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$ 1.1PJD�T$�E'M#>�:O<:
1.1.1�A�8 (Radiation of Black Body) :O7^�Cd� nJ�KP�3;�{;�Tii�3fC�w nvX�}l�9�&%;�{3��[��}�3;����#0p��H��2 Eνdν w�9K*℄C+:G"K (ν, ν + dν)a�3[�;��N[�;�,D Eν 3��3Nq$8 3 ��3N 1.1 j3�yq��K 1896=�W. Wien�p��3M��$�P�yS���)h�A��wp3e`�v�

Eνdν = C1ν
3 exp(−C2ν/T )dν. (1)W	� C1 � C2 Y�n`��)��eyjr%o0�W v�:��)h℄���� Wien 39W t�'2 1911=3�jNK�,\ ~3��w/� Wien v�KÆ{.x�1 λ ∼= 1/ν ∼= ∞) p�:��℄�2y|��Y�� J. W. Rayleigh � J. H. Jeans A��wp3v�

Eνdν =
8π

c3
kTν2dν ∼= Tν2dν. (2)W v�3&gO/wp�K n5x3ÆTC:�;�{Yu{�P d��Y

E = E0 sin
n1πx

L
sin

n2πy

L
sin

n3πz

L
. (3)W	� ni = 0, ±1, ±2, · · ·�,��*n1�7Rh3zv�C+Y

∆k =
(
π

L

)3

. (4)� T-�H9;�{�+5 ω = c|k|�,��vX:3;�{1�,DY
g(ω)dω =

∑

k

δ(ω − c|k|)dω = Sk=ω/cdω ∼= ω2dω ∼= ν2dν. (5)
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7rhK5��j3;�mW?��* n;�{3G�1�3Hm;�Y
kT/2 �,�+20

Eνdν ∼ 1

2
kTg(ω)dω ∼= kTν2dν. (6)Wd� Rayleigh-Jeans v���$j8 3 ��3N 1-1 +r%o0�W v�K ν → 0 
�:��ey℄�2O��,�- ν → ∞ �Nzh�B�

1.1.2��IS
H. Hertz9 1888=Pu��;�/�- ({S�U�0X&w-
�&5;�'��b0 J. J. Thomson9 1896=Pu;|%��q+�(0��yU�M�3�;|�X&j='�W u�5wp3n�9�
(1)H9 ?3X&����3;.�!K nk?3�UG" ν0 �-U��3G" ν < ν0
�d$�3YD5K&�|&~�05;|m-P���
(2) *n��;|3;�[:U��3G" ν 5}�
(3) -y��3G" ν > ν0 
�d$�K(V{�A&	��;�/�W����dQ2`:f�;%,/3�
1.1.3V^�G\�3�4�/
1885=�BalmerPu�℄?|3rD�Ny�WÆ3�y\r%3p�l?

ν̃ =
1

λ
= R

(
1

22
− 1

n2

)
, n = 3, 4, · · · · · · (7)W	 R = 109677.581cm−1 �Y Rydberg �)��03�!�rH9P9AX&?|3�NIÆ� 1908=�W. Ritz���7�8A��?|P�3�Ny3{) ν̃ �r%��wp3��

ν̃nm = T (n) − T (m). (8)W	� n � m Y3�℄\)�q+�}l�b�Y�(?|�N|���W}39�M* F�N3zHYD5/ew��k?�
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1.1.4V^�B�L
1895=�Röntgen Pu� X�y�9/g� BequerrelPu�4�3ElU��� 1898=�e	ZPu���W�Puw/�?||�fi��3��*℄�9+i5`I3Sx�yr%z�v!�?|7lr%U�'a;3 β �|��M?|7�j�3�6(?|�O�3'a;3�|�'℄;3�|x�39�
1904=�Thomson PA�wp31��℄;�mFW}K?|j�?|3bb&CY 10−8cm ��M;|NKPj�3l5�!3A��W 1��Y

“L<h-f1�” �,K 1911 =� Rutherford Wh�2 α �|�)?|
203)h��PuW 1�dQT�~�03&MD}�u��,��8A��?|j3℄;��W/jK n��3d;j (< 10−12cm)�J
�?|i�3q��W�/jKW d;���?|��M;|NWoz?|�v�, Rutherford3?|1��<0�V�&3�8�rh`:;����;|K?|�S�;2H�
�J&|G[�;�{�,M~�;��,��Wo?|�H�3;|�k& “<0”?|�jh�W��?|�d “o~”��,u��U3`�w/�?|�a?3�w�TlW 'J9�
$ 1.2 Planck-Einstein ��-^1�|��\Q38 ~�3 Planck 9 1900=%�3�Y��= Wienv�:���~�03�C[�;NW}eya�3�x�89 1900= 10 E 19uPw3 F_Sjq��wp3<�v�

Eνdν =
C1ν

3

exp(C2ν/T ) − 1
dν. (9)5g3��W v�:��℄�2.��Y���$�T�W v�� Planck t(0�v� (9)r%mf��

Eνdν =
kC2ν

exp(kC2ν/kT ) − 1

C1

kC2

ν2dν. (10)
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W	� k Y Boltzmann �)�+W-$`o0�,| ν2dν �℄p9vX:;�{G�1�3:,DÆ) g(ω)dω 3�,��,|
Eν ≡ kC2ν

exp(kC2ν/kT ) − 1
(11)/eT��G"Y ν 3G�;�{1�3Hm;��� T-�+r%J��f��

Eν =
kC2ν

exp(kC2ν/kT ) − 1
=

d

dβ
ln(1 − exp(−βkC2ν)). (12)W	� β = 1/kT �J9:+%`3K5��v�

E = − d

dβ
lnZ = − d

dβ
ln



∑

{ǫ}

exp(−βǫ)

 =

∑
{ǫ} ǫe

−βǫ

∑
{ǫ} e

−βǫ
(13)zpO�+r%o0�K�C[�bBj�+5

lnZ = − ln
(
1 − e−βkC2ν

)
= ln

1

1 − e−βkC2ν
. (14),��G"Y ν 3u{1�3EWÆ)Y

Z(ν) =
1

1 − e−βkC2ν

= 1 + e−βkC2ν + e−2βkC2ν + e−3βkC2ν + · · ·

=
∞∑

n=0

e−nβkC2ν . (15)J�v�:EWÆ)3?* Z =
∑

{ǫ} e
−βǫ zpO�+20�W 1�/ei5wp��3WÆ;�

ǫ0 = 0, ǫ1 = kC2ν, ǫ2 = 2kC2ν, ǫ3 = 3kC2ν, · · · (16)3� Planck 2�S$�z� kC2 = h �NvX: nG"Y ν 3v�3;�{1�3;��WÆ3y\���*℄
ǫν = hν (17)
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3\)k�W t�Pw9 1900= 12 E 4 u�2+YE%k36�� Planck v�r%mm���
Eνdν =

8πhν3

c3
1

exp(hν/kT ) − 1
dν. (18)W v�K ν → ∞ 
�P!Y Wien v��M- ν → 0 
�+75

Eνdν ∼= 8πhν3

c3
1

1 + hν
kT

− 1
dν =

8πhν3

c3
kT

hν
dν =

8πν2

c3
(kT )dν. (19)�7 Rayleigh-Jeans v���x�KW v�y|f� Planck �)�,��9� n`:f�3S��^� Planck3<�r%T��C[�3��ey�,-
y\-RK)f��:3t(��rt(0;�{;��|<�r;m2��T`:f��7<03P9�83� Einstein �8K 1905=2W <�T���;�/3���yY�M'2�jNK��r� Einstein -y���| (quanta) 3g>�1sYG"Y ν 3;�{[�
�3�~Kn��|��3�M* ��|i5��3;�

