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Principles of quantum mechanics

We are now going to put some order in our ideas and do theoretical physics.
During the years 1925 to 1927, quantum mechanics took shape and accumu-
lated successes. But three persons, and not the least, addressed the question
of its structure. In Z¬urich there was Erwin Schr¬odinger, in G¬ottingen David
Hilbert, and in Cambridge Paul Adrien Maurice Dirac.

Fig. 6.1. Schr¬odinger, Hilbert, and Dirac at the end of the 1920s. (All rights re-
served.)

Hilbert was 65; he was considered the greatest living mathematician since
the death of Poincar«e. Schr¬odinger was 40. Dirac was a young 23-year-old
student in Cambridge, simply brilliant.

Their reßections, which we can follow, generated the general principles of
quantum mechanics. Here, we do the following.

¥ First we write a more concise and general formulation of what we have
done by using the formalism of Hilbert space and the notations due to
Dirac.
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波动⼒力学仅限于描述空间中运动的粒⼦子
（坐标或动量）

为什么要研究抽象理论？

但有许多物理量⽆无法⽤用坐标(x)和动量(p)来描述X

例如：费⽶米⼦子⾃自旋，强⼦子同位旋，
           弱同位旋，   夸克的⾊色空间
抽象理论可以帮助我们更好地理解量⼦子⼒力学

 量⼦子描述并不是独⼀一⽆无⼆二的X
（坐标表象和动量表象给出⼀一致结果）

X



Plancherel定理
两个波函数的如下积分和它们傅⾥里叶变换后
波函数的积分相等

!
! !

1 ("r, t )! 2("r, t )d3r =
!

#!
1("p, t)#2("p, t)d3p

数学家理解上⾯面等式背后的结构：
      这些积分是两个复函数的标量内积

( 1(~r, t), 2(~r, t)) = ('1(~p, t),'2(~p, t))



例：有限维复向量空间Ñ厄⽶米空间
简单起⻅见，考虑⼆二维空间，

⽮矢量 u =
!

u1

u2

"

共轭⽮矢量 øu =
!

u!
1 u!

2

"

厄⽶米标量积 !v|u" = v!
1u1 + v!

2u2

Norm

M  
ij = ( M ji )!矩阵的厄⽶米共轭

厄⽶米矩阵： M   = M

厄⽶米矩阵的本征值是实数，其归⼀一化的本征向量
       构成了厄⽶米空间的正交归⼀一的基⽮矢

||u|| = hu|ui � 0



与量⼦子⼒力学紧密相关的是平⽅方可积函数：满⾜足如下条件的实变
量的复函数

例：平⽅方可积复函数的向量空间

! + !

"!
|f (x)|2dx < !

  数学上将平⽅方可积函数的集合即作为           ，所以                L 2(R) f ! L 2(R)

  线性代数：平⽅方可积函数的集合构成⼀一个复向量空间V

       这个集合中元素之间可以定义加法Ò+Ó，同时也可以定义
       它的⼀一个元素和⼀一个复数的数乘，这些操作之间满⾜足分配律
       
   可证：任何平⽅方可积函数的线性组合仍然是平⽅方可积的，
              即V对于上述加法和数乘运算是封闭的。



任取          上的函数       和       ，则它们任何⼀一个线性组合
                                          也是平⽅方可积的。

例：平⽅方可积复函数的向量空间
L 2(R) f (x) g(x)

G(x) = af (x) + bg(x)

! + !

"!
|G(x)|2dx =

! + !

"!
|af (x) + bg(x)|2dx

= |a|2
! + !

"!
|f (x)|2dx + |b|2

! + !

"!
|g(x)|2dx + a#b

! + !

"!
f #(x)g(x)dx + ab#

! + !

"!
f (x)g#(x)dx

! |a|2
! + !

"!
|f (x)|2dx + |b|2

! + !

"!
|g(x)|2dx + 2 |ab|

" ! + !

"!
|f (x)|2dx

" ! + !

"!
|g(x)|2dx

< !

其中⽤用到Cauchy-Schwartz不等式：
! + !

"!
f #(x)g(x)dx !

" ! + !

"!
|f (x)|2dx

" ! + !

"!
|g(x)|2dx



平⽅方可积函数的向量空间
和量⼦子⼒力学的联系



Charles Hermite 
1860年厄⽶米研究复变函数性质时
    定义了两个函数的厄⽶米标量内积

   厄⽶米标积满⾜足厄⽶米对称性

(g, f) =

Z
g

⇤(x)f(x)dx

(g, f ) = ( f, g )!

   我们可以定义函数的Norm

||f ||2 =

Z
|f(x)|2dx

这和有限维向量空间的数学形式没有区别，虽然收敛性不同。



简谐振⼦子本征值
厄⽶米研究了简谐振⼦子本征值问题

öh! n (x) !
!

x2 "
d2

dx2

"
! n (x) = "n ! n (x)

得到了离散的本征值和相应的平⽅方可积的本征解

! n (x) = " n ex 2 / 2 dn

dxn

!
e! x 2

"
! n = 2n + 1 , n = 0 , 1, 2, á á á

归⼀一化因⼦子 �n = ⇡�1/42�n/2(n!)�1/2

厄⽶米函数          是正交归⼀一的，构成⼀一组正交基! n (x)



厄⽶米的重要发现

90 6 Principles of quantum mechanics

At this point, we consider the results of Charles Hermite in 1860. In fact,
considering complex functions, Hermite defined an Hermitian scalar product
of two functions f and g by

⟨g|f⟩ =
∫

g∗(x)f(x) dx . (6.5)

This is linear in f and antilinear in g, and it possesses the Hermitian symmetry

⟨g|f⟩ = ⟨f |g⟩∗ . (6.6)

This allows us to define the norm ∥f∥ of the function f by

∥f∥2 =
∫

|f(x)|2 dx . (6.7)

Algebraically, it is exactly the same as in finite-dimensional spaces, as consid-
ered above. It is convergence, that is, topological properties, that is different.

Now, Hermite made a very remarkable discovery. Without being aware of
that, he studied the quantum harmonic oscillator eigenvalue problem

(x2 − d2

dx2 )ϕn(x) = εnϕn(x)

or
ĥϕn(x) = εnϕn(x) with ĥ = (x2 − d2

dx2 ) , (6.8)

and he found all the square integrable solutions {ϕn(x), εn},

ϕn(x) = γn ex2/2 dn

dxn

(
e−x2

)
, εn = 2n + 1 , n integer ≥ 0 . (6.9)

These functions are normalized to one (∥ϕn∥ = 1) if

γn = π−1/4 2−n/2 (n!)−1/2 . (6.10)

The Hermite functions ϕn(x) are orthonormal (i.e., orthogonal and normalized
to one) as one can check; they form a free orthonormal set.

