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History

Standard Model = Non-Abelian Gauge Theory + Spontaneous
Symmetry Breaking

Non-Abelian Gauge Theory� Yang Mills 1954

Spontaneous Symmetry Breaking (SSB)� Nanbu, Goldstone, Salam,
Weinberg, ~1960�s

SSB + Gauge theory� Higgs, Englert and Brout, Guralnik, Hagen, and
Kibble, Anderson~1964

Renormalization of Yang-Mills theory� Fadeev and Popov, t�Hooft 1971

Electroweak Model� Weinberg, Salam, 1967
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Symmetry
Symmetries play important roles in high energy physics.
Global symmetry
Consider Lagrangian,

L = 1
2

h�
∂µφ1

�2
+
�
∂µφ2

�2i� µ2

2

�
φ21 + φ22

�
� λ

4

�
φ21 + φ22

�2
this is invariant under rotation in (φ1, φ2) plane, O(2) symmetry,�

φ1
φ2

�
�!

�
φ01
φ02

�
=

�
cos θ � sin θ
sin θ cos θ

��
φ1
φ2

�
θ is independent of xµ and is called global transformation.
Another way is to write

φ =
1p
2
(φ1 + iφ2)

and

L = ∂µφ†∂µφ� µ2φ†φ� λ
�

φ†φ
�2
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This is a phase transformation,

φ �! φ0 = e�iθφ

This is called the U (1) symmetry.
Example, charge conservation.
Approximate symmetries, e.g. lepton number, isospin, Baryon number,� � � are
probably realized in the form of global symmtries.
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Local Symmetry
Local symmetry: transformation parameters, e.g. angle θ, depend on xµ. This
originates from electromagnetic theory.
Maxwell Equations:

!
r �

!
E =

ρ

ε0
,

!
r �

!
B = 0

!
r�

!
E +

∂
!
B

∂t
= 0,

1
µ0

!
r�

!
B = ε0

∂
!
E

∂t
+
!
J

Introduce φ,
!
A to solve those equations without source,

!
B =

!
r�

!
A,

!
E = �

!
rφ� ∂

!
A

∂t

These are not unique because of gauge tranformation

φ �! φ� ∂α

∂t
,

!
A �!

!
A +

!
rα
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Or
Aµ �! Aµ � ∂µα

will give the same electromagnetic �elds
In quantum mechanics, Schrodinger equation for charged particle,"

1
2m

�
�h
i

!
r� e

!
A
�2
� eφ

#
ψ = i�h

∂ψ

∂t

This requires transformation of wave function,

ψ �! exp
�
i
e
�h

α
�

ψ

to get same physics.
Thus gauge transformation is connected to symmetry (local) transformation.
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In �eld theory, gauge �elds are needed to contruct covariant derivatives.
Consider Lagrangian with global U (1) symmetry,

L =
�
∂µφ

�†
(∂µφ) + µ2φ†φ� λ

�
φ†φ

�2
Suppose phase transformation depends on xµ,

φ ! φ0 = e ig α(x )φ

The derivative transforms as

∂µφ ! ∂µφ
0
= e iα(x ) [∂µφ+ ig (∂µα