Eν = hν =
h

2π
2πν ≡ h̄ω. (20)7rho*zH$�;�{3���;�&�}m

|p| =
E

c
. (21)3�20��|3��Y

|p| =
hν

c
=
h

λ
=

h

2π

2π

λ
= h̄|k|. (22),�5 p = h̄k��2���|3g>��+dr%W���T�;�/�-��|U�0X&w-
� n��|3;�r%m n;|i��-�3G"�y&�1��|3;��y&�
�;|dr%s^X&3Q�u

A �M�X&j='���'�w-��P�;3p�l?
1

2
mv2 = hν − A. (23)
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Wd,/�Y�(- ν < ν0 = A/h 
�;|dQ�X&j'��,M|&P��;�/���|3g>0 Planck-Einstein 3}m��K 1923=3 Compton}���j20�bP3^��{n_}`�pNq$$ 10 f 11 ��3:v�
$ 1.3 Bohr�-^1
N. Bohr 9 1911 = 9 E_.�GZ&��K Thomson �/3 Cavendish ����ELH���_℄9 Manchester 3 Rutherford �/3���t��M

Rutherford q83�B4�w�T�?|3a?��
Y 1912 = 4 E�W �� Bohr[K Manchester H��/nE�,83m�|Q�r03H/?��d�	�KW 
O� Bohr 3�$r%&g�7wp�
(1) ?|;yM\d;ya?7!K9:WÆ3;�H/3 m�x:j�W�:�Y?:�,��Cm;�3r�fu�f�i��P�;�{�Ar�K�n?:a�%GV3T�\�
(2) K�n?:a�GV
�?|i�(P�3;�{G"�X 3�P3p�q�

hν1,2 = E1 −E2. (24)W	� E1 � E2 �z/3?:3;��$k",� Bohr �$��	3<�5�F� �?|i5;�|��3?:�O�?|K�n?:a�3GV&/gG"3 Planck-EinsteinFFl?3;�{3P�(i��lM�[[rhW�F<��#|;J?|3WÆ;2k?p��Y�� Bohr7-y�7^H/?��8sY�-3n?:3�|) nV�&
�Wn:7H/3f��/eP℄`:f�q�3)�uKm+%{ p�Bohr�w��W�<��PO/℄?|3;23��r�+`1�;|Ky#�
V (r) = −e

2

r
= −κ

r
(25)j3(d: (E < 0)Y nR��1��PÆoY 2a �3?IT��+r
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%O�
E = − κ

2a
, T 2 =

4π2ma3

κ
. (26)

(�v�3{nO/rD#8�N r “��”  $8/S 133 ��3B
14)��W�nv��h a ��+20

T 2 =
4π2m

κ

(
− κ

2E

)3

=
4π2m

κ

κ3

8|E|3 =
π2mκ2

2|E|3 . (27),��;|o?|�v�3G"Y
ν =

1

T
=

1

πκ

√
2

m
|E|3/2 =

1

πκ

√
2

m
(−E)3/2. (28)39+<?℄?|j;|3x:�WÆ3�zr%2 n\) n ;%ve��Yex:3�|)�,����7r%m��

ν(n) =
1

T (n)
=

1

πκ

√
2

m
|E(n)|3/2. (29)W	�\) n = n0, n0 + 1, n0 + 2, · · · · · ·m�Yq�|)� Bohr 3H/?���- n→ ∞ 
�H/x:3Yr%3`:f��.'�p-�+��;� E(n)H9 n3"�}m� Bohr<?�* n�|:3;�r%��

E(n) = hν(n)f(n). (30)W	� ν(n) YH/9 E(n) 3;|`:�1G"�M f(n) NY nd�j3Æ)�- n→ ∞ 
�+rh Bohr38OF<�20
hνn, (n−1) = E(n) − E(n− 1) ∼= E ′(n)∆n = E ′(n). (31)W	�E ′(n)Y;�Æ)3/)�+uK�549�Y�B!54�+r�54Æ) f(n)3/)

f ′(n) =
df(n)

dn
=

d

dn

[
E(n)

hν(n)

]

=
E ′(n)

hν(n)
+
E(n)

h

d

dn

(
1

ν(n)

)
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=
E ′(n)

hν(n)
− E(n)

hν2(n)

dν(n)

dE(n)

dE(n)

dn

=
E ′(n)

hν(n)

[
1 −E(n)

d ln ν(n)

dE(n)

]
. (32)3�+T2

E ′(n) = hν(n)f ′(n)

[
1 −E(n)

d ln ν(n)

dE(n)

]−1

. (33)� T-�rhH/?��+O);�{3[�G" νn, n−1 K�|)
n �&
P℄9;2;|[�3`:G"�1;|o?|�H�3�1G"
ν(n) �,��+5

hν(n) ∼= hνn, n−1
∼= E ′(n) = hν(n)f ′(n)

[
1 −E(n)

d ln ν(n)

dE(n)

]−1

. (34)�T��s�h hν(n) �y�2 (28)��+20
f ′(n) = 1 − E(n)

d ln ν(n)

dE(n)
= 1 − 3

2
= −1

2
. (35),��- n O&
�+5

f(n) = −1

2
n+D, (36)W	 D Y �)� Bohr <�W S�-�|) nO�
��Æ�1+5

E(n) = hν(n)f(n) = hν(n)
(
−1

2
n+D

)
. (37)Jw#�

ν(n) =
1

πκ

√
2

m
|E(n)|3/2 (38)(y���5

E(n) = −|E(n)| = hν(n)f(n) =
h

πκ

√
2

m
|E(n)|3/2

(
−1

2
n+D

)
, (39)(�

|E(n)|1/2 =
πκ

√
m√

2h
(
−1

2
n +D

) . (40)
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HT��+��20
E(n) = −|E(n)| = − π2κ2m

2h2
(
−1

2
n+D

)2 . (41)K�W�S�a�� Bohry|`1w�;%/2�d�K6q Hanssen3B p��2�p ℄?|3�NbB�8�{Pu�zJ�) Df� 0�N E(n) r%��
E(n) = −2π2κ2m

n2h2
= −2π2e4m

n2h2
. (42)J�28OF<� hνn, m = E(n) − E(m) 54�Ny hν2, n, n = 3, 4, · · · �1r20 Balmer Nm�W�q+8 ���$�T��W Nm��Y nO$� Bohr Pu;|3�1M����|!3�$^wp�rh;���?!�+5

E(n) =
m

2



(
dr

dt

)2

+ r2

(
dθ

dt

)2

− κ

r
(43)Y n�)�Y�B!bB�+<�;|3�1���3�W��+r%J��B!Y

E(n) =
m

2
R2

(
dθ

dt

)2

− κ

R
=

L2

2R2m
+ 2E(n). (44),��+5

L2 = −2mR2E(n) = 2m

(
e2

2|E|

)2

|E|

=
e4m

2|E(n)| =
e4n2h2m

4π2e4m

=
n2h2

4π2
. (45)1
L =

nh

2π
= nh̄. (46)
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�}l�p ~3t���J�-3TQO�0sY`I3AX&?|3�N�Y���V+Pu��M���|!3FF�P�O/sYTt 9�w� Sommerfeld 4qJW FFf�Y
J =