But Hermite found a most remarkable property. All square integrable func-
tions can be expanded on the set of Hermite functions,

∀f ∈ L2(R) , f(x) =
∞∑

n=0

Cnϕn(x) , (6.11)

where the components Cn of f are

Cn = ⟨ϕn|f⟩ , (6.12)

because the ϕn(x) are orthogonal and normalized. In other words the Hermite
functions are a complete set, called a Hilbert basis of L2(R).

其中
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换⾔言之，厄⽶米函数构成⼀一个完备集合，
              被称作         的Hilbert基。
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 所有平⽅方可积函数都可以写作厄⽶米函数的集合

取厄⽶米函数为基时，函数f(x)完全由它展开系数确定
f (x) ! { Cn }



          希尔伯特空间   
平⽅方可积复函数

! + !

"!
|f (x)|2 dx < !

L 2(R)构成的向量空间 x ! "

独⽴立性和完备性
⽮矢量空间维数dV =最⼤大独⽴立⽮矢量的个数

H

厄⽶米函数构成Hilbert基是⽆无穷维的



取厄⽶米函数为基时，函数f(x)完全由它展开系数确定
f (x) ! { Cn }

  我们可以Ò忘掉Ó厄⽶米函数基，直接和展开系数打交道。例如，

g(x) =
1X

n=0

Bn'n(x)f (x) =
!!

n =0

Cn ! n (x)

f(x)和g(x)的内积
(g, f ) =

!
B !

n Cn

||f ||2 =
!

|Cn |2 Bessel-Parseval定理

能量平均值
öhf (x) =

!
Cn

öh! n (x) =
!

Cn "n ! n (x)

(f, ĥf(x)) =
X

"n|Cn|2



Hilbert空间的⼏几何性质

!

! i

! j

ai

aj

! =
N!

i =1

ai " i

aj =
(! j , " )
(! j , ! j )

! =
!

j

(" j , ! )
(" j , " j )

" j

⽮矢量表⽰示

⽮矢量内积
( , 0) =

X

ij

(�j , )⇤(�i, 0)

(�j ,�j)(�i,�i)
(�j ,�i) =

X

i

(�i, )⇤(�i, 0)

(�i,�i)



Hilbert空间的维数
⽆无限维独⽴立⽮矢量集合的完备性

（有限维 或 ⽆无限维）

给定任⼀一态⽮矢量    ，总可以找到⼀一组数    使得

数学上，定义                            ，当            时，

! ai
!!

i =1

ai ! i ! "

! N ! ! "
!!

i =1

ai " i N ! "

! ! N |! N " # 0

    这使得我们可以将⽆无限维的希尔伯特空间视作为
           有限维来做同样的数学处理



波函数ÑÑ 态⽮矢量
 薛定谔波动⼒力学中波函数         属于希尔伯特空间。
 例如，3维空间中的运动粒⼦子的Hilbert空间是          。
     

          和          是3维粒⼦子运动的两种等价描述
            ===》 存在多种的等价描述。

采⽤用抽象的Hilbert空间中的⽮矢量      来描述物理体系
的量⼦子状态，不在拘泥于具体的表⽰示空间。

 (t)

| (t)i Hilbert空间的元素

L 2(R3)

! ("r, t )

R3 = ( x, y, z)

! ("r, t ) ! ("p, t)



量⼦子⼒力学第1条假设
描述物理体系的波函数对应
于希尔伯特空间中的⽮矢量或
⼀一点，简称为态⽮矢量。
对理论物理学家或数学家来说，
        量⼦子物理发⽣生在希尔伯特空间。
对于实验物理学家，
       物理现象（经典或量⼦子）是发⽣生在实验室内。



狄拉克符号
    为了将态⽮矢量从具体坐标表⽰示中释放出来，狄拉克引⼊入符号

! ! |! " ! ! ! " ! |

(! , " ) ! " ! |" #

Ket⽮矢
（右⽮矢）

Bra⽮矢
（左⽮矢）

内积：

每⼀一个右⽮矢都存在⼀一个单独的左⽮矢，反之亦然。

H H d = H !Hilbert空间 Hilbert空间的对偶空间

     如果要研究粒⼦子出现在空间某处（或某个动量）的概率，
     我们需要写出粒⼦子在坐标空间（或动量空间）中的波函数，

! ! |" " =
!

! ! (#r, t )" (#r, t )d3r内积为

! ("r, t ) = !"r, t |! " ! ("p, t) = ! "p, t|# "



左⽮矢和右⽮矢的属性
每⼀一个ket⽮矢都有⼀一个相应的bra⽮矢

|! ! ! = "! | (! |" ! )! = ! ! "" |
|!" ! = ! |" ! ! !" | = ! ! ! " |

标积性质
h�| i⇤ = h |�i QM中标积为复数，顺序⾮非常重要

h |a1 1 + a2 2i = a1 h | 1i+ a2 h | 2i

ha1 1 + a2 2| i = a⇤1 h 1| i+ a⇤2 h 2| i

ha1�1 + a2�2|b1 1 + b2 2i = a⇤1b1 h�1| 1i+ a⇤1b2 h�1| 2i
+ a!

2b1 ! ! 2|" 1" + a!
2b2 ! ! 2|" 2"

线性
反线性



如果     和    属于同⼀一希尔伯特空间，

左⽮矢和右⽮矢的属性
标积满⾜足Schwarz不等式

|h |�i|2  h | i h�|�i

标积满⾜足三⾓角不等式
!

! ! + " |! + " " #
!

! ! |! " +
!

! " |" " | !A + !B | ! | !A| + | !B |

正交归⼀一态
! ! |" " = 0 ! ! |! " = 1 ! ! |! " = 1

|! ! |" !

禁⽌止的物理量
|! ! |�i

和         是禁⽌止的。属于不同空间可以直乘。! ! | ! " |



狄拉克符号总结
6.2 Dirac formalism 93

Dictionary

Dirac formalism Wave functions

|! ! ! (r )

|" (t)! " (r , t )

"" 2|" 1!
!

" !
2 (r )" 1(r ) d3r

#" #2 = "" |" !
!

|" (r )|2 d3r

"" 2| öA|" 1!
!

" !
2 (r ) öA" 1(r ) d3r

"a! = "" | öA|" !
!

" ! (r ) öA" (r ) d3r

Fig. 6.2. Dirac vs. wave functions dictionary.

the expression contracts in a ÒbracketÓ, that is, the number! = !u|v". In
other words, the bra ÒeatsÓ the ket and gives this number.
We encounter other examples of this contraction rule, which comes from
the tensor structure of quantum mechanics.

