impacts on climate variables in winter, such
as temperature, precipitation, sea ice, and snow cover; this
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is evidenced not only through mean variations, but also in
daily changes (Thompson and Wallace 1998, 2001; Wang
and Ikeda 2000; Bamzai 2003; Gong et al. 2007). NAM/
AQ is also related to monsoons, the Siberian High, and
extreme events in the Northern Hemisphere (Gong et al.
2001). For example, during the winter of 2009-2010 with
extreme cold and snow in most major cities of industrial-
ized countries of the Northern Hemisphere, the explained
variance from NAM/AO contributed more than that from
ENSO to the observed temperature mode over mid-lat-
itudes (Cohen et al. 2010). As such, there is a potential
application for predicting variations in the NAM index;
however, this requires a comprehensive understanding of
the behaviors of the NAM/AO.

In general, it is not simple to predict the NAM index at
a seasonal scale. The seasonal hindcasting results from the
Climate Forecast System version 2 (CFSv2) have shown that
the correlation skills of predicting the NAM/AO anomaly
can be greater than 0.5 in a one-month lead forecast over a
28-year period (Riddle et al. 2013). Subsequently, a simula-
tion performed by Sun and Ahn (2015) revealed the dynamic
seasonal predictability of NAM/AO using a coupled general
circulation model. In addition, Stockdale et al. (2015) exam-
ined the predictability of several operational forecast models
for NAM/AO and found that a high-skilled predictable cor-
relation reached 0.61 from 1981 to 2010. Domeisen et al.
(2018) calculated the predictability time scales of daily NAO
and AO indices and found that the predictability exceeded
the short-term predictability; this can be currently obtained
using the ensemble prediction model. These results indicated
that there is room for improvement in predicting the NAM
index over different time scales.

What can be done to improve prediction ability? A thor-
ough understanding of the nonlinear characteristics of NAM/
AO may provide some insight. In recent studies, one of the
most crucial reasons for the difficulty of NAM/AO variation
predictions is the nonlinearities and complexities of the sys-
tem. These apparent nonlinearities in the NAM index restrict
the performance of models that primarily use correlations to
identify predictability (Stockdale et al. 2015). However, Ye
and Hsieh (2008) found that increasing nonlinearity in the
ENSO and Lorenz systems could help to enhance the pre-
dictability. Even though nonlinear items in the dynamic con-
trolling equations can reduce predictability, they can lead to
longer-period oscillations in the ENSO and Lorenz systems
that can induce great potential predictability. It is exciting to
find that the NAM variability has a chaotic origin, and the
spectrum of the NAM index in 1000 hPa is more consistent
with low-order chaos (Osprey and Ambaum 2011). In addi-
tion, Hirata et al. (2011) testified this nonlinearity and chaos
in the AO index using statistical toy models. Therefore, the
nonlinearities in NAM variability may have an impact on
prediction.
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Given that the primary purpose is to understand and
improve predictability of the NAM index, the nonlinearity
over different time scales could be an important area that
requires focused attention. Previous studies have suggested
that there are distinct behaviors over various timescale
ranges in the North Atlantic Oscillation (NAO) index (Kee-
ley et al. 2009). The characteristic of inter-annual variability
in the NAO index can reflect influences from external fac-
tors, such as changes in radiation forcing or the tropic Indo-
Pacific sea surface temperature (Gillett et al. 2003; Hoer-
ling et al. 2001). Moreover, Badin and Domeisen (2014a)
found that the behavior of stratospheric variability in the
Northern Hemisphere is chaotic. The stratospheric vari-
ability exhibits different chaotic behaviors in the Northern
and Southern Hemisphere (Badin and Domeisen 2014b).
There is some independence among the Annular Modes
between the stratosphere and the troposphere, sometimes
with opposite changes (Baldwin and Dunkerton 1999) that
may induce different scaling behaviors. However, the cou-
pling between polar stratospheric events and mid-latitude
tropospheric events is a key feature of observed variability,
and these events are associated with the time scale of the
NAM index. The increased variability of the Annular Mode
in the stratosphere has a close relationship with the increased
persistence of the Annular Mode in the troposphere (Gerber
et al. 2010). Simpson et al. (2011) quantified the impact
of stratospheric variability on the time scale of the tropo-
spheric Annular Mode. In both hemispheres, the effect of
stratospheric variability on extending the time scale of the
tropospheric Annular Mode was clear. However, only a few
studies have directly investigated the nonlinearity or cha-
otic behavior over different timescales in detail. Badin and
Domeisen (2016) studied different scaling laws and multi-
fractal features of different stratospheric variabilities and
found that there was a transition in the scaling exponent at
time scales shorter than approximately 1 year. To learn more
about the physical processes or potential predictability of
the NAM index, a multi-fractal measure was also adopted
(Kantelhardt et al. 2002) that quantifies a scaling behavior
using different behaviors at different time scales. If the scal-
ing behavior at different time scales is different, then it is
multi-fractal, and the opposite is mono-fractal (two-point
linear long-term persistence).