∮
pdq = nh, n = 1, 2, 3, · · · . (47),|Æ3��W�203`I?|3�N:��)h`�2y|���x�KS;
�S�
J
!K
�;|3`:�1� nDfy�y|q��Wd�2�'TQTidQ�2���aS�W TQ�5P93fx��w�9dQ,/Y�(Ny3YDy| ��℄�Y�TlW��8�Heisenberg-y�gZ���7+YE7`13�|���

$ 1.4 Heisenberg � Dirac�%X)Mw�7'�K Bohr 3�$j��<�;|aU ?�1H�3�l�JrhH/?���l?W�?:�13;��,5z�3\ ~�y�q+PuW �$H9`I?|rn|�2�KOÆ3 F
�:��t�wyHI� b0 1925 =q4�6=3 6 E 7 u� Heisenberg 39x�p�|2|Hp�L3t��WU Helgoland� n℄9h
3�.��j�W�285
�m�p Bohr �|$3*��yK3E:2��V�m�3S$�W�MJ3f�:0P(*�3 Dirac g�wp�
“1925=�Heisenberg �d� n[&3\Q�8z��1i3 ~�83|Q�f��$/eIÆK:��~��Z,z�3f��������W��: Bohr�1zh�B�,��Heisenberg L�Bohr�1y|	Wm��75r%~�3�(�,:r%~�3f��Z,�m3�A�:�F Bohr�15}3�M|[[�: F�15}��FM|� F�1�W&'��(0}9�”

“<�+p 3�A�:�F�15}3�uK+b9�p�� n
10



}l3$�T�i5wp3��



× × · · ·
× × · · ·
· · · · · · · · ·




(48)9i5���Pj3* : n:5}�M* �N:�S n:5}�)���W� nA��YgZ�”
“uK�Heisenberg <?�q+/J\ngZ�Y?I��j3 n���u��w�|3�v�2D(����rh Heisenberg �* n���u�A/3 ngZw��83*n.|��q+7/xM3�$/�IÆKr~����Mr~��N�W�gZ>�M* ngZ>A:�n:5}�”m+%℄?|Y�+$``1�93* F;2A5 n�|)

n �,��;|3 x− �vr%��
x̂ =




x11 x12 · · · x1n · · ·
x21 x22 · · · x2n · · ·
· · · · · · · · · · · · · · ·




(49)Mz/3�� p̂x NY
p̂x =




p11 p12 · · · p1n · · ·
p21 p22 · · · p2n · · ·
· · · · · · · · · · · · · · ·




(50)W	� xmn � pmn �Y��� x̂ � p̂x K: m � n a�3GVgZ>�39�nr(3gZ Â � B̂ y|H&�1 ÂB̂ 6= B̂Â �+)5�3�H&|
[x̂, p̂x] ≡ x̂p̂x − p̂xx̂ (51)49��W� Heisenberg |Q3 nO$�:`:��j+%`3�N&Y|J�� nX℄3�|��S��6(�WnH&|/e49�(�W bB3 DiracK 1925=3 nqE;%Tl�
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Dirac %)R�KWh��j�5 n��Y Poisson ���9m?*Y
{u, v} ≡

∑

i

(
∂u

∂qi

∂v

∂pi
− ∂u

∂pi

∂v

∂qi

)
. (52)W	� u � v Yr(�n�*�v:�� (q1, q2, · · · , qN , p1, p2, · · · , pN) 3Æ)�aUW ?*�+tl5

(i) {u, v} = −{v, u}; (ii) {u, C} = 0, x�C�!o*;

(iii) {u1 + u2, v} = {u1, v} + {u2, v};

(iv) {u, v1 + v2} = {u, v1} + {u, v2};

(v) {u1u2, v} = {u1, v}u2 + u1{u2, v};

(vi) {u, v1v2} = {u, v1}v2 + v1{u, v2};

(vii) {u, {v, w}} + {v, {w, u}} + {w, {u, v}} = 0. (53)5(.3��H&| [û, v̂] = ûv̂ − v̂û �J�&�W�}m��w�+5
[û1û2, v̂] = (û1û2)v̂ − v̂(û1û2)

= û1û2v̂ − û1v̂û2 + û1v̂û2 − v̂û1û2

= û1(û2v̂ − v̂û2) + (û1v̂ − v̂û1)û2

= û1[û2, v̂] + [û1, v̂]û2. (54)� T-�rh Heisenberg 3|Q�`:��� u � v K�|��j/3H/3gZ û� v̂ (D�,�� DiracA���|��3H&| [û, v̂] /e℄p9`:��j3 Poisson �� {u, v} �1
[û, v̂] = D{u, v}. (55)uK�+J û f� x̂ � v̂ f� p̂x �Nr%20

[x̂, p̂x] = x̂p̂x − p̂xx̂ = D{x, px}

= D

(
∂x

∂x

∂px

∂px
+
∂x

∂y

∂px

∂py
+
∂x

∂z

∂px

∂pz
− ∂x

∂px

∂px

∂x
− ∂x

∂py

∂px

∂y
− ∂x

∂pz

∂px

∂z

)

= D
∂x

∂x

∂px

∂px

= D × 1 = D. (56)
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J��+5
[ŷ, p̂y] = [ẑ, p̂z] = D (57)%0

[x̂, p̂y] = [x̂, p̂z] = [ŷ, p̂x] = [ŷ, p̂z] = [ẑ, p̂x] = [ẑ, p̂y] = 0,

[x̂, ŷ] = [x̂, ẑ] = [ŷ, ẑ] = [p̂x, p̂y] = [p̂x, p̂z] = [p̂y, p̂z] = 0. (58)W�}m�Y�|��3*n}m��K��W�yla��uKm+�o ow�2 Heisenberg 3�$�Tl n�8bB�+m�O/℄?|3�N�W t��3 PauliT�3�Y��rm+�^ �H&}m�
(1) [r̂, p̂2] = 2Dp̂,

(2) [p̂ · r̂, p̂2] = 2Dp̂2,

(3) r̂ · p̂− p̂ · r̂ = 3D,

(4) [r̂, p̂ · r̂] = [r̂, r̂ · p̂] = Dr̂,

(5)
[
p̂,

1

r̂

]
= D

r̂

r̂3
,

(6)
[
p̂,

1

r̂3

]
= 3D

r̂

r̂5
,

(7)
[
p̂ · r̂, 1

r̂

]
= D

1

r̂
,

(8)
[
p̂2,

1

r̂

]
= D

(
1

r̂3
(r̂ · p̂) + (p̂ · r̂) 1

r̂3

)
,

(9)
[
(p̂ · r̂)p̂, 1

r̂

]
= D

(
1

r̂
p̂ + (p̂ · r̂) r̂

r̂3

)
,

(10) p̂× L̂ = p̂2r̂ +Dp̂− (p̂ · r̂)p̂. (59)W	� L̂ = r̂ × p̂ Y�|3M��4℄�+�^|n|��r�+5
[
p̂ · r̂, p̂2

]
=
[
p̂xx̂+ p̂y ŷ + p̂z ẑ, p̂

2
x + p̂2

y + p̂2
z

]
=
[
p̂xx̂, p̂

2
x

]
+
[
p̂yŷ, p̂

2
y

]
+
[
p̂z ẑ, p̂

2
z

]
. (60)
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+r54
[
p̂xx̂, p̂

2
x

]
= p̂x

[
x̂, p̂2

x

]
+
[
p̂x, p̂

2
z

]
x̂ = p̂x

[
x̂, p̂2

x

]