6. Hilbert basis. A Hilbert basis is a free, orthonormal and complete set of
vectors

{| n"} : !n|m" = "nm .

Any vector |# " can be expanded on this basis as

|# " =
"

n

Cn |n", with Cn = !n|# " . (6.22)

Cn is the component of |# " along |n". All Hilbert spaces possess Hilbert
bases.

6.2.2 Operators

Consider now linear operators, that is, linear mappings of the space onto itself.
We will keep the same notation öA as before:

|$" = öA|# " , (# , $) # EH . (6.23)

1. We are interested in the following numbers, which are the scalar products
of (6.23) with some other vector:

!#2|$1" = !#2|( öA|#1") . (6.24)

One can show that this product is associative; that is, one can deÞne the
action of öA in the dual space

选定正交归⼀一
完备的Hilbert基

{| n! }

!n|m" = ! nm

任意⽮矢量都可以
展开为

|! ! =
!

n

Cn |n!

Cn = !n|! "



算 符
作⽤用在态⽮矢量上将之变换为另外⼀一个态⽮矢量

|! !
öO"# |" !

物理量：线性+厄⽶米算符

D
! 2| öA|! 1

E
=

D
! 2| öA  |! 1

E
=

D
! 1| öA|! 2

E!

算符的厄⽶米共轭是该算符
取复共轭，再转置

(! 2, öA! 1) = ( ! 2, öA  ! 1) = ( ! 1, öA! 2)!

öA = öA 

D
 |Â| 

E
=

D
 |Â| 

E⇤

厄⽶米算符的平均值是实数



狄拉克符号法则
1）左右⽮矢缩并

|u! " v|特殊的线性算符

2）厄⽶米共轭操作
如同有限维矩阵⼀一样，我们先转置再取复共轭
1）颠倒每⼀一项顺序
2）
3) 
4)  复数取复共轭 

|u! " # u|
öA ! öA 

! |" ! " # | öA  öB

! ! öB   öA |" ! " #|

取厄⽶米共轭

(|u! " v|) |! ! = |u! " v|! ! = " |u!

!v| 左⽮矢     Ò吃掉Ó 右⽮矢    ，并给出复数! = !v|" "|! !



希尔伯特空间的张量积
两体系统的希尔伯特空间

第 章 希尔伯特空间的张量积

两体系统的希尔伯特空间

两个无自旋可分辨粒子所构成的量子体系的波函数 ! ("r1,"r2) 依赖于两个粒子的

坐标位置 "r1 和 "r2。如果两粒子之间无相互作用，那么波函数可以分解如下

! ("r1,"r2) = # ("r1)$("r2),

或以狄拉克符号记作为
!!!!

"
=

!!!#
"

! |$" .

这里
!!!!

"
是两粒子系统的希尔伯特空间 H 中的一个矢量，

!!!#
"
是第一个粒子的希尔

伯特空间 H 1 中的矢量，而 |$" 是第二个粒子的希尔伯特空间 H 2 中的矢量。
!!!#

"
! |$"

乘积表示：第一个粒子处于
!!!#

"
态而第二个粒子处于 |$" 态。这个乘积具有两个重要

的性质：

如果 |n"1 和 |m"2 分别是希尔伯特空间 H 1 和 H 2 的基矢，那么乘积

|n"1 ! |m"2 , n,m = 1,2,3,ááá

形成两粒子希尔伯特空间的正交基矢。

态矢量的乘积满足如下内积关系：

#$
# #

!!! !
!!!$#"%#!!!#
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向量空间的扩充
直和 (direct sum) V(n): 

2.2 Vectors

Any vector !v ! V can be written as a linear combination of the basis vectors,
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Here, it is emphasized that this is an element of the vector spaceV, and the
column vector hasn components. In particular, the basis vectors themselves
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If the basis system is orthonormal,i.e., !ei á!ej = "ij , then vi = !ei á!v. Similarly
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The vectors are naturally elements of the direct sum, just by Þlling zeros
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221A Lecture Notes
Notes on Tensor Product

1 What is ÒTensorÓ?

After discussing the tensor product in the class, I received many questions
what it means. IÕve also talked to Daniel, and he felt this is a subject he
had learned on the way here and there, never in a course or a book. I myself
donÕt remember where and when I learned about it. It may be worth solving
this problem once and for all.

Apparently, Tensor is a manufacturer of fancy ßoor lamps. See
http://growinglifestyle.shop.com/cc.class/cc?pcd=7878065&ccsyn=13549 .

For us, the word ÒtensorÓ refers to objects that have multiple indices. In
comparison, a ÒscalarÓ does not have an index, and a ÒvectorÓ one index. It
appears in many di! erent contexts, but this point is always the same.

2 Direct Sum

Before getting into the subject of tensor product, let me Þrst discuss Òdirect
sum.Ó This is a way of getting a new big vector space from two (or more)
smaller vector spaces in the simplest way one can imagine: you just line them
up.

2.1 Space

You start with two vector spaces,V that is n-dimensional, andW that is
m-dimensional. The tensor product of these two vector spaces isn + m-
dimensional. Here is how it works.

Let { !e1, !e2, á á á, !en} be the basis system ofV, and similarly { !f 1, !f 2, á á á, !f m}
that of W. We now deÞnen + m basis vectors{ !e1, á á á, !en, !f 1, á á á, !f m} . The
vector space spanned by these basis vectors isV ! W, and is called the direct
sum ofV and W.

1

W(m): 
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The vectors are naturally elements of the direct sum, just by Þlling zeros
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2.2 Vectors

Any vector !v ! V can be written as a linear combination of the basis vectors,
!v = v1!e1 + v2!e2 + á á á+ vn!en. We normally express this fact in the form of a
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Here, it is emphasized that this is an element of the vector spaceV, and the
column vector hasn components. In particular, the basis vectors themselves
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to the unused entries,
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One can also deÞne a direct sum of two non-zero vectors,
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where the last expression is used to save space and it is understood that!v
and !w are each column vector.

2.3 Matrices

A matrix is mathematically a linear map from a vector space to another
vector space. Here, we specialize to the maps from a vector space to the
same one because of our interest in applications to quantum mechanics,A :
V " V, e.g.,

!v #" A!v, (7)
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Similarly, B : W " W, and B : !w #" B !w.
On the direct sum space, the same matrices can still act on the vectors,

so that !v #" A!v, and !w #" B !w. This matrix is written as A ! B . This can

3



be achieved by lining up all matrix elements in ablock-diagonalform,

A ! B =
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. (9)

For instance, if n = 2 and m = 3, and
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where it is emphasized thatA and B act on di! erent spaces. Their direct
sum is
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The reason why the block-diagonal form is appropriate is clear once you
act it on !v ! !w,

(A ! B)(!v ! !w) =

!
A 0n! m

0m! n B

" !
!v
!w

"

=

!
A!v
B !w

"

= ( A!v) ! (B !w). (12)

If you have two matrices, their multiplications are done on each vector
space separately,

(A1 ! B1)(A2 ! B2) = ( A1A2) ! (B1B2). (13)

Note that not every matrix on V ! W can be written as a direct sum of a
matrix on V and another onW. There are (n+ m)2 independent matrices on
V ! W, while there are onlyn2 and m2 matrices onV and W, respectively.
Remaining (n + m)2 " n2 " m2 = 2nm matrices cannot be written as a direct
sum.