The nonlinearity difference in the stratosphere and tropo-
sphere cannot be ignored. Fu et al. (2016) indicated that
nonlinearities increase as the pressure level decreases. More
specifically, the NAM indices over different heights demon-
strate various nonlinear characteristics. These results imply
that the multi-fractal behavior of the NAM index at different
heights should receive more attention because it is one of
the important indicators of nonlinearity. This study investi-
gates the NAM indices over 17 pressure levels, from 1000
to 10 hPa, during the 1948-2017 time period. Given the
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availability of these long time series, the following questions
are addressed:

1. What is the multi-fractal behavior of the NAM indices
at various pressure levels? Is the behavior mono-fractal
or multi-fractal?

2. If it is multi-fractal, what is the origin of the multi-frac-
tal behavior?

3. Are there different multi-fractal behaviors in the strato-
spheric and tropospheric NAM variability?

4. If the answer is yes, how can researchers understand this
contrasting multi-fractal behavior and its implications?

2 Data and methods
2.1 Data source and processing

The data we used in this study were daily geo-potential
height fields downloaded from the National Centers for
Environmental Prediction-National Center for the Atmos-
pheric Research (NCEP/NCAR) reanalysis project (Kalnay
et al. 1996). This variable was on a 2.5°x2.5° grid for the
period from 1948 to 2017 and was available from 1000 to
10 h Pa over 17 levels. The dataset from the Japanese 55-year
Reanalysis (JRA-55) project conducted by the Japan Meteor-
ological Agency (JMA) was also used for testing the robust-
ness of the results, which was a 2.5° X 2.5°grid for the period
from 1958 to 2017 with 37 levels (Kobayashi et al. 2015).
NAM indices at each level were calculated following the
method of Baldwin and Dunkerton (Baldwin and Dunkerton
2001) by selecting the December to February geopotential
height data and removing the annual cycle (the value of each
calendar day was the average of the same day for all years).
For each pressure level, the Empirical Orthogonal Function
(EQOF) patterns were calculated using wintertime (Decem-
ber—February) monthly mean data north of 20°N. Finally,
the daily geopotential anomalies were projected onto the
leading EOF patterns (Fu et al. 2016). This process consid-
ered the impact from weightings of the latitude. Four typi-
cal normalized daily NAM indices (subtract its mean value
and divide by its standard deviation) at 1000 hPa, 200 hPa,
100 hPa, and 10 hPa are illustrated in Fig. 1.

2.2 Methods

A multi-fractal analysis is an effective way to describe the
nonlinearity hidden in a time series. The most common way
to estimate this feature is the multi-fractal detrended fluctua-
tion analysis (MF-DFA) method. However, this method does
not perform well for the NAM index, where the basic power
law assumption is not satisfied for the detrended fluctuation
analysis (DFA) and the MF-DFA (Fu et al. 2016). In this

case, a novel quantifying method, called the extended self-
similarity-based multi-fractal detrended fluctuation analy-
sis (ESS-MF-DFA), can solve this problem and be used to
analyze the multi-fractal behavior in the NAM index (Nian
and Fu 2019).

In this subsection, the algorithm of the ESS-MF-DFA
method is briefly explained (Nian and Fu 2019). By con-
sidering a time series [x(7),t = 1,2,3,...,N] with a zero
mean and calculating the profile of [x(f)], the profile func-
tion, y(f), can be cut into N, isometric segments. Here
Y0 = X [x(0) = (x)] and (x) = + ¥, x(0) is the mean
value of the time series. By applying the same process
repeatedly starting from the opposite end, we can obtain 2N,
segments in total. Thereby, the variance of each segment is:

N

2 _1 _ a2
F(v.5) = = 3 I = Ds+il = 1,01, )

i=1

where ¢,(i) is the trend of segment v, fitted using three order
polynomials. Then, the g th order fluctuation function aver-
aged over all segments is:

2N,
F(s)= {z}v > [Fz(v,sﬁ] } ©)
S y=1

where g can take any real value. However, when g = 0, the
fluctuation function should be calculated using another aver-
age procedure:

<=

4N

S y=

2N,
Fy(s) = exp { L In[F?(v, s)]} ~ sHO, (3)
1

Given the fluctuation function satisfies the power law
assumption, from Eqgs. (2) and (3), we have:

logy, Fq(s) ~ H(q)log,, s, )
where s is the scale value, and H(g) is the generalized Hurst
exponent.

The fluctuation functions of various g satisfy the
following:

_ Hg)

H(q")
where g and ¢’ can be different, and H(g') # 0. A, can
be estimated directly by the slope of log,,(F,(s)) versus
log,o(F,,(s)) in the plot. In this article, ¢’ =2 was cho-
sen. That is, Aq,q, = Aq’z, and abbreviated as Aq. Also, Aq
describes the scaling behavior of larger fluctuations relative
to g = 2 when ¢ is positive, while it describes the scaling
behavior of small fluctuations relative to ¢ = 2 when ¢ is
negative. Therefore, if A(g) is independent of g, the scaling

logo(Fy(s)) ~ A,y 10go(Fy (), A,y o
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Fig. 1 Typical NAM index series at four pressure levels: a 1000 hPa,
b 200 hPa, ¢ 100 hPa and d 10 hPa. The blue lines represent the cold
half year (November, December, January, February, March, April),

behavior of the entire fluctuation is the same; that is, the time
series has a mono-fractal property.

Then the multi-fractal strength through AA, with a finite
range of g can be evaluated:

A4,

In this study, let ¢ = -3,-2,-1,0,1,2,3.