= p̂2
x [x̂, p̂x] + p̂x [x̂, p̂x] p̂x = Dp̂2

x +Dp̂2
x = 2Dp̂2

x. (61)J��+5
[
p̂yŷ, p̂

2
y

]
= 2Dp̂2

y,
[
p̂z ẑ, p̂

2
z

]
= 2Dp̂2

z. (62),��+��20
[
p̂ · r̂, p̂2

]
= 2Dp̂2. (63)J54 [p̂, r̂−1]�aU?*�+5

[
p̂,

1

r̂

]
=
[
p̂x,

1

r̂

]
i +

[
p̂y,

1

r̂

]
j +

[
p̂z,

1

r̂

]
k. (64)r54 [p̂x, r̂

−1] �rh Dirac QN�+5
[
p̂x,

1

r̂

]
= D

{
px,

1

r

}

= D

(
∂px

∂x

∂r−1

∂px
+
∂px

∂y

∂r−1

∂py
+
∂px

∂z

∂r−1

∂pz
− ∂px

∂px

∂r−1

∂x
− ∂px

∂py

∂r−1

∂y
− ∂px

∂pz

∂r−1

∂z

)

= −D∂px

∂px

∂r−1

∂x
= −D ∂

∂x

1√
x2 + y2 + z2

= −D
(
−1

2

)
2x

(x2 + y2 + z2)3/2
= D

x̂

r̂3
. (65)aUJ�3~p�+20

[
p̂y,

1

r̂

]
= D

ŷ

r̂3
,
[
p̂z,

1

r̂

]
= D

ẑ

r̂3
. (66),��+��20

[
p̂,

1

r̂

]
= D

x̂i + ŷj + ẑk

r̂3
= D

r̂

r̂3
. (67)���m+o p p̂× L̂ �K`:��j�rhM��3?*�+5

p̂× L̂ = p̂ × (r̂ × p̂) = r̂p̂2 − (p̂ · r̂)p̂. (68)
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,��K�|��54j��p 0�v4℄:��4℄�|H&3�,��W w#�/em�Y
p̂ × L̂ = p̂xr̂p̂x + p̂yr̂p̂y + p̂z r̂p̂z − (p̂ · r̂)p̂. (69)�2*nH&}m�+��20

p̂× L̂ = p̂2r̂ +Dp̂− (p̂ · r̂)p̂. (70)�2%�W�}m�+uKr%m�T℄?|3�N��r�+-y nf��
Â =

r̂

r̂
− 1

2

(
p̂× L̂− L̂ × p̂

)
. (71)K_vj�9m�Y Runge-Lenz ���K`:��j�r%^/�H9y#�M��9� n����1

dA

dt
= 0. (72)H9+343�m�3�9&�wp3H&}m

[
L̂i, Âj

]
= DǫijkÂk,

[
Âi, Âj

]
= Dǫijk

(−2E)

me4
L̂k. (73)W	�

E =
p2

2m
− e2

r
(74)YCm3�;��K-y�36�̂

ui =

√
me4√
−2E

Âi (75)%��+r%JW�H&|m���
[
L̂i, ûj

]
= Dǫijkûk, [ûi, ûj] = DǫijkL̂k. (76)J
�M��4℄&�H&}m
[
L̂i, L̂j

]
= DǫijkL̂k. (77)

15



�2W�}m�+r%^/��-y3gZ
ĵ1 ≡

1

2

(
L̂ + û

)
(78)&�H&}m

[
ĵ1i, ĵ1j

]
= Dǫijkĵ1k. (79)H9W�34℄�Y�+K�lM��4℄�$
r%^/�P Casimir4℄

ĵ2
1 = ĵ2

1x + ĵ2
1y + ĵ2

1z (80)3fY
−j1(j1 + 1)D2, j1 = 0,

1

2
, 1,

3

2
, · · · (81)�S T-�+r%�^

L̂ · û = û · L̂ = 0 (82)%0
L̂2 + û2 = D2 − me4

2E
. (83),��+5

−j1(j1 + 1)D2 = ĵ2
1 =

1

4
(L̂ + û)2

=
1

4
(L̂2 + û2 + L̂ · û + û · L̂)

=
1

4

(
D2 − me4

2E

)
=
D2

4
− me4

8E
. (84)3�T��+20

−4j1(j1 + 1)D2 = D2 − me4

2E
, (85)(�

(−4j2
1 − 4j1 − 1)D2 = −(2j1 + 1)2D2 = −me

4

2E
. (86)T�T�20

E =
me4

2(2j1 + 1)2D2
. (87)

16



uK�+� 2j1 + 1 = n �- j1 3fY 0, 1
2
, 1, 3

2
, 2, · · · 
� n 3fY

1, 2, 3 · · ·�,��℄?|3;2Y
E(n) =

me4

2n2D2
. (88)J��: Bohr7203℄?|;2

E(n) = −2π2me4

n2h2
(89)�pO��+o0�) D /e&� D2 = −h̄2 �(�

D = ih̄. (90),��+��20�|��3*nT��
[x̂, p̂x] = ih̄. (91)��-3O/+r%o0�bP�2gZ\54� F�R`3�_�ÆH3��3�KJ
� De Broglie� SchrödingerPQ� ?4=3��Y{���3�|������2q+r%B!W�H4�y>$sY`I3_}�K>$W TQaW�+rH9 Dirac -y3℄N�|!�N� nB*3W��

Dirac A��H9 nq?3f�Cm�P�|����r%wpIÆ�
(1) rT0WnCm3`:�*�v q1, q2, . . . , qN �y��eCm3 La-

grangian

L(q1, q2, . . . , qN , q̇1, q̇2, . . . , q̇N) = T − V. (92)

(2) 3v�
pi ≡

∂L

∂q̇i
(93)?�7^�*���

(3) 3v�
H =

N∑

i=1

piq̇i − L = H(q1, q2, . . . , qN , p1, p2, . . . , pN) (94)

17



20Cm3	,I��
(4)J��� (p1, p2, . . . , pN)� (q1, q2, . . . , qN)$�z/3gZ (p̂1, p̂2, . . . , p̂N)� (q̂1, q̂2, . . . , q̂N) �y�

[q̂i, p̂j ] = ih̄δij , [q̂i, q̂j ] = [p̂i, p̂j] = 0. (95)3�203	,I�gẐ
H(q̂1, q̂2, . . . , q̂N , p̂1, p̂2, . . . , p̂N) (96)dl?�eCm3���Y�

$ 1.5 De Broglie �EZ�� Schrödinger ���)MK 1924 =3�℄$_j� De Broglie !0 Planck � Einstein 3��|�$3SP�A�i� m 6= 0 3�|�r;i5�|�{�3Om��8<�}3�|3fi{�i5��
Ψ(r, t) = Ψ0 exp(ik · r − iωt), (97)y\P;�0���3 Planck }m

E = hν =
h

2π
2πν = h̄ω (98)� Einstein }m

p =
h

λ
k0 =

h

2π

2π

λ
k0 = h̄k (99):G"�{Æz�m��}l�K�Æ F
�:�83W�|Qmq+sY�+|En�,5(.3��W |Q0�f�z 9X��w�K℄?|j�a?3��1H�3;|�H/3/e�� lu{{��Wd��{Ko?|�z n��� 7sPR��wNq$j 17��N 1.7 7��,����13nÆ/e�{Æ3\)k�1