Other useful formulae are

det(A ! B) = (det A)(detB), (14)

Tr( A ! B) = (Tr A) + (Tr B). (15)
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向量空间的张量积
双线性

3 Tensor Product

The word Òtensor productÓ refers to another way of constructing a big vector
space out of two (or more) smaller vector spaces. You can see that the spirit
of the word ÒtensorÓ is there. It is also called Kronecker product or direct
product.

3.1 Space

You start with two vector spaces, V that is n-dimensional, andW that
is m-dimensional. The tensor product of these two vector spaces isnm-
dimensional. Here is how it works.

Let { !e1, !e2, á á á, !en} be the basis system ofV, and similarly { !f 1, !f 2, á á á, !f m}
that of W. We now deÞnenm basis vectors!ei ! !f j , where i = 1, á á á, n and
j = 1, á á á, m. Never mind what ! means at this moment. We will be more
explicit later. Just regard it a symbol that deÞnes a new set of basis vectors.
This is why the word ÒtensorÓ is used for this: the basis vectors have two
indices.

3.2 Vectors

We use the same notation for the column vectors as in Section 2.2.
The tensor product isbilinear, namely linear in V and also linear inW.

(If there are more than two vector spaces, it ismultilinear .) What it implies
is that !v ! !w = (

! n
i vi !ei ) ! (

! m
j wj

!f j ) =
! n

i
! m

j vi wj (!ei ! !f j ). In other
words, it is a vector inV ! W, spanned by the basis vectors!ei ! !f j , and the
coe! cients are given byvi wj for each basis vector.

One way to make it very explicit is to literally write it out. For example,
let us take n = 2 and m = 3. The tensor product space isnm = 6 dimen-
sional. The new basis vectors are!e1 ! !f 1, !e1 ! !f 2, !e1 ! !f 3, !e2 ! !f 1, !e2 ! !f 2,
and !e2 ! !f 3. Let us write them as a six-component column vector,

!e1 ! !f 1 =

"

#
#
#
#
#
#
#
#
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Here, I drew a horizontal lines to separate two sets of basis vectors, the Þrst
set that is made of!e1, and the second made of!e2. For general vectors!v and
!w, the tensor product is

!v ! !w =
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3.3 Matrices

A matrix is mathematically a linear map from a vector space to another
vector space. Here, we specialize to the maps from a vector space to the
same one because of our interest in applications to quantum mechanics,A :
V " V, e.g.,

!v #$" A!v, (18)
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On the tensor product space, the same matrix can still act on the vectors,
so that !v #" A!v, but !w #" !w untouched. This matrix is written as A ! I ,
whereI is the identity matrix. In the previous example ofn = 2 and m = 3,
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!e1 ! !f 1 =

!
"""""""""""""""""""""""""""""""""#

1

0

0

��

0

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e1 ! !f 2 =

!
"""""""""""""""""""""""""""""""""#

0

1

0

��

0

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e1 ! !f 3 =

!
"""""""""""""""""""""""""""""""""#

0

0

1

��

0

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

,

!e2 ! !f 1 =

!
"""""""""""""""""""""""""""""""""#

0

0

0

��

1

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e2 ! !f 2 =

!
"""""""""""""""""""""""""""""""""#

0

0

0

��

0

1

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e2 ! !f 3 =

!
"""""""""""""""""""""""""""""""""#

0

0

0

��

0

0

1

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

. �U���X�9�X�8�V

�¦�]�A��+X�� �� ��1V
'�•�6�¢�T4ô�*.��Ä63<• V 0ªL$�]�+�?.�Gÿ !v 
¼ W 0ªL$�]�+�?

.�Gÿ !w�È

!v =

!
"""""#

v1

v2

$
%%%%%&, !w =

!
""""""""""#

w1

w2

w3

$
%%%%%%%%%%&
, �U���X�9�X�e�V

�³��
X V ! W -$�ˆ0ªL$,´�*.��:>˜/j�j�Ö

!v ! !w =

!
"""""""""""""""""""""""""""""""""#

v1w1

v1w2

v1w3

��

v2w1

v2w2

v2w3

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&
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�`
<�0�Z0ªL$ V �]�È	£ A : V " V�Ä�»�² !v #" A!v�È�F65�$B�4ö
`�É�*�²�;�Ö
!
""""""""""""""""#

v1

v2
...

vn

$
%%%%%%%%%%%%%%%%&

V

#"

!
""""""""""""""""#

a11 a12 áááa1n

a21 a22 ááá
...

...
...

an1 an2 áááann

$
%%%%%%%%%%%%%%%%&

!
""""""""""""""""#

v1

v2
...

vn

$
%%%%%%%%%%%%%%%%&

V
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!
"""""""""""""""""""""""""""""""""#
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0

0

��

0

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e1 ! !f 2 =

!
"""""""""""""""""""""""""""""""""#

0

1

0

��

0

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e1 ! !f 3 =

!
"""""""""""""""""""""""""""""""""#

0

0

1

��

0

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

,

!e2 ! !f 1 =

!
"""""""""""""""""""""""""""""""""#

0

0

0

��

1

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e2 ! !f 2 =

!
"""""""""""""""""""""""""""""""""#

0

0

0

��

0

1

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e2 ! !f 3 =

!
"""""""""""""""""""""""""""""""""#

0

0

0

��

0

0

1

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

. �U���X�9�X�8�V

�¦�]�A��+X�� �� ��1V
'�•�6�¢�T4ô�*.��Ä63<• V 0ªL$�]�+�?.�Gÿ !v 
¼ W 0ªL$�]�+�?

.�Gÿ !w�È

!v =

!
"""""#

v1

v2

$
%%%%%&, !w =

!
""""""""""#

w1

w2

w3

$
%%%%%%%%%%&
, �U���X�9�X�e�V

�³��
X V ! W -$�ˆ0ªL$,´�*.��:>˜/j�j�Ö

!v ! !w =

!
"""""""""""""""""""""""""""""""""#

v1w1

v1w2

v1w3

��

v2w1

v2w2

v2w3

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&
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<�0�Z0ªL$ V �]�È	£ A : V " V�Ä�»�² !v #" A!v�È�F65�$B�4ö
`�É�*�²�;�Ö
!
""""""""""""""""#

v1

v2
...

vn

$
%%%%%%%%%%%%%%%%&

V

#"

!
""""""""""""""""#

a11 a12 áááa1n

a21 a22 ááá
...