For MF-DFA, the results depend on the difference of the
generalized Hurst exponent varying with q, which depends
on the power law assumption in the DFA procedure. How-
ever, for some situations (e.g. wind speed of the boundary
layer, the NAM index), the power law assumption between
the fluctuation function and the scale in the DFA method
fails, causing the result using MF-DFA to have bias in the
estimate of the multifractal strength. As for ESS-MF-DFA,
even the power law assumption is not satisfied in Eq. (4).
This may still exist the relation of Eq. (5) among the fluc-
tuation functions of various ¢g. In other words, even if the
fluctuation function of DFA does not change in a power

= maxA, — minA,. (6)
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and the red lines represent the warm half year (May, June, July,
August, September, October). All of the series are normalized

law form with the scale, the multifractal features can still
be quantified using the relation of Eq. (5).

3 Results
3.1 Multi-fractal behaviors in NAM variability
3.1.1 NAM variability over different pressure levels

A significant variability difference between the large fluctua-
tion and the small fluctuation of the NAM index appeared
in the stratosphere, while this difference was weak in the
troposphere (as shown in Fig. 1). Figure 1 shows that the
lower the pressure level, the stronger the difference in the
fluctuations of the NAM index time series, which is similar
to the results found by Fu et al. (2016). The NAM vari-
ability in the middle level of the stratosphere represents the
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strength of the polar vortex (Baldwin and Dunkerton 1999;
Baldwin et al. 2003). It is clear from the figure that the large
fluctuation in the NAM index changed more slowly in the
stratosphere around 10 hPa than it did in the lower tropo-
sphere at approximately 1000 hPa, which corresponds to the
polar vortex result reported by Cai and Ren (2007). Differ-
ent changing features between large and small fluctuations
represent clear multi-fractal properties in the NAM indices.
To explore this multi-fractal behavior, the ESS-MF-DFA
method was used.

3.1.2 Complicated and multiple scaling properties in NAM
variability

The results of the ESS-MF-DFA method illustrated in Fig. 2
show that NAM variability is multi-fractal over all pres-
sure levels since the ESS-MF-DFA results for each g are
scattered and not collapsed. There exist many complicated
multi-fractal behaviors in the NAM indices. This is illus-
trated more precisely in Fig. 3, with the local slope in the
log-log plot of F(s) versus F,(s) calculated with a mov-
ing window size of eight points. According to Nian and Fu
(2019), the ideal local slopes for a typical multi-fractal time
series with only one scaling range should be constants for
each g. More precisely, there should only be a plateau with

its own specific value in the local slope for each g over the
entire range. The multi-fractal strength can be quantified
by the dispersion of plateaus for all g, and the larger the
multi-fractal strength, the greater the distance is between
the maximum and minimum local slope. If the underlying
series is mono-fractal, then all local slopes collapse into a
single plateau with the same value. However, for NAM vari-
ability, there are approximately three scaling regimes with
break points near s = 102 and s = 103 for local slope A over
the entire range. The middle part shows a unique strong AA,
increasing from 100 to 10 hPa, and reaching a maximum
of 2.28 at 10 hPa. It should be noted that the plateau is not
clear over certain levels, especially for the higher levels over
the stratosphere. This is due to a narrower scaling range and
moving window size, which makes the plateau invisible in
this middle range. The AA in the first portion is estimated
to be 0.21 and the last part is 0.27. The criteria of mono- or
multi- fractal series are A g5 & 0.05 (Nian and Fu 2019). In
more precise terms, the NAM variability over all pressure
levels is multi-fractal, with similar multi-fractal strengths at
a small scale range from approximately s = 10 to approxi-
mately s = 10 and a large scale range from approximately
s = 10? to approximately s = 10°. However, the maximum
strength is near the scale of s = 345 in the middle range.
Badin and Domeisen (2016) also studied the multi-fractal

—&—q=-3—0 q=2—0—q=1-—0g=0 q=1 q=2—e—g=3
1021_ T T T 1021_ T T T 102_ T T T 1 02_ T T T
*(a) 1000 hPa /ﬂ ! (b) 850 hPa A °7(¢) 500 hPa 7 (@200 0P
3 10'3 7 10 3 1074
3 10%4 3 10 3 10%
4 1074 4 1074 4 104
L, Ly
3 1073 4 10% ¢ 410/
T T T T T T T T T T T T
10" 10° 10" 107 10" 10° 10" 107 10" 10° 10" 10? 10" 100 10" 10?
5 b I B I 102 1024 T T T T A 102 T T T
""1(e) 100 hPa | !/ (g) 30 hPa ! () 10hPa
] 10" 10" 4 10 /3
10" 5 L/ I
_ 0: 100 10°4] 1 10%4 -
107
LL? f 107 10"+ ] 1074 1
107"
102 1024 4 1077 1
10'2‘; 107 1094 ¢ | J 1034 ¢ -
107 ] T T T - 10"+ T T T - 10 T T T T 10—y T T T T
102 10" 10° 10" 10> 102 10" 10° 10" 102 102 10" 10° 10' 102 102 10" 10° 10" 102
Fys) Fys) Fys) Fiy(s)