2πR = nλ, n = 1, 2, 3, · · · (100)
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�2 De Broglie }m p = h/λ�+r%20
L = Rp = R

h(
2πR

n

) =
nh

2π
= nh̄. (101)Wd� Bohr 3M���|!FF�

Schrödinger Nq�� De Broglie {7&�3VWT� (1926 =) �t(0�H9 n}3�|�+5}m
E =

p2

2m
. (102)7p 0}3�|3 De Broglie {r%��

Ψ(r, t) = Ψ0 exp(ik · r − iωt). (103)3�20
(
ih̄
∂

∂t
+

h̄2

2m
∇2

)
Ψ(r, t)

= ih̄
∂

∂t
Ψ0 exp(ik · r − iωt) +

h̄2

2m
∇2Ψ0 exp(ik · r − iωt)

=

(
h̄ω − h̄2k2

2m

)
Ψ0 exp(ik · r − iωt)

= 0. (104),�� Ψ(r, t)7&�3T�Y
ih̄
∂

∂t
Ψ(r, t) = − h̄2

2m
∇2Ψ(r, t). (105)W T��Y Schrödinger T��:I�3p�}T�

C
∂

∂t
Ψ(r, t) = −D∇2Ψ(r, t) (106)zpO��&3dxK94℄ ∂/∂t W3m)Y ��) i �

SchrödingerT��H9 n}3�|3 De Broglie{��3�6(�K5S
3_}p�W T�7/w��9� Schrödinger sY�7l}3�|3T���}m
E =

p2

2m
(107)

19



O�3�MK5S
3_}p�75
E =

p2

2m
+ V (r). (108),��q+/J5S

3{�T���

ih̄
∂

∂t
Ψ(r, t) = − h̄2

2m
∇2Ψ(r, t) + V (r)Ψ(r, t). (109)W	� Ψ(r, t)�Y�|K5S
!K_}p3{Æ)�

Schrödinger3W �QH|H�}E��o9;Y/20 n+$`%k3|�yq�$m��^/Y℄k3S��uK�m+b9/2054℄?|3;2�H9℄?|� Schrödinger T�r%��
ih̄
∂

∂t
Ψ(r, t) = − h̄2

2m
∇2Ψ(r, t) − e2

r
Ψ(r, t). (110)YT�T��+�2W�u�Q��r�

Ψ(r, t) = Φ(r)e−iωt. (111)(yT���+20
h̄ωΦ(r) = EΦ(r) = − h̄2

2m
∇2Φ(r) − e2

r
Φ(r). (112)Kb�vp��M�-4℄ ∇2 r%��

∇2 =
1

r2

∂

∂r
r2 ∂

∂r
+

1

r2

(
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂ϕ2

)
. (113)(yT���+5

EΦ(r) = − h̄2

2m

[
1

r2

∂

∂r
r2 ∂

∂r
+

1

r2

(
1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2

)]
Φ(r) − e2

r
Φ(r). (114)m+%) pb�Æ)3?*

YLM(θ, ϕ) = (−1)M

√√√√(2L+ 1)(L−M)!

4π(L+M)!
PM

L (cos θ)eiMϕ. (115)
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W	�L = 0, 1, 2, . . .Y ℄\)�M −L ≤M ≤ L� PM
L (x)�Y�' LegendreK~��}9W�Æ)3�i�`�pNq$ 516 ��3b�/�H9+�,��m�3����+5

(
1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂ϕ2

)
YLM(θ, ϕ) = −L(L+ 1)YLM(θ, ϕ) (116)�Æ�,��+r%\ ~�2W�u�Q��

Φ(r, θ, ϕ) = RL(r)YLM(θ, ϕ). (117)(y Schrödinger T���+20
ERL(r) = − h̄2

2m

1

r2

∂

∂r
r2 ∂

∂r
RL(r) +

h̄2L(L+ 1)

2mr2
RL(r) − e2

r
RL(r). (118)Y�TW T��+r\ ~�

RL(r) =
χL(r)

r
. (119),��+5

1

r2

∂

∂r
r2 ∂

∂r

χL(r)

r
=

1

r2

∂

∂r
r2

(
χ′

L(r)

r
− χL(r)

r2

)
=

1

r2

∂

∂r
(rχ′

L(r) − χL(r))

=
1

r2
(rχ′′

L(r) + χ′
L(r) − χ′

L(r)) =
1

r
χ′′

L(r). (120)uK� Schrödinger T�r%mf�Y
E
χL(r)

r
= − h̄2

2m

1

r
χ′′

L(r) +
h̄2L(L+ 1)

2mr2

χL(r)

r
− e2

r

χL(r)

r
, (121)(�

χ′′
L(r) +

[
2m

h̄2

(
E +

e2

r

)
− L(L+ 1)

r2

]
χL(r) = 0. (122)WnT�3.9tl�K r = 0 � r = ∞.

(1) - r → ∞ 
���P!Y
χ′′

L(r) +
2m

h̄2 EχL(r) = 0. (123)
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W T�5wp�nT
χ

(1)
L (r) = exp



−
√

−2mE

h̄2 r



 , χ
(2)
L (r) = exp




√

−2mE

h̄2 r



 . (124)+fKdaB9VQ+3T χ
(1)
L (r)�

(2) - r → 0 
�+5
χ′′

L(r) − L(L+ 1)

r2
χL(r) = 0. (125)95�nT

χ
(a)
L (r) = rL+1, χ

(b)
L (r) = r−L. (126)+fVQ+T χ

(a)
L (r)�uK�

χL(r) = χ
(1)
L (r)χ

(a)
L (r)uL(r). (127)JP(y Schrödinger T��+20 uL(r)7&�3VWT�

u′′L(r)rL+1 +



2(L+ 1)rL − 2rL+1

√

−2mE

h̄2



 u′L(r)

−

2(L+ 1)rL

√

−2mE

h̄2 − 2m

h̄2 e
2rL


uL(r) = 0. (128)�T��s�< rL ��+20

r
d2uL(r)

dr2
+


2(L+ 1) − 2r

√

−2mE

h̄2


 duL(r)

dr

−

2(L+ 1)

√

−2m

h̄2 E − 2m

h̄2 e
2


uL(r) = 0. (129)� 2r

√
−2mE

h̄2 = ξ �N�-3T�!Y
ξ
d2uL(ξ)

dξ2
+ (2(L+ 1) − ξ)

duL(ξ)

dξ
−
(
2(L+ 1)

√
−2mE

h̄2 − 2m
h̄2 e2

)

2
√
−2mE

h̄2

uL(ξ) = 0. (130)
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J�v�:vy3���3�VWT�
ξ
d2uL(ξ)

dξ2
+ (γ − ξ)

duL(ξ)

dξ
− αuL(ξ) = 0 (131)\pO�+20

γ = 2(L+ 1), α = (L+ 1) − me2

h̄2
√
−2mE

h̄2

. (132)W T�K ξ = 0 �5U3TY
F (α, γ, ξ) = 1 +

α

γ
ξ +

α(α + 1)

γ(γ + 1)

ξ2

2!
+
α(α + 1)(α+ 2)

γ(γ + 1)(γ + 2)

ξ3

3!
+ · · · (133)M- ξ → ∞ 
� F (α, γ, ξ) ∼ eξ = exp

(
2
√
−2mE

h̄2 r
) �W�2{Æ) χL(r) K

r → ∞ 
�H\�Y
χL(r) = χ

(1)
L (r)χ

(a)
L (r)uL(r)