...
...

an1 an2 áááann

$
%%%%%%%%%%%%%%%%&

!
""""""""""""""""#

v1

v2
...

vn

$
%%%%%%%%%%%%%%%%&

V
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矩阵

the matrix A is two-by-two, while A ! I is six-by-six,

A ! I =

!

"
"
"
"
"
"
"
"
#

a11 0 0 a12 0 0
0 a11 0 0 a12 0
0 0 a11 0 0 a12

a21 0 0 a22 0 0
0 a21 0 0 a22 0
0 0 a21 0 0 a22

$

%
%
%
%
%
%
%
%
&

. (20)

The reason why this expression is appropriate is clear once you act it on
!v ! !w,

(A ! I )(!v ! !w) =

!

"
"
"
"
"
"
"
"
#

a11 0 0 a12 0 0
0 a11 0 0 a12 0
0 0 a11 0 0 a12

a21 0 0 a22 0 0
0 a21 0 0 a22 0
0 0 a21 0 0 a22

$

%
%
%
%
%
%
%
%
&

!

"
"
"
"
"
"
"
"
#

v1w1

v1w2

v1w3

v2w1

v2w2

v2w3

$

%
%
%
%
%
%
%
%
&

=

!

"
"
"
"
"
"
"
"
#

(a11v1 + a12v2)w1

(a11v1 + a12v2)w2

(a11v1 + a12v2)w3

(a21v1 + a22v2)w1

(a21v1 + a22v2)w2

(a21v1 + a22v2)w3

$

%
%
%
%
%
%
%
%
&

= ( A!v) ! !w. (21)

Clearly the matrix A acts only on!v " V and leaves!w " W untouched.
Similarly, the matrix B : W # W maps !w $# B !w. It can also act on

V ! W as I ! B , where

I ! B =

!

"
"
"
"
"
"
"
"
#

b11 b12 b13 0 0 0
b21 b22 b23 0 0 0
b31 b32 b33 0 0 0
0 0 0 b11 b12 b13

0 0 0 b21 b22 b23

0 0 0 b31 b32 b33

$

%
%
%
%
%
%
%
%
&

. (22)
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X�PGÿ0�0ªL$�]�È.�Le A F��_�Œ+X
X.�Gÿ !v�È
<�&�¦�=�i
�.�Gÿ !w�È!”�&.�Le A �j

öAn! n " öIm! m = [A " I ]nm! nm . �U���X�9�X�N�V

�»�²�È
X V �].�Le A2! 2 
¼ W 0ªL$�]	…�}.�Le öI3! 3 �_

A2! 2 =

!
"""""#

a11 a12

a21 a22

$
%%%%%&, öI3! 3 =

!
""""""""""#

1 0 0

0 1 0

0 0 1

$
%%%%%%%%%%&
, �U���X�9�X�R�y�V

�p��

A " I =

!
"""""""""""""""""""""""""""#

a11 0 0 a12 0 0

0 a11 0 0 a12 0

0 0 a11 0 0 a12

a21 0 0 a22 0 0

0 a21 0 0 a22 0

0 0 a21 0 0 a22

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

. �U���X�9�X�R�R�V

+X!”.�Le�Œ+X
X.�Gÿ !v " !w �:�Ç

(A " I ) ( !v " !w) =

!
"""""""""""""""""""""""""""#

a11 0 0 a12 0 0

0 a11 0 0 a12 0

0 0 a11 0 0 a12

a21 0 0 a22 0 0

0 a21 0 0 a22 0

0 0 a21 0 0 a22

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

!
"""""""""""""""""""""""""""#

v1w1

v1w2

v1w3

v2w1

v2w2

v2w3

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

=

!
"""""""""""""""""""""""""""#

(a11v1 + a12v2)w1

(a11v1 + a12v2)w2

(a11v1 + a12v2)w3

(a21v1 + a22v2)w1

(a21v1 + a22v2)w2

(a21v1 + a22v2)w3

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

=

!
"""""#

a11v1 + a12v2

a21v1 + a22v2

$
%%%%%&"

!
""""""""""#

w1

w2

w3

$
%%%%%%%%%%&

= (A!v) " !w. �U���X�9�X�R�k�V

�n'f�È A �õ�õ�Œ+X
X !v # V�È�¦�=�i
� !w # W�Ä

在张量积空间中，矩阵A作⽤用在⽮矢量v上，
                                      同时不改变W



矩阵作⽤用在向量上
the matrix A is two-by-two, while A ! I is six-by-six,

A ! I =

!

"
"
"
"
"
"
"
"
#

a11 0 0 a12 0 0
0 a11 0 0 a12 0
0 0 a11 0 0 a12

a21 0 0 a22 0 0
0 a21 0 0 a22 0
0 0 a21 0 0 a22

$

%
%
%
%
%
%
%
%
&

. (20)

The reason why this expression is appropriate is clear once you act it on
!v ! !w,

(A ! I )(!v ! !w) =

!

"
"
"
"
"
"
"
"
#

a11 0 0 a12 0 0
0 a11 0 0 a12 0
0 0 a11 0 0 a12

a21 0 0 a22 0 0
0 a21 0 0 a22 0
0 0 a21 0 0 a22

$

%
%
%
%
%
%
%
%
&

!

"
"
"
"
"
"
"
"
#

v1w1

v1w2

v1w3

v2w1

v2w2

v2w3

$

%
%
%
%
%
%
%
%
&

=

!

"
"
"
"
"
"
"
"
#

(a11v1 + a12v2)w1

(a11v1 + a12v2)w2

(a11v1 + a12v2)w3

(a21v1 + a22v2)w1

(a21v1 + a22v2)w2

(a21v1 + a22v2)w3

$

%
%
%
%
%
%
%
%
&

= ( A!v) ! !w. (21)

Clearly the matrix A acts only on!v " V and leaves!w " W untouched.
Similarly, the matrix B : W # W maps !w $# B !w. It can also act on

V ! W as I ! B , where

I ! B =

!

"
"
"
"
"
"
"
"
#

b11 b12 b13 0 0 0
b21 b22 b23 0 0 0
b31 b32 b33 0 0 0
0 0 0 b11 b12 b13

0 0 0 b21 b22 b23

0 0 0 b31 b32 b33

$

%
%
%
%
%
%
%
%
&

. (22)
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&
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%
%
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%
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%
&

!