Fig.2 The ESS-MF-DFA results with q (q=-3, -2, -1, 0, 1, 2, 3)
for the NAM index series at various pressure levels: a 1000 hPa, b
850 hPa, ¢ 500 hPa, d 200 hPa, e 100 hPa, f 50 hPa, g 30 hPa, h
10 hPa. The grey dashed line represents the same position in Fig. 11

with the x axis of the scale s. The black dashed lines indicate differ-
ent regimes with various multi-fractal behaviors when the pressure
level is above 100 hPa
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Fig.3 The local slope (A) in Fig. 2. The largest slope difference within a given interval q (AA = max4, — min4,;) means the multi-fractal

strength in the series

features of stratospheric variability at 10 hPa and found
two scaling regimes with a transition of scaling exponents
shorter than approximately one year, which is similar to the
result in this study (345 days). The first and second regimes
of the result in this study are roughly equivalent to the first
regime of Badin and Domeisen’s result. This difference is
because the method used in this study was able to obtain
more detailed results. Another difference is that the second
regime of Badin and Domeisen’s result is mono-fractal;
however, the corresponding regime in the result of this
study is a weak multi-fractal. This is because in this study,
a stricter threshold was defined, as the ESS-MF-DFA can
obtain a result with lower uncertainty.

3.1.3 Contrasting multi-fractal behaviors in tropospheric
and stratospheric NAM variability

It has been shown that NAM variability is multi-fractal, in
both the troposphere and the stratosphere (Figs. 2, 3). A
natural question is whether there are different multi-frac-
tal behaviors in the stratospheric and tropospheric NAM
variability?

The most important feature in Figs. 2 and 3 is that the
multi-fractal strengths over three scaling regimes are simi-
lar and nearly unchanged at a level from 1000 to 200 hPa.
However, when the pressure level comes to 100 hPa or even
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lower pressure levels, the stronger multi-fractal strength can
be found in the middle range, especially in 10 hPa, where
the strongest multi-fractal strength (AA = 2.28) is reached.
This unique multi-fractal behavior indicates that there are
contrasting multi-fractal behaviors in NAM variability
within the middle range between the troposphere and the
stratosphere.

3.2 Origins of multi-fractal behaviorin NAM
variability

The causes of the marked multi-fractal behavior in NAM
variability need to be investigated. Previous studies have
suggested that there are two kinds of possible origins of
multi-fractal behaviors. The first is due to a broad probability
density function (PDF) of the values in the time series, and
the second is due to different long-range correlations for
small and large fluctuations (Kantelhardt et al. 2002; Mova-
hed et al. 2006). To understand this multi-fractal behavior
in NAM variability, it needs to be investigated whether the
impacts of the probability distribution of NAM variability
and the ordinal pattern in NAM variability play a role in the
multi-fractal behaviors of NAM variability. Three surrogate
methods were employed to find the answer to this question.

Since there are differences in the large and small fluc-
tuations in the NAM variability over the all pressure levels
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(Fig. 1), the PDF of NAM variability may vary greatly with
the pressure level. A careful calculation shows that the
PDF of NAM variability deviated from the normal distri-
bution at all the pressure levels (Fig. 4a). The departures
were found not only for small fluctuations in the NAM vari-
ability, but also for large fluctuations. Further calculations
on higher order moments, such as skewness (defined as
skewness = E(x—_s’m with the mean y and standard deviation
o) and Kurtosis (defined as kurtosis = M), confirmed
that the NAM variability was not Gaussian distributed over
nearly all the pressure levels (Fig. 4b, c¢). Whether these
features dominated non-Gaussian distributions of the NAM
variability contribute to the marked multi-fractal behavior
in NAM variability requires further investigation.

The first surrogate method chosen in this study was a
remapping procedure, where the ordinal pattern of the
NAM index remained unchanged. For this procedure, the
value of each point was replaced using random data with
a standard Gaussian distribution. After this procedure,
the surrogate data had the same autocorrelations as the
NAM index, but the probability distribution of the surro-
gate was a standard Gaussian distribution (Movahed et al.
2006). The results from the remapped surrogate are shown
in Fig. 5. If the multi-fractal behaviors were mostly due to
the PDF contribution, then the AA of the remapped surro-
gates would significantly decrease (Movahed et al. 2006),
with the multi-fractal strength near that of the mono-fractal
feature. A comparison of the results given in Fig. 3 with
those in Fig. 5 indicates that the broad PDF of NAM vari-
ability was not a key factor that would induce the marked
multi-fractal behaviors in NAM variability. In particular,
the multi-fractal behaviors in NAM variability were nearly
unchanged over the troposphere (see Figs. 3a—d, 5Sa—d). The
non-Gaussian PDF of NAM variability only played a minor
role in the multi-fractal behaviors in NAM variability over

the stratosphere (see Figs. 3e—h, Se-h). The maximum AA
in 10 hPa was 1.55, which was reduced only 0.73, implying
that the PDF did work, but it was not the primary reason for
this observed multi-fractal feature.