∼ rL+1 exp



−
√

−2m

h̄2 E r



 exp



2

√

−2m

h̄2 E r





= rL+1 exp




√

−2m

h̄2 E r



 . (134)9�P}3� (5}3ia`r%KNq$ 522 ��3b�ej�0) �Y�Q{Æ)K ξ ∼ r → ∞ 
3P}�8�+��J���3�2)
F (α, γ, ξ);%RG�7�

α = −nr (135)H93 n℄\) nr �Æ��W FF�+20
α = (L+ 1) − me2

h̄2
√
−2m

h̄2 E
= −nr. (136)T�T��+5

me2

h̄2
√
−2m

h̄2 E
= L+ 1 + nr ≡ n. (137)
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(�
√
−2mE =

me2

nh̄
. (138)3��+r%T2℄?|3;N

En = − 1

2m

m2e4

n2h̄2 = − me4

2n2h̄2 = −2π2me4

n2h2
. (139)W S�: Bohr �$q�3Ti ��z/3{Æ)NY

ψ(r, t) ∼= 1

r
e−ξ/2rL+1F (−nr, 2(L+1), ξ)YLM(θ, ϕ) exp

(
−iEt

h̄

)
, ξ = 2

√

−2m

h̄2 Er. (140)W Æ)+Y�#&20�
Schrödinger T�3T�8�q��}9�|:3sK3
j�39 n =

nr + L+ 1 �75i5p-�|)
L = 0, 1, 2, · · · , n− 1

nr = n− 1, n− 2, · · · , 0 (141)3x:Ai5zJ3;� En = − me4

2n2h̄2 �Wlu��YBy�6(�℄?|* nx:3ByD Nn �K�9�p 0�H/9 nq?3 L � 2L+ 1 n{Æ) YLM(θ, ϕ) i5zJ3M��n[ L(L+ 1)h̄2 �,��+5
Nn =

n−1∑

L=0

(2L+ 1) = 2
n−1∑

L=0

L+ n = 2 × n(n− 1)

2
+ n = n2 − n+ n = n2. (142)

$ 1.6��?� 0#>�,[-^)MK;�"L�8����℄?|aS� Bohr 3H/?�#r%2�T Z�Y|bB�,���}l7�K Heisenberg � SchrödingerWxA�gZ��:{���a��8+d&m�TW bB�M8+203S�: Bohr3S�A�`�3�Wd\ ~�^�8+p}3�$�Y��+&K�-3
�q�8+3T�H9 Schrödinger�L� nsYK[3rg�w�T�83T�7q�3{Æ)3f�(*�8t(0�zJT��� ψ∗(r)�20
ih̄ψ∗(r)

∂

∂t
ψ(r) = − h̄2

2m
ψ∗(r)∇2ψ(r) + ψ∗(r)V (r)ψ(r). (143)
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MJT�f`w��J�� ψ(r)��20
−ih̄ψ(r)

∂

∂t
ψ∗(r) = − h̄2

2m
ψ(r)∇2ψ∗(r) + ψ(r)V (r)ψ∗(r). (144)��zC��+5

ih̄

[
ψ∗(r)

∂

∂t
ψ(r) + ψ(r)

∂

∂t
ψ∗(r)

]
= ih̄

∂

∂t
(ψ∗(r)ψ(r))

= − h̄2

2m

[
ψ∗(r)∇2ψ(r) − ψ(r)∇2ψ∗(r)

]

= − h̄2

2m
∇ · [ψ∗(r)∇ψ(r) − ψ(r)∇ψ∗(r)] . (145)T��s�< ih̄ ��75

∂

∂t
ψ∗(r)ψ(r) =

ih̄

2m
∇ · [ψ∗(r)∇ψ(r) − ψ(r)∇ψ∗(r)] . (146),��z�

ρ(r) = ψ∗(r)ψ(r), j(r) = − ih̄

2m
[ψ∗(r)∇ψ(r) − ψ(r)∇ψ∗(r)] , (147)N��!Y�C��j%`3���T�

∂

∂t
ρ(r, t) + ∇ · j(r, t) = 0. (148)�}l3� Schrödinger ^�9J ρ(r, t)T�Y;|3i�(;�,DW}�,��f��:�{Pu�W�3T�&'��K�8�w�zJ ρ(r, t)�Y;|3i�W}�MK �iC3|j�K`�� F
�%��ρ(r, t)&u2Kv�j n�&3d;:V��1;|&u2 “D�DC” �Wtl�:��S�|℄�3����� BornA�3{Æ)3K5T�s^�W �8�8sY ρ(r, t) =

|ψ(r, t)|2 y|(w;|3i�(�;�,DW}�M�(wK
t t�K% rYj	3 n�d; ∆V = ∆x∆y∆z j�T0e;|33",D�;|r%�uKv�3|Jd;:�,� +�u�d� n\C�i5|?3;��i�4&��
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�S T-��r%<|�5&�3�|�9J�3x:j�2J�3{Æ) ψ(r, t);%.'��39Pur� n�|�9 r�33"℄p9 |ψ(r, t)|2�zw��|3)4V�&�NKC+> ∆V = ∆x∆y∆z j3�|)4d&℄p9 |ψ(r, t)|2∆x∆y∆z ��
��r%J N |ψ(r, t)|2 T�Y
t t
�Kv�
r �3�|,D�MJ Nq|ψ(r, t)|2 T�Y;�,D�J��rh Born3K5T��uK+/J

j = − ih̄

2m
(ψ∗(r, t)∇ψ(r, t) − ψ(r, t)∇ψ∗(r, t)) (149)�Y3"�,D�J
�+��}l7�
∫

Ω
|ψ(r, t)|2dr = 1 <∞ (150)�Æ�$k",� ψ(r, t) /e�Æ)v� L2(Ω) 3 n>1�W v��Y n Hilbert v��739 |ψ(r, t)|2 �3",D� ψ(r, t) m�Y3"\�9|� nr~���,�r%m��

ψ(r, t) = |ψ(r, t)|eiα(r, t). (151)W	�eiα(r, t) �Yz℄�M α(r, t)r%�r(3�Æ)�,��z�n{Æ)
ψ1(r, t) = |ψ(r, t)|eiα1(r, t),

ψ2(r, t) = |ψ(r, t)|eiα2(r, t), (152)[5z℄a��N9+Kf���4=3����+t(0� Schrödinger T��y�3�,��z5�n{Æ)
ψ1(r, t) � ψ2(r, t) &�zJ3T�

ih̄
∂

∂t
ψ1(r, t) = − h̄2

2m
∇2ψ1(r, t) + V (r)ψ1(r, t) (153)%0

ih̄
∂

∂t
ψ2(r, t) = − h̄2

2m
∇2ψ2(r, t) + V (r)ψ2(r, t) (154)
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N9+3r� ny���
ψ̃(r, t) = C1ψ1(r, t) + C2ψ2(r, t) (155)�&�W T��+���^3�� ψ̃(r, t)�� Hilbertv� L2(Ω)3 n>1��8��+5

∫

Ω
|ψ̃(r, t)|2dr =

∫

Ω
|C1ψ1(r, t) + C2ψ2(r, t)|2dr

= |C1|2
∫

Ω
|ψ1(r, t)|2dr + |C2|2

∫

Ω
|ψ2(r, t)|2dr

+ C∗
1C2

∫

Ω
ψ∗

1(r, t)ψ2(r, t)dr + C1C
∗
2

∫

Ω
ψ∗

2(r, t)ψ1(r, t)dr. (156)aU?*���W-3�~�5U3��v&�^���j���n+W��5U3�,� ψ̃(r, t) ∈ L2(Ω) �w�+5
∣∣∣∣C

∗
1C2

∫

Ω
ψ∗

1(r, t)ψ2(r, t)dr
∣∣∣∣

≤ |C∗
1 ||C2|

∣∣∣∣
∫

Ω
ψ∗

1(r, t)ψ2(r, t)dr

∣∣∣∣

≤ |C∗
1 ||C2|

(∫

Ω
|ψ1(r, t)|2dr

)1/2 (∫

Ω
|ψ2(r, t)|2dr

)1/2

≤ ∞. (157)~�7'� ψ̃(r, t)�� Schrödinger T� n5(*3T�$k",�+5p-3S$�� ψ1(r, t)� ψ2(r, t)Wx(wCm3�nr;3H�x:�N9+3r� ny�>;
ψ̃(r, t) = C1ψ1(r, t) + C2ψ2(r, t) (158)��Cm3 nr;3x:�W S$�Y:>;?���Y:>;?�3 n/2�m+�p 7^+X���� ({_D A.