"
"
"
"
"
"
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"
#
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$

%
%
%
%
%
%
%
%
&

=

!

"
"
"
"
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%
%
%
%
%
%
%
%
&

= ( A!v) ! !w. (21)
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%
%
%
%
%
%
%
%
&
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%
%
%
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%
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!

"
"
"
"
"
"
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"
#
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%
%
%
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%
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!e1 ! !f 1 =

!
"""""""""""""""""""""""""""""""""#

1

0

0

��

0

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e1 ! !f 2 =

!
"""""""""""""""""""""""""""""""""#

0

1

0

��

0

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e1 ! !f 3 =

!
"""""""""""""""""""""""""""""""""#

0

0

1

��

0

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

,

!e2 ! !f 1 =

!
"""""""""""""""""""""""""""""""""#

0

0

0

��

1

0

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e2 ! !f 2 =

!
"""""""""""""""""""""""""""""""""#

0

0

0

��

0

1

0

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

, !e2 ! !f 3 =

!
"""""""""""""""""""""""""""""""""#

0

0

0

��

0

0

1

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&

. �U���X�9�X�8�V

�¦�]�A��+X�� �� ��1V
'�•�6�¢�T4ô�*.��Ä63<• V 0ªL$�]�+�?.�Gÿ !v 
¼ W 0ªL$�]�+�?

.�Gÿ !w�È

!v =

!
"""""#

v1

v2

$
%%%%%&, !w =

!
""""""""""#

w1

w2

w3

$
%%%%%%%%%%&
, �U���X�9�X�e�V

�³��
X V ! W -$�ˆ0ªL$,´�*.��:>˜/j�j�Ö

!v ! !w =

!
"""""""""""""""""""""""""""""""""#

v1w1

v1w2

v1w3

��

v2w1

v2w2

v2w3

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%&
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AGÿ0ªL$�`
AGÿ0ªL$,´4ï�W�P�4�Ä)à
X�A��63<•1Ç1V öA �_�6 V 0ªL$,´�0�Z.�Gÿ�P�4

�`
<�0�Z0ªL$ V �]�È	£ A : V " V�Ä�»�² !v #" A!v�È�F65�$B�4ö
`�É�*�²�;�Ö
!
""""""""""""""""#

v1

v2
...

vn

$
%%%%%%%%%%%%%%%%&

V

#"

!
""""""""""""""""#

a11 a12 áááa1n

a21 a22 ááá
...

...
...

an1 an2 áááann

$
%%%%%%%%%%%%%%%%&

!
""""""""""""""""#

v1

v2
...

vn

$
%%%%%%%%%%%%%%%%&

V

. �U���X�9�X�3�V
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X�PGÿ0�0ªL$�]�È.�Le A F��_�Œ+X
X.�Gÿ !v�È
<�&�¦�=�i
�.�Gÿ !w�È!”�&.�Le A �j

öAn! n " öIm! m = [A " I ]nm! nm . �U���X�9�X�N�V

�»�²�È
X V �].�Le A2! 2 
¼ W 0ªL$�]	…�}.�Le öI3! 3 �_

A2! 2 =

!
"""""#

a11 a12

a21 a22

$
%%%%%&, öI3! 3 =

!
""""""""""#

1 0 0

0 1 0

0 0 1

$
%%%%%%%%%%&
, �U���X�9�X�R�y�V

�p��

A " I =

!
"""""""""""""""""""""""""""#

a11 0 0 a12 0 0

0 a11 0 0 a12 0

0 0 a11 0 0 a12

a21 0 0 a22 0 0

0 a21 0 0 a22 0

0 0 a21 0 0 a22

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

. �U���X�9�X�R�R�V

+X!”.�Le�Œ+X
X.�Gÿ !v " !w �:�Ç

(A " I ) ( !v " !w) =

!
"""""""""""""""""""""""""""#

a11 0 0 a12 0 0

0 a11 0 0 a12 0

0 0 a11 0 0 a12

a21 0 0 a22 0 0

0 a21 0 0 a22 0

0 0 a21 0 0 a22

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

!
"""""""""""""""""""""""""""#

v1w1

v1w2

v1w3

v2w1

v2w2

v2w3

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

=

!
"""""""""""""""""""""""""""#

(a11v1 + a12v2)w1

(a11v1 + a12v2)w2

(a11v1 + a12v2)w3

(a21v1 + a22v2)w1

(a21v1 + a22v2)w2

(a21v1 + a22v2)w3

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

=

!
"""""#

a11v1 + a12v2

a21v1 + a22v2

$
%%%%%&"

!
""""""""""#

w1

w2

w3

$
%%%%%%%%%%&

= (A!v) " !w. �U���X�9�X�R�k�V

�n'f�È A �õ�õ�Œ+X
X !v # V�È�¦�=�i
� !w # W�Ä

第 章 希尔伯特空间的张量积

在张量积空间中，矩阵 A 还是作用在矢量 v⃗，同时并不改变矢量 w⃗，此时矩阵 A 为

Ân! n " Îm! m = [A " I ]nm! nm .

例如，在 V 中矩阵 A2! 2 和 W 空间中单位矩阵 Î 3! 3 是

A2! 2 =

!
"""""#

a11 a12

a21 a22

$
%%%%%&, Î3! 3 =

!
""""""""""#

1 0 0

0 1 0

0 0 1

$
%%%%%%%%%%&
,

所以

A " I =

!
"""""""""""""""""""""""""""#

a11 0 0 a12 0 0

0 a11 0 0 a12 0

0 0 a11 0 0 a12

a21 0 0 a22 0 0

0 a21 0 0 a22 0

0 0 a21 0 0 a22

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

.

用此矩阵作用在矢量 v⃗ " w⃗ 上得

(A " I ) ( v⃗ " w⃗) =

!
"""""""""""""""""""""""""""#

a11 0 0 a12 0 0

0 a11 0 0 a12 0

0 0 a11 0 0 a12

a21 0 0 a22 0 0

0 a21 0 0 a22 0

0 0 a21 0 0 a22

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

!
"""""""""""""""""""""""""""#

v1w1

v1w2

v1w3

v2w1

v2w2

v2w3

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

=

!
"""""""""""""""""""""""""""#

(a11v1 + a12v2)w1

(a11v1 + a12v2)w2

(a11v1 + a12v2)w3

(a21v1 + a22v2)w1

(a21v1 + a22v2)w2

(a21v1 + a22v2)w3

$
%%%%%%%%%%%%%%%%%%%%%%%%%%%&

=

!
"""""#

a11v1 + a12v2

a21v1 + a22v2

$
%%%%%&"

!
""""""""""#

w1

w2

w3

$
%%%%%%%%%%&

= (Av⃗) " w⃗.