The above-mentioned conclusions can be further con-
firmed by shuffling the surrogate results (see Fig. 6). The
shuffling procedure keeps the PDF of the NAM variability
unchanged but randomizes the order of the NAM variability
by destroying the ordinal structure in the NAM variability.
These structures include autocorrelations, both linear (two-
point autocorrelation) and nonlinear. After shuffling, the dis-
tinctive multi-fractal behaviors near the scale of 345 were
eliminated, and the AA was approximately 0.027 (smaller
than A 45 ~ 0.05), which can be considered mono-fractal
behavior. In addition, the multi-fractal behaviors due to PDF
at both the small scale and the large scale were also removed
except for the multi-fractal behaviors at left end of the small
scale. This was due to some restrictions in the method based
on DFA (Kantelhardt et al. 2001) and the partially non-
Gaussian nature of NAM variability (figure not shown here).

A combination of the results of remapping and the shuf-
fling surrogate showed that the origins of the marked multi-
fractal behaviors in NAM variability were primarily due to
linear and nonlinear autocorrelations in the NAM variabil-
ity. Kantelhardt et al. (2002) mentioned that multi-fractal
behaviors are related to the phase in the records of the Fou-
rier transform. The phase randomized surrogate procedure
(PRS) can randomize the phase, but keep the power spectral
density (PSD) unchanged and remove most of the nonlinear
behaviors, including the ones related to the non-Gaussian
PDF and the nonlinear autocorrelation induced by phase
correlation hidden in the data (Yuan et al. 2013). Figure 7
shows results from the PRS surrogates, from which it can be
seen that the multi-fractal strength in the tropospheric NAM
variability is nearly unchanged, but the multi-fractal strength
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Fig.4 a Probability distribution functions (PDF) of NAM index
series at typical pressure levels and the moments: b skewness, and
¢ kurtosis. The solid red lines in b and c¢ represent the average of

pressure level(hPa)

pressure level(hPa)

skewness for 10,000 random series of Gaussian normal distributions,
where three times the standard deviation is indicated by the red dash
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Fig.5 Averaged local slope (A) from 100 remapping surrogates
of the original NAM variability, with the standard deviation error
bar (remapping process: keeping the original sequence of the NAM
index, but replacing the data magnitude using random data with a

in the stratospheric NAM variability is greatly reduced. The
maximum AA is 0.35, found at 10 hPa. The magnitude of AA
is reduced by 1.93, which is more than twice that from the
remapping surrogate. The nonlinear autocorrelation induced
by phase correlation of the data showed a significant mul-
tifractal feature.

A comparison of the results from the three types of sur-
rogate methods showed that the multi-fractal behaviors
were primarily caused by the ordinal structure of the NAM
variability, which contained linear and nonlinear autocor-
relations. In addition, the PDF of the NAM variability only
played a minor role.

3.3 The mechanism of contrasting multi-fractal
behaviors in tropospheric and stratospheric
NAM variability

Results in the above sections showed that there were differ-
ent multi-fractal behaviors in the stratospheric and tropo-
spheric NAM variabilities. In addition, it was found that
multi-fractal behaviors in the tropospheric NAM variabil-
ity were primarily due to different linear autocorrelations
in the large and small NAM variabilities. In contrast, the
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standard normal distribution) at various pressure levels: a 1000 hPa,
b 850 hPa, ¢ 500 hPa, d 200 hPa, e 100 hPa, f 50 hPa, g 30 hPa, h
10 hPa

multi-fractal behaviors in the stratospheric NAM variabil-
ity were primarily due to nonlinear autocorrelations in the
NAM variability, especially for the upper stratosphere. The
question of why there were so many distinct differences in
the multi-fractal behaviors in tropospheric and stratospheric
NAM variability will be addressed from two aspects in the
following subsections.

3.3.1 Contrasting basic statistics

A reinvestigation of the PDF of the NAM variability
(Fig. 4a) shows that the NAM variability naturally fell
into two clusters. One was nearly Gaussian, especially for
small NAM variability (in the troposphere), the other was
non-Gaussian for both large and small NAM variability (in
the stratosphere). This marked difference is further clearly
revealed in the higher moments, such as skewness (Fig. 4b)
and kurtosis (Fig. 4c). The deviation from the Gaussian PDF
for the tropospheric NAM variability is weaker compared to
the stratospheric NAM variability. In particular, there is a
clear dividing band (near 200 hPa) in the kurtosis (Fig. 4¢),
where the kurtosis for the tropospheric NAM variability
saturates to a plateau of 4.0. In contrast, the kurtosis for the
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Fig.6 Same as Fig. 5, but from the random shuffling surrogates (RS)

tropospheric NAM variability increases from 100 to 10 hPa.
This distinguished higher correlation will certainly cause
contrasting multi-fractal behaviors in the tropospheric and
stratospheric NAM variability. This is why the multi-fractal
behaviors in the tropospheric NAM variability were primar-
ily due to the different linear autocorrelations in the large
and small NAM variability, whereas the multi-fractal behav-
iors in the stratospheric NAM variability were primarily due
to nonlinear autocorrelations in the NAM variability. The
non-Gaussian PDF of the NAM variability contributed par-
tially to the multi-fractal behaviors in the stratospheric NAM
variability, but its contribution to the multi-fractal behaviors
in the tropospheric NAM variability can be neglected (see
Figs. 3, 5).