I. M. Rae, Nature 401, 651 (1999))�Nj�5 ( C60 W|�� n+Xwh�Jw 2 C���+KI�20H/9{Æ) ψ1(r, t) 3�|W} ρ1(r, t) =

|ψ1(r, t)|2 �J��Jw 1C���+20H/9{Æ) ψ2(r, t)3�|W}
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ρ2(r, t) = |ψ2(r, t)|2 �uK�+J�nwA%n��
�aU`:f��$�+O)I��3W|,DW}Y
ρ(r, t) = ρ1(r, t) + ρ2(r, t) = |ψ1(r, t)|2 + |ψ2(r, t)|2. (159),��rh Born H9{Æ)3K5T��X℄/e�3�3"\ ψ1(r, t)� ψ1(r, t) �,���8�203W|W},DÆ)Y

ρ(r, t) = |ψ1(r, t) + ψ2(r, t)|2

= |ψ1(r, t)|2 + |ψ2(r, t)|2 + ψ∗
1(r, t)ψ2(r, t) + ψ1(r, t)ψ

∗
2(r, t)

6= |ψ1(r, t)|2 + |ψ2(r, t)|2 = ρ1(r, t) + ρ2(r, t). (160)6(065 nH9���^/8Onv��H3��M,/ Born H9{Æ)3K5T��℄k3�7l |ψ(r, t)|2 r%T���|3W}3",DÆ)�+�}l7?*
x =

∫

Ω
dr ψ∗(r, t)xψ(r, t) =

∫

Ω
dr x|ψ(r, t)|2,

y =
∫

Ω
dr ψ∗(r, t)yψ(r, t) =

∫

Ω
dr y|ψ(r, t)|2,

z =
∫

Ω
dr ψ∗(r, t)zψ(r, t) =

∫

Ω
dr z|ψ(r, t)|2, (161)Y�|K
t t 3j	℄h�J��+r%?*

V =
∫

Ω
dr ψ∗(r, t)V (r)ψ(r, t) (162)Y�|3Hm�;�+r\ ~JP9���3Hm?*Y

O =
∫

Ω
dr ψ∗(r, t)Ôψ(r, t). (163)%��Y� Schrödinger t(0�H9 De Broglie{�p-3T��Æ

h̄

i

∂

∂x
[ψ0 exp(ik · r− iωt)] = (h̄kx) [ψ0 exp(ik · r − iωt)]

= px [ψ0 exp(ik · r − iωt)] ,

h̄

i

∂

∂y
[ψ0 exp(ik · r − iωt)] = (h̄ky) [ψ0 exp(ik · r− iωt)]
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= py [ψ0 exp(ik · r− iωt)] ,

h̄

i

∂

∂z
[ψ0 exp(ik · r − iωt)] = (h̄kz) [ψ0 exp(ik · r − iωt)]

= pz [ψ0 exp(ik · r − iωt)] . (164),��+r%��zJ4℄
h̄

i
∇ = i

h̄

i

∂

∂x
+ j

h̄

i

∂

∂y
+ k

h̄

i

∂

∂z
(165)T����4℄�,��Kr� n: ψ(r, t) j��|��3HmY

p =
∫

Ω
dr ψ∗(r, t)p̂ψ(r, t) =

∫

Ω
dr ψ∗(r, t)

h̄

i
∇ψ(r, t), (166)M�;HmNr��

T =
∫

Ω
dr ψ∗(r, t)

1

2m
p̂2ψ(r, t) =

∫

Ω
dr ψ∗(r, t)

(
− h̄2

2m
∇2

)
ψ(r, t). (167)+p-&`�20W�w#��sYm�3��5���4℄3w#��� Schrödinger 2%^/83{���� Heisenberg 3gZ��34=���8��Heisenberg 3gZ��3�	�H&}m�

[x̂, p̂x] = ih̄Î. (168)MK Schrödinger 3{���j� x̂ = x, p̂x = h̄
i
∇x. uK�+��^�J4℄

Ô ≡
[
x,

h̄

i

∂

∂x

]
(169)�2Kr� n{Æ)��PS�A�JWnÆ)�% ih̄��M20�|���l��34=��rf{Æ) φ(r, t)�+5

[
x,

h̄

i

∂

∂x

]
φ(r, t)

= x
h̄

i

∂

∂x
φ(r, t) − h̄

i

∂

∂x
(xφ(r, t))
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= x
h̄

i

∂

∂x
φ(r, t) − h̄

i
φ(r, t)) − x

h̄

i

∂

∂x
φ(r, t)

= − h̄
i
φ(r, t)

= ih̄φ(r, t). (170),��K Schrödinger {���j�H&}m�
[x̂, p̂x] = ih̄Î (171)3k�Æ�

$ 1-7 Heisenberg �	�℄V'�|���$3 nm�bB��q+/ew��TH&}m�
[x̂, p̂x] = ih̄Î (172)3f��*�H9W bB3%$�3 Heisenberg K 1927=q�3�+p-3O/:8?�3O/|^zJ�<�+5�n��� Â � B̂ �&�H&}m
[
Â, B̂

]
= iĈ. (173)uK�+rf n: ψ(r, t) �?*

A =
∫

Ω
dr ψ∗(r, t)Âψ(r, t), B =

∫

Ω
dr ψ∗(r, t)B̂ψ(r, t), (174)0

C =
∫

Ω
dr ψ∗(r, t)Ĉψ(r, t). (175)z Â � B̂ QYL,4℄�N+5

(
Â− A

)2 (
B̂ − B

)2 ≥ 1

4
C

2
. (176)Y�rf n��� ξ �+p +W

∫

Ω
dr |ξÂψ(r, t) + iB̂ψ(r, t)|2 ≥ 0. (177)
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Jm+Æ)Qn��+5
∫

Ω
dr |ξÂψ(r, t) + iB̂ψ(r, t)|2

=
∫

Ω
dr ξ2

(
Âψ(r, t)

)∗ (
Âψ(r, t)

)
+
∫

Ω
dr (−i)(i)

(
B̂ψ(r, t)

)∗ (
B̂ψ(r, t)

)

+
∫

Ω
dr ξ

(
Âψ(r, t)

)∗ (
iB̂ψ(r, t)

)
+
∫

Ω
dr ξ

(
iB̂ψ(r, t)

)∗ (
Âψ(r, t)

)
. (178)Y��+J[[p &�%pFF34℄

∫

Ω
dr
(
Ŝψ(r, t)