显然，A 仅仅作用在 v⃗ # V，并不改变 w⃗ # W。



the matrix A is two-by-two, while A ! I is six-by-six,

A ! I =

!

"
"
"
"
"
"
"
"
#

a11 0 0 a12 0 0
0 a11 0 0 a12 0
0 0 a11 0 0 a12

a21 0 0 a22 0 0
0 a21 0 0 a22 0
0 0 a21 0 0 a22

$

%
%
%
%
%
%
%
%
&

. (20)

The reason why this expression is appropriate is clear once you act it on
!v ! !w,

(A ! I )(!v ! !w) =

!

"
"
"
"
"
"
"
"
#

a11 0 0 a12 0 0
0 a11 0 0 a12 0
0 0 a11 0 0 a12

a21 0 0 a22 0 0
0 a21 0 0 a22 0
0 0 a21 0 0 a22

$

%
%
%
%
%
%
%
%
&

!

"
"
"
"
"
"
"
"
#

v1w1

v1w2

v1w3

v2w1

v2w2

v2w3

$

%
%
%
%
%
%
%
%
&

=

!

"
"
"
"
"
"
"
"
#

(a11v1 + a12v2)w1

(a11v1 + a12v2)w2

(a11v1 + a12v2)w3

(a21v1 + a22v2)w1

(a21v1 + a22v2)w2

(a21v1 + a22v2)w3

$

%
%
%
%
%
%
%
%
&

= ( A!v) ! !w. (21)

Clearly the matrix A acts only on!v " V and leaves!w " W untouched.
Similarly, the matrix B : W # W maps !w $# B !w. It can also act on

V ! W as I ! B , where

I ! B =

!

"
"
"
"
"
"
"
"
#

b11 b12 b13 0 0 0
b21 b22 b23 0 0 0
b31 b32 b33 0 0 0
0 0 0 b11 b12 b13

0 0 0 b21 b22 b23

0 0 0 b31 b32 b33

$

%
%
%
%
%
%
%
%
&

. (22)
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It acts on !v ! !w as

(I ! B )(!v ! !w) =

!

"
"
"
"
"
"
"
"
#

b11 b12 b13 0 0 0
b21 b22 b23 0 0 0
b31 b32 b33 0 0 0
0 0 0 b11 b12 b13

0 0 0 b21 b22 b23

0 0 0 b31 b32 b33

$

%
%
%
%
%
%
%
%
&

!

"
"
"
"
"
"
"
"
#

v1w1

v1w2

v1w3

v2w1

v2w2

v2w3

$

%
%
%
%
%
%
%
%
&

=

!

"
"
"
"
"
"
"
"
#

v1(b11w1 + b12w2 + b13w3)
v1(b21w1 + b22w2 + b23w3)
v1(b31w1 + b32w2 + b33w3)
v2(b11w1 + b12w2 + b13w3)
v2(b21w1 + b22w2 + b23w3)
v2(b31w1 + b32w2 + b33w3)

$

%
%
%
%
%
%
%
%
&

= !v ! (B !w). (23)

In general, (A ! I )(!v ! !w) = ( A!v) ! !w, and (I ! B )(!v ! !w) = !v ! (B !w).
If you have two matrices, their multiplications are done on each vector

space separately,

(A1 ! I )(A2 ! I ) = ( A1A2) ! I,

(I ! B1)( I ! B2) = I ! (B1B2),

(A ! I )( I ! B ) = ( I ! B )(A ! I ) = ( A ! B). (24)

The last expression allows us to write outA ! B explicitly,

A ! B =

!

"
"
"
"
"
"
"
"
#

a11b11 a11b12 a11b13 a12b11 a12b12 a12b13

a11b21 a11b22 a11b23 a12b21 a12b22 a12b23

a11b31 a11b32 a11b33 a12b31 a12b32 a12b33

a21b11 a21b12 a21b13 a22b11 a22b12 a22b13

a21b21 a21b22 a21b23 a22b21 a22b22 a22b23

a21b31 a21b32 a21b33 a22b31 a22b32 a22b33

$

%
%
%
%
%
%
%
%
&

. (25)

It is easy to verify that (A ! B)(!v ! !w) = ( A!v) ! (B !w).
Note that not every matrix on V ! W can be written as a tensor product

of a matrix on V and another onW.
Other useful formulae are

det(A ! B) = (det A)m(detB)n, (26)

Tr( A ! B) = (Tr A)(Tr B). (27)
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be achieved by lining up all matrix elements in ablock-diagonalform,

A ! B =

!
A 0n! m

0m! n B

"

. (9)

For instance, if n = 2 and m = 3, and

A =

!
a11 a12

a21 a22

"

V

, B =

#

$
%

b11 b12 b13

b21 b22 b23

b31 b32 b33

&

'
(

W

, (10)

where it is emphasized thatA and B act on di! erent spaces. Their direct
sum is

A ! B =

#

$
$
$
$
$
$
%

a11 a12 0 0 0
a21 a22 0 0 0
0 0 b11 b12 b13

0 0 b21 b22 b23

0 0 b31 b32 b33

&

'
'
'
'
'
'
(

. (11)

The reason why the block-diagonal form is appropriate is clear once you
act it on !v ! !w,

(A ! B)(!v ! !w) =

!
A 0n! m

0m! n B

" !
!v
!w

"

=

!
A!v
B !w

"

= ( A!v) ! (B !w). (12)

If you have two matrices, their multiplications are done on each vector
space separately,

(A1 ! B1)(A2 ! B2) = ( A1A2) ! (B1B2). (13)

Note that not every matrix on V ! W can be written as a direct sum of a
matrix on V and another onW. There are (n+ m)2 independent matrices on
V ! W, while there are onlyn2 and m2 matrices onV and W, respectively.
Remaining (n + m)2 " n2 " m2 = 2nm matrices cannot be written as a direct
sum.

Other useful formulae are

det(A ! B) = (det A)(detB), (14)

Tr( A ! B) = (Tr A) + (Tr B). (15)
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It acts on !v ! !w as
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!

"
"
"
"
"
"
"
"
#

b11 b12 b13 0 0 0
b21 b22 b23 0 0 0
b31 b32 b33 0 0 0
0 0 0 b11 b12 b13

0 0 0 b21 b22 b23

0 0 0 b31 b32 b33

$

%
%
%
%
%
%
%
%
&

!

"
"
"
"
"
"
"
"
#

v1w1

v1w2

v1w3

v2w1

v2w2

v2w3

$

%
%
%
%
%
%
%
%
&

=

!