This contrasting stratospheric—tropospheric multi-
fractal behavior is expressed directly in the variance (sec-
ond moment) of the NAM variability. The variance from
different frequency components in the NAM variability
contributes to the total variance differently over different
pressure levels. In particular, there is an apparent variance
contribution ratio difference between the stratosphere and
troposphere (Fig. 8). The variance contributions from the
low-frequency band with a period of more than ten days
shows an increase in the stratosphere. The lower the cutoff
frequency, the more obvious this L-shape trend. When the

cutoff frequency is 90 or more days, the variance contri-
butions have two regimes, with a constant value through
the depth of the troposphere and strong variations through
the stratosphere (Fig. 8b). Compared with the variance
contributions from the low-frequency band, the variance
contributions from the high-frequency band with a period
of less than three days also has two regimes, with a stable
state in the entire troposphere and varying considerably
in the entire stratosphere (Fig. 8a). Both the variance con-
tributions from the low-frequency band and the variance
contributions from the high-frequency band show that the
tropopause (near 200 hPa) is the transition band (consist-
ent with what was derived in the PDF and kurtosis). In
addition, there are different features below (troposphere)
and above (stratosphere) this transition band. The large
variance contribution comes from the high-frequency
band over the troposphere, and this case corresponds to
the relatively low multi-fractal features (weak nonlinear-
ity). However, the large variance contribution from the
low-frequency band over the stratosphere corresponds to
the obvious multi-fractal features, which are an indica-
tor of strong nonlinearity. This result is consistent with
previous findings that enhanced predictability (more low-
frequency oscillations) by increasing the nonlinearity in
the ENSO and low-dimensional chaotic systems (Ye and
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Hsieh 2008). Therefore, it can also be inferred that the
strong nonlinearity of the NAM variability corresponds
to the dominant contribution of low-frequency activities
and that the dominant low-frequency activities primar-
ily occur in the stratosphere. In addition, low-frequency
activities are always related to predictability (Ye and Hsieh
2008). This may be the primary reason why the contrasting
multifractal behavior in the tropospheric and stratospheric
NAM changes.
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pressure level (hPa)

3.3.2 Contrasting cold/warm half-year differences

The second aspect that needed to be considered is the intra-
annual and inter-annual NAM variability. In a review of the
time series of the NAM index, the marked difference is not
just between winter and summer, but the cold half year and
the warm half year (Fig. 1). In this study, the cold half year
contains six months consisting of November, December,
January, February, March, and April, while the other six



Contrasting stratospheric-tropospheric multi-fractal behaviors in NAM variability

months in the year are defined as the warm half year. The
cold half-year variance contributed more than 76% to the
total variance over all the pressure levels and more than 95%
in the upper stratosphere (Fig. 9a), which is consistent with
previous findings (Thompson and Wallace 1998; Baldwin
2001). The change from 200 to 10 hPa was significant, and
the relative variance of the cold half year increased from
79.4 t0 96.5%. The marked contribution differences in the
warm and cold half years can be quantified using the vari-
ance ratio over the cold half-year to the warm half-year, and
the cold half-year variance is nearly 33 times more than the
warm half-year in upper stratosphere near 20 hPa (Fig. 9b).
In addition, the two regimes (Fig. 9b) in the variance ratio
emerge again with 200 hPa as the transition band, where
the variance ratio is nearly constant over the troposphere,
but varies greatly over the stratosphere. Additionally, in the
dominated intra-annual NAM variability between the tropo-
sphere and the stratosphere, there are also clear inter-annual
variations in the variance ratio. Importantly, the inter-annual
variations in the variance ratio are much higher in the strat-
osphere than in the troposphere (Fig. 1). The contrasting
intra-annual and inter-annual NAM variability are a possible
cause that can induce the contrasting multi-fractal behaviors
in the tropospheric and stratospheric NAM variability. In
particular, the intermittent occurrence of large fluctuations
during the cold half-year over the stratosphere can induce
the stronger multi-fractal behaviors in the stratospheric
NAM variability. However, the relative homogenous large
and small fluctuations in the tropospheric NAM variability
cannot lead to the stronger nonlinear autocorrelations in the
marked multi-fractal behaviors.

The contrasting intra-annual NAM variability can be
revealed in the linear features, such as the power spectrum
distribution (PSD) and the autocorrelation function (ACF).
The PSD of every cold/warm half-year during 1960-2017

was calculated and then the results were averaged for all
of these 58 years, as shown in Fig. 10a, b. Similarly, the
their ACFs are shown in Fig. 10d, e. The averaged PSD of
the cold and warm half-years at 1000 hPa declines expo-
nentially over a wide range (Fig. 10a, b). Similar results
were found at other tropospheric levels (Fig. 10a, b). In
addition, the PSD from different tropospheric levels nearly
collapses into a single line (Fig. 10a, b). However, there
are different PSD features over the low-frequency and
high-frequency bands over the stratosphere. And most
importantly, the exponentially decay is not within a single
scaling range, but there are multiple (at least two) scal-
ing ranges. These results indicate that the spectral fea-
tures of the cold/warm half-year NAM variability over the
troposphere and stratosphere are different. This difference
can be shown more clearly in the PSD ratio of the cold
to warm half-year plot (see Fig. 10c), where the results
for the tropospheric NAM variability nearly collapse
over nearly the entire range. However, there are many
rich structures over different scales in the stratospheric
NAM variability, more or less departed from those of the
tropospheric NAM variability. There are distinguishable
spectral features between the tropospheric and the strato-
spheric NAM variability, and the spectral structures are
even more complicated in the stratospheric NAM variabil-
ity. There are well corresponding relationships between
the PSD and ACEF, and the similar features can be found
in the ACF figures (Fig. 10d-f). There are collapsed auto-
correlation structures in the tropospheric NAM variability
for both the cold and warm half-years, but there are scat-
tered autocorrelation structures in the stratospheric NAM
variability, especially for warm half-year (see Fig. 10e).
The contrasting PSD and ACF in the tropospheric and the
stratospheric NAM variability may have also contributed
to the observed contrasting multi-fractal behaviors in the
troposphere and the stratosphere.
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Fig. 10 The power spectrum distribution (PSD) and autocorrelation
functions (ACF) of the warm/cold half-year NAM indices at typical
various pressure levels: a averaged PSD for all the warm half years
during 1960-2017 at typical pressure levels. b Same as a but for the
cold half years. Autocorrelation function: a comparison of the aver-

4 Discussion and conclusion

In this study, the ESS-MF-DFA methods were used to detect
the multi-fractal features in NAM indices. Although the MF-
DFA method is widely used for the detection of multi-fractal
features in time series, it does not work well for NAM vari-
ability. The results from the MF-DFA method are shown in
Fig. 11, where there is no scaling range for each pressure
level, especially for the tropospheric NAM variability. Since
the power law assumption cannot be satisfied, the ESS-MF-
DFA method may be a proper choice, where no power law
assumption is made. Badin and Domeisen (2016) applied the
ME-DFA method to different stratospheric variabilities. The
fluctuation functions of a 10 hPa zonal wind using MF-DFA
in their work were similar to those identified for the 10 hPa
NAM index in Fig. 11h. Collectively, these results show that
there are curved shapes in the fluctuation function over small
scales and no clear scaling range. This may lead to a bias
in the determination of the Hurst exponent, which may also
cause a bias in the determination of the multi-fractal fea-
ture. However, the important conclusion put forth by Badin
and Domeisen (2016) about a scaling transition of the scal-
ing exponent for stratospheric variability in the Northern

@ Springer

age autocorrelation functions over all the warm half years is in d the
averaged ACF for all the warm half years during 1960-2017 at typi-
cal pressure levels. e Same as d but for the cold half years. ¢ The PSD
ratio of the cold to the warm seasons with a minimum ratio of two. f
The ACEF difference between the cold and warm seasons

Hemisphere is congruent with the results in this study of the
transition band. Thus, it can be concluded that both methods
give similar qualitative results; however, the ESS-MF-DFA
method can provide more quantitative multi-fractal results.

The ESS-MF-DFA results for NAM variability showed
that the NAM variability was multi-fractal in the troposphere
and stratosphere. Three surrogate methods were employed
to exploit the origin of the multi-fractal behaviors in NAM
variability. The comparisons showed that the multi-fractal
behaviors in the tropospheric NAM variability were primar-
ily due to the different linear autocorrelations among large
and small NAM fluctuations. In contrast, the multi-fractal
behaviors in the stratospheric NAM variability were primar-
ily due to nonlinear autocorrelations in the NAM indices,
and both the non-Gaussian PDF of the NAM variability and
the different linear autocorrelations among large and small
NAM variabilities played a minor role.

Further studies revealed that there were very different
multi-fractal behaviors in the tropospheric and stratospheric
NAM variabilities. Different origins of the multi-fractal
behaviors in the NAM variability in the tropospheric and
stratospheric NAM indices explained why there are such
contrasting multi-fractal behaviors for these parameters.
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These contrasting multi-fractal behaviors were then exam-
ined from two aspects. Both the PDF of the NAM variabil-
ity and the high-low frequency variance contribution ratio
showed that there were two distinct regimes, one for the
troposphere and the other for the stratosphere. Within the
troposphere, both the PDF and related moments indicated
that the tropospheric NAM variability was more homog-
enous. Therefore, the multi-fractal strengths were weaker
than those for the stratospheric NAM variability. The high-
low frequency variance contribution ratio further confirmed
these results. The other aspect that needed to be consid-
ered was the intra-annual and inter-annual NAM variabil-
ity. There were contrasting cold and warm half-year NAM
variations. The large fluctuations during the cold seasons
imposed the most severe impacts on the low frequency
variations in the upper stratosphere, which were associated
with anomalies in the polar vortex. These anomalies were
partially produced by the propagation of planetary waves
that developed in the troposphere due to the zonal asym-
metry of high-pressure levels (Feldstein and Franzke 2017).
In addition, there were dominant inter-annual variations in
the NAM variability with stratospheric sudden warming
and strong polar vortex events. The contrasting intra-annual
and inter-annual NAM variabilities are possible causes that
induced the contrasting multi-fractal behaviors. In particu-
lar, intermittent occurrences of large fluctuations during
the cold half-year over the stratosphere can induce stronger

multi-fractal behaviors in the stratospheric NAM variability.
Therefore, it can be reasonably inferred that the marked sea-
sonal difference in the tropospheric and stratospheric NAM
variability causes contrasting multi-fractal behaviors. Badin
and Domeisen (2014a) suggested that seasonality is not the
reason for the multi-fractal structure of stratospheric vari-
ability. They compared the correlation and Lyapunov param-
eter from two simulations of stratospheric variability under
different forcing conditions. One condition was a 360-day
seasonal cycle, while the other condition was a perpetual
winter condition. They found that the stratospheric variabil-
ity in both simulations was multi-fractal. The results of this
study are not in conflict with the results given by Badin and
Domeisen (2014a), since the seasonality in their study was
related to forcing, whereas the seasonality in this study was
related to NAM variability.