)∗
φ(r, t) =

∫

Ω
dr ψ∗(r, t)

(
Ŝφ(r, t)

)
. (179)W	� ψ(r, t)� φ(r, t)Yr( HKd; Ω:HTr+3Æ)�W�34℄�Y Hermite 4℄��r�m+o p x̂ � p̂x �Y&�W FF�H9 x̂ �+tl5

∫

Ω
φ∗(r, t)x̂ψ(r, t)dr =

∫

Ω
(x̂φ(r, t))∗ ψ(r, t)dr. (180),�� x̂3k� Hermite4℄�MH9��4℄ p̂x = h̄

i
∂
∂x
��2W~+W�+r%�^

∫

Ω
φ∗(r, t)p̂xψ(r, t) dr =

∫

Ω
φ∗(r, t)

h̄

i

∂

∂x
ψ(r, t) dr

=
h̄

i
φ∗(r, t)ψ(r, t)

∣∣∣∣∣
∂Ω

− h̄

i

∫

Ω

(
∂

∂x
φ(r, t)

)∗

ψ(r, t) dr

=
∫

Ω

(
h̄

i

∂

∂x
φ(r, t)

)∗

ψ(r, t) dr. (181),����4℄�� Hermite 3�<�4℄ Â � B̂ A�L,3�N+r%J�-3|4�\ ~f�Y
ξ2
∫

Ω
φ∗(r, t)Â2φ(r, t)dr +

∫

Ω
φ∗(r, t)B̂2φ(r, t)dr

+ iξ
∫

Ω
φ∗(r, t)

[
Â, B̂

]
φ(r, t)dr = ξ2Â2 + B̂2 + i2ξĈ

= ξ2Â2 + B̂2 − ξ Ĉ ≡ F (ξ). (182)W� n ξ 3O�K~��P.9Y
ξ0 =

Ĉ

2Â2
, (183)
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39 Â2 ≥ 0 �W� F (ξ)3 n.�9�Mz/3.�NY
F (ξ0) = B̂2 − Ĉ

2

4Â2
≥ 0, (184)(�

Â2 B̂2 ≥ 1

4
Ĉ

2

. (185)Y�T�^/�+uK?*�34℄
∆Â ≡ Â− Â, ∆B̂ ≡ B̂ − B̂. (186)tl�+tl5

[
∆Â, ∆B̂

]
= iĈ. (187)m`�-3~p�+��20

(∆Â)2 (∆B̂)2 =
(
Â− Â

)2 (
B̂ − B̂

)2

≥ 1

4
Ĉ

2

. (188)MW |4�7�+�^/3�z� Â = x̂, B̂ = p̂x � Ĉ = h̄�+720 Heisenberg 3�|y}m�
(∆x̂)2 (∆p̂x)2 ≥ 1

4
h̄2. (189)W }m�k3+� ∆x � ∆px |;J
Y���8��zPj n�Y��N�S nd;fda&�rh Landau �W }mUUw/��|���ni��|J9+�h%`3`:���!3�8L� d3`:�$}�A�Tl3�y|"�99+p}3.x�$�w�zH$��r%K}�3?N*��IÆR��|"�?I���PK�|H�2DB�9�2
3.x�$�,�Y�xMzH$��Cm�q+?N�y|��Vs9?I���lM�q+jrn|r;KJ`:��DK s3_}phxM�|��3�$|>�^�WVr%���VK h̄ → 0 .xp3℄0�$�W�39�K�|���$j� [5(*3f��A�7^r~���Wd��Y�.' n
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�|3H����e�|n�3!KaS�#r�!K5m�aY “#T”3fC!K�M�V3����3`:f��;%_E3�$k",�-^)M'1:!7��C2�=�P�-^&A=6�U$�EA (R5)H�`T��- n�|uC: “#T”z��2
��V3x:A&P�u!�MW u!3�i:\DAfl9euC3x:�Wd�2q+r%S��?�7.'�|uC3����W ~9�ln	r�B�|�$3*��2 k"g�a�1�|��Kf��$jRhz n	W�"37℄�9|[J`:���Y93.x�$�J
9���`:���xM9}������3 nV�m�3����?N�9�fu�|uC3x:�M\D�Y�f2_k3��S��d&H9uC3x:M�D&3n��%�� n;|3�vY�d$O����A&H9;|3��'�n��<�K F
��m T :�+\� ����M*���Afu�;|3���PS��;|3�,|&�K F� ey�3�y\*�H9;|3�v�2D�_k�ey3|� DdD�
���dD�d�?*;|3�1�$k",�d5C5;|�v��3_,D�+�5r;C5*���'�3H9;|��3n����;;0;|3�1�W� Heisenberg3�|y?�k3+3�9/g�;|3�1�)5f�(*3W S���S T-�<w+g��v��3_kD|u�M|G6���3
��m T �+&o0�39��H9;|��3n��;|3�vW}rn|&K Fby��,��K�|��j�w�?��dx_k7��;|3�v�q+ddQ?*;|32D(����W�3�|y?�l?3����+o n�|y?�3iC/2�(��2�|y?�,/℄?|�5;�: (*:)3!K�<�;|0?|� (i|) 3Hmj�Y r̄ �-Wn����1 r̄ ∼ 0 
�+r%℄07J9f�
r̄ ∼=

√
(∆r)2. (190)J��+�r%J;|3Hm���� p̄ ∼=

√
(∆p)2 �rh�|y?��
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+r%IÆOVa�wp3}m
p̄ ∼=

√
(∆p)2 ∼=

√√√√ h̄2

4(∆r)2
∼=
√
h̄2

4r̄2
. (191)3��+r%J℄?|3;���

E(r̄) ∼= p̄2

2m
− e2

r̄
∼= 1

2m

h̄2

4r̄2
− e2

r̄
. (192)Y�2P.��+JaH9 r̄ /�y�203S�Y��+5

dE(r̄)

dr̄
=

h̄2

8m
(−2)

1

r̄3
+
e2

r̄2
= 0. (193)3��+T2

r̄0 =
h̄2

4me2
. (194)J9(y℄?|;� E(r̄) 3w#���+20W ;�3pU

E0 ≡ E(r̄0) = −2me4

h̄2 . (195)�r�+o0�W pU� n5x3)�M|�`:;����$7=O3ada&�,��Bohr 3℄?|i5�5;�:3<�20^��P��JW pU: Bohr7'23℄?|3*:;�
E(n = 1) = −me

4

2h̄2 (196)zpO�+o0�9+K)�2�� �3�W,/��|Cm3a?��A9 Heisenberg 3�|y?��+FP�
(1) ?* n�|3�1M��4℄Y

L̂ = r × p = (ypz − zpy)i + (zpx − xpz)j + (xpy − ypx)k. (197)�2H&}m�
[x̂, p̂x] = [ŷ, p̂y] = [ẑ, p̂z] = ih̄, (198)
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^/p-3H&}m
[
L̂x, L̂y

]
= ih̄L̂z,

[
L̂y, L̂z

]
= ih̄L̂x,

[
L̂z, L̂x

]
= ih̄L̂y. (199)

(2) lB/� 4.1 � 4.4 � 4.7 � 4.10� 4.13B�+F��
(1) Nq$ 57 � 2.1 � 2.2 B�
(2) lB/� 1.1 � 1.2 � 4.29 (/JBj36� |ψ〉 �TY{Æ) ψ(r)) �

4.30� 5.12� 5.14B�
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