"
"
"
"
"
"
"
"
#

v1(b11w1 + b12w2 + b13w3)
v1(b21w1 + b22w2 + b23w3)
v1(b31w1 + b32w2 + b33w3)
v2(b11w1 + b12w2 + b13w3)
v2(b21w1 + b22w2 + b23w3)
v2(b31w1 + b32w2 + b33w3)

$

%
%
%
%
%
%
%
%
&

= !v ! (B !w). (23)
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#
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%
%
%
%
%
%
%
%
&

. (25)
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!

"
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#
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v1w2

v1w3
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$

%
%
%
%
%
%
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%
&
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of a matrix on V and another onW.
Other useful formulae are
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希尔伯特空间直乘
当量⼦子系统存在两个或多个独⽴立⾃自由度时，希尔伯特
空间都存在张量积。⼀一个给定的希尔伯特空间可以有
多种分解⽅方法。
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投影算符

第 章 量子力学的矩阵形式

前面我们详细研究了薛定谔的波动力学，将量子问题转化为定态薛定谔方程，并

在给定边界条件下求解能量本征值和相应的本征函数。本章中我们讨论量子力学的矩

阵形式，或者说，希尔伯特空间的几何性质。

态矢量和表象变换

希尔伯特空间的几何性质

前面我们讲过，量子力学中波函数可以抽象为希尔伯特空间中的一个态矢量，用

狄拉克符号记作为
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。我们根据所研究物理对象的性质选取合适的力学量完全集

{ öF,ááá}的共同本征函数组 {" k}，其中 k 表示一组完全的量子数。这些共同本征函数

构成了一组正交完备归一的基矢，并且可以覆盖整个希尔伯特空间，即
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在 F 表象中的表示。不同表象中的表示仅仅是在

不同坐标系中对同一个态矢量的描述。

考虑一个任意态矢量在 F 表象中的表示
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坐标表象

态矢量和表象变换

!!!!
"
在 F 表象（本征函数组为 {
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}）和 F! 表象（本征函数组 {
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}）中的表示
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写作为矩阵形式如下：
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简记为

a! = Sa.

注意：S矩阵中的第 n 列矩阵元是 F 表象中第 n 个本征矢
!!!" n

"
在 F! 表象中的表示。

坐标表象和动量表象

下面我们考虑两个最熟悉也是最不容易理解的表象——坐标表象和动量表象。坐
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坐标空间
波函数



坐标表象

第 章 量子力学的矩阵形式

!
|p

"
dp

#
p| = I .

一般而言，在力学量 öA 的连续谱表象中，

$$$!
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我们通常将 ! (A) # "A
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称作为 A 空间的波函数。例如我们熟悉的坐标空间波函数

! (x) = "x
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或动量空间波函数 ! (p) =
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"
。下面我们通过表象理论推导我们之

前已经熟悉的结果。

）波函数归一化
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最后一步就是我们熟悉的坐标空间波函数归一化。

）本征函数完备性

厄米算符的本征函数组成一组正交完备归一的基矢。量子体系的任意波函数都可

以表示为厄米算符的本征函数的线性组合。设 ! (x) 为量子体系波函数，而 " n(x) 表
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算符和表象变换

写作分量形式如下：
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例 ）哈密顿算符

考虑量子力学中最重要的算符 öH，
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例1）哈密顿算符
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算符的表象变换

量子力学的矩阵形式

所以可得到 öx 和 öpx 在厄米函数基底上的矩阵表示
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力学量的表象变换
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量⼦子⼒力学的矩阵形式
1）本征⽅方程
2）定态薛定谔⽅方程
3）平均值



1）本征⽅方程
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第 章 量子力学的矩阵形式
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量子力学的矩阵形式
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这正如我们所预期的，算符在其自身表象中的矩阵表示为对角矩阵，且对角元素为其

本征值。
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在H表象中，
薛定谔⽅方程是
对⾓角化的
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薛定谔绘景和
海森堡绘景
1）时间演化算符
2）海森堡⽅方程
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问：是否还有其他等效的描述？
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薛定谔绘景和海森堡绘景

薛定谔绘景和海森堡绘景
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海森堡绘景
⼒力学量平均值随时间变化
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将⼒力学量平均值对
时间的依赖关系从
波函数中提取出来，
再将之置⼊入重新定
义的含时⼒力学量算
符中。 |! k (t0)!

|! k (t)!

|! j (t)! |! j (t0)!

|! (t)! = |! (t0)!
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从薛定谔⽅方程及其共轭⽅方程可得
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第 章 量子力学的矩阵形式

海森堡方程

下面考虑力学量平均值随时间变化性质。力学量平均值为
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我们可以将力学量平均值对时间的依赖关系从波函数中提取出来，再将之传递给重新

定义的含时力学量算符 öF(t )。此时态矢量
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我们得到了著名的海森堡方程
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薛定谔绘景和海森堡绘景

狄拉克在

对于狄拉克来说， 年的夏天是异常难忘的。他试图将非对易性和经典力学结

合起来。几乎一个世纪以前，哈密顿已经建立了哈密顿方程来描述经典物理中物体的

运动规律。在哈密顿建立的分析力学中，物体的状态是由任意时刻物体的位置和动量

来描述。整个物理体系的运动规律完全由体系的哈密顿量控制，

H =
p2

2m
+ V (x).

物体位置坐标和动量随时间的演化性质遵从如下的正则方程——哈密顿方程

dx
dt

=
! H
! p

,
dp
dt

= !
! H
! x

.

设 f (x,p,t ) 是坐标、动量和时间的某个函数，它对时间的全导数为

df
dt
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! f
! t
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! f
! x

! x
! t

+
! f
! p

! p
! t

,

将哈密顿方程代入后得
df
dt

=
! f
! t

+ {f ,H } ,

其中引入 H 和 f 的泊松括号 {f ,H }：

{f ,H } =
! H
! x

! f
! p

!
! H
! p

! x
! p

.

对任意的一对变量 f 和 g，泊松括号定义为

{f ,g} =
! f
! x

! g
! p

!
! f
! p

! g
! x

.

当 f = x 且 g = p 时，我们得到了关系式

{x,p} = 1 .

不显含时间的物理量 f (x,p) 随时间演化行为是

df
dt

=
! f
! x

dx
dt

+
! f
! p

dp
dt

= {f ,H }.

狄拉克发现，除以 i øh 因子后的量子力学算符对易子起到和分析力学中的泊松括号类

似的作用：

经典 量子
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df
dt

= {f ,H }
d öf
dt

=
1
i øh

[ öf , öH ]



狄拉克发现：除以    因⼦子后的量⼦子⼒力学算符对易⼦子
      起到和分析⼒力学中的泊松括号类似的作⽤用
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i !

狄拉克得到经典与量⼦子对应原理：
      将经典物理中的泊松括号替换成量⼦子对易⼦子
      并除以 i !
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