Geopotential height data from the NCEP was used to cal-
culate the NAM index. Some previous studies have shown
that this dataset has significant problems near 10 hPa, which
is near the pressures of the model lid (Gerber and Martineau
2018; Hitchcock 2019; Fujiwara et al. 2017). Although the
NAM index obtained from the NCEP reanalyzed data set
may be problematic at the top, the NAM index within the
troposphere and lower-middle stratosphere is reliable, which
is highly correlated (Pearson coefficient above 0.97) with a
NAM index over each level from JRA-55 reanalysis. The
main concern in this study was the contrasting multifractal
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behaviors between the stratosphere and troposphere; how-
ever, this issue did not affect the main conclusions of this
study. In fact, the calculation using the JRA-55 reanalysis
was repeated, which had a much higher top and a more mod-
ern forecast model and assimilation system. Both reanaly-
sis datasets had similar results (figures not shown), which
indicated that the conclusion was robust. The quantitative
difference between the NCEP and the JRA-55 reanalysis was
that the strength of the multifractal features in the strato-
sphere was stronger using JRA-55 reanalysis. In addition,
there were even stronger contrasting multifractal behaviors
between the stratosphere and the troposphere using the JRA-
55 reanalysis.

Previous studies have found that the behavior of strato-
spheric variability in the Northern Hemisphere is chaotic
(Badin and Domeisen 2014a), and stratospheric variability
exhibits different chaotic behaviors in the Northern and
Southern Hemispheres (Badin and Domeisen 2014b). The
findings in this study show that NAM variability is not only
chaotic, but also multi-fractal. Furthermore, the chaotic
behavior is not only spatial-dependent, but the multi-fractal
strength is also height-dependent. PSD has been used as a
popular method to infer chaotic behavior. Sigeti and Hor-
sthemke (1987) stated that the falloff in the power spectra at
high frequencies could be used to distinguish the time series
of deterministic systems from those of stochastic systems.
The PSD of a stochastic process has not been found to decay
in the exponential form at the high frequency. Sigeti (1995)
showed that the power spectra of deterministic chaotic sys-
tems will decay exponentially at high frequencies, and the
exponential decay constant is roughly proportional to the
sum of the positive Lyapunov exponents. The results of this
study showed that all the PSDs of NAM in the cold/warm
seasons decayed exponentially at high frequency (Fig. 10).
Therefore, it can be inferred that chaos dominates the high
frequency NAM variations over all levels. This result is con-
sistent with the findings that deterministic chaotic behavior
dominates the NAM variability at high frequencies due to
the similar results that show that the power spectrums of
the NAM index in wintertime and summertime at 1000 hPa
decayed exponentially at a high frequency (Osprey and
Ambaum 2011). Furthermore, it was shown in this study
that mixed PSD structures in the stratospheric NAM vari-
ability were closely related to the stronger multi-fractal
strength found in the stratospheric NAM variability. This
result is also consistent with the dominated varying low-
frequency variance contributions and the contrasting vari-
ance ratio of cold to warm half-years in the stratospheric
NAM variability. Hence, from the PSD features, more can
be learned than simply chaotic information. Since only the
NAM index derived from EOFs was used to estimate the
variability of the stratosphere and troposphere and is not a
direct observable, the quantitative details of the index may
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be different. Domeisen et al. (2018) addressed the problem
of the different results that are obtained when one considers
a direct observable or an index derived from EOFs. This
also provides a direction for future research on comparisons
between the NAM index and a direct observable from dif-
ferent viewpoints.

It is very important in the prediction of NAM changes
that NAM propagates from the stratosphere to the tropo-
sphere, which is considered a precursor to abnormal tropo-
spheric weather conditions. To better predict NAM vari-
ability, a comprehensive understanding of the behavior of
NAM variability is required. Since high nonlinearity could
be helpful in predictability (Ye and Hsieh 2008), it can be
concluded that the strong multi-fractal features in NAM var-
iability, as a nonlinear measure, is also an important indica-
tor of predictability. Therefore, further work is required to
assess the intrinsic predictability (the maximum degree of
the predictability inherent to a given process) of the NAM
variability over various levels. However, complicated multi-
fractal behaviors, such as multiple scaling regimes over
different scales, as well as marked contrasting warm—cold
season features, may make the linear prediction strategy dif-
ficult to obtain high realizable predictability of NAM vari-
ations over the stratosphere. Huang and Fu (2019) found
that multi-fractal patterns and nonlinearity in chaotic series
can make impacts on the time series’ prediction accuracy.
Hence, the realizable predictability of NAM variations over
the stratosphere should be revaluated using practical predic-
tion models or methods to see whether there are contrast-
ing realizable predictability behaviors in tropospheric and
stratospheric NAM variability. All these questions will be
addressed in future studies.
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