
作业3

一. 考虑⾓动量算符

L̂x = yp̂z − zp̂y, L̂y = zp̂x − xp̂z, L̂z = xp̂y − yp̂x,

(a) 请计算[L̂i, L̂j] （i, j = x, y, z）；

(b) 请计算L̂2 = L̂2
x + L̂2

y + L̂2
z和L̂z的共同本征函数组（参见课本4.4.3）；

(c) 请证明L̂2的本征值为零的本征函数是L̂x，L̂y和L̂z的共同本征函数;

(d) 请⽤⾓动量算符的对易关系证明，L̂x，L̂y和L̂z的共同本征函数是L̂2的本征值为零的本征函数;

(e) 请⽤不确定关系证明，在L̂z的本征函数中L̂x和L̂y的平均值为零。

二. 两个⼒学量Â和B̂仅有如下三个本征函数ψ1，ψ2和ψ3，

(1) ψ1和ψ2是Â的对应于同⼀本征值为a1的本征函数（存在简并），ψ3是Â的本征值a3的本征函

数；

(2) ψ1是B̂的本征值b1的本征函数，ψ2和ψ3是B̂的本征值b2的本征函数（存在简并）；

请回答：

(a) Â和B̂是否相容？是否构成⼀个最⼩⼒学量完全集？

(b) 假设所研究的物理体系处于aψ1 + bψ2 + cψ3波函数，其中a, b, c均为实数。请写出先测量Â，之

后测量B̂可得到各种结果和相应的⼏率。如果先测量B̂在测量Â的结果如何？

三. ⼀个光⼦经过半透镜，设其透射和反射系数相等。如下图所⽰，
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a) Calculate the probability Pi of finding the system in the state |ui ⟩. Does
the equality

∑
i Pi = 1 hold?

Consider the Hermitian operator (statistical operator or density matrix):

ϱ ≡
∑

i
νi Eui , Eui = |ui ⟩⟨ui | ; ϱ = ϱ† .

b) Show that, for any observable ξ and for any orthonormal basis |n ⟩,
n = 1, 2, · · ·, the mean value ⟨⟨ ξ ⟩⟩ of ξ over the statistical mixture is
given by:

⟨⟨ ξ ⟩⟩ = Tr (ϱ ξ) ≡
∑

n
⟨n | ϱ ξ | n ⟩ .

c) Show that i) Tr ϱ = 1; ii) the eigenvalues of ϱ are nonnegative; iii)
Tr ϱ2 ≤ 1. Show that, if Tr ϱ2 = 1, then ϱ2 = ϱ and that, in the latter
case, the statistical mixture is a pure state.

4.9 Consider the four statistical mixtures described in Problem 4.6:
{
| e1 ⟩, 1

2 ; | e2 ⟩, 1
2

}
;

{
| eσ+ ⟩, 1

2 ; | eσ− ⟩, 1
2

}
;

{
cosϑ | e1 ⟩ + sinϑ e i ϕ | e2 ⟩, 1

2 ; − sinϑ | e1 ⟩ + cosϑ e i ϕ | e2 ⟩, 1
2

}
;

{
| e1 ⟩, 1

4 ; | e2 ⟩, 1
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a) Determine, for each of them, the corresponding statistical operator ϱ in
the space H2 of the polarization states of photons. Calculate ϱ2 and verify
the inequality Tr ϱ2 ≤ 1 .

b) Write the statistical operator corresponding to the pure state | eσ+ ⟩ and
verify the equality ϱ2 = ϱ is satisfied.

|B ⟩

|A ⟩

4.10 A photon crosses a semi-transparent mirror, whose
reflection and transmission coefficients are equal. Let |A ⟩
represent the transmitted state, |B ⟩ the reflected state,
⟨A | A ⟩ = 1, ⟨B | B ⟩ = 1 , ⟨A | B ⟩ = 0 (see figure).

a) Say whether the state of the emerging photon is described either by the
pure state 1√

2

(
|A ⟩+ |B ⟩

)
or by the statistical mixture { |A ⟩, 1

2 ; |B ⟩, 1
2}.

b) If a counter C, whose efficiency is 100%, is placed in the path of the
reflected state, what is the state of the emerging photon in those cases
when the counter does not reveal the photon?

C

|B ⟩

|C ⟩

|A ⟩

Let us now consider the device consisting of two semi-
transparent mirrors and the counter C as in the figure to
the right.

c) Write the state of a photon that emerges from the
device when the counter does not click.

令|A⟩ ≡ ψA表⽰透射波函数，|B⟩ ≡ ψB表⽰反射波函数。其中(ψA, ψA) = 1，(ψB, ψB) = 1，(ψA, ψB) =

0。

(a) 请问光⼦经过半透镜后的波函数是

1√
2
(ψA + ψB) 还是

1

2
(ψA + ψB)?

(b) 我们将⼀个计数器（设其效率是100%）放置在光⼦反射的路径上，如果计数器没有观测到光

⼦，请给出射光⼦的波函数。

(c) 如果我们将两个半透镜和计数器组成⼀个如下图所⽰的设备。其中计数器⽤"I C"表⽰。如果

计数器没有观测到光⼦，请给出出射光⼦波函数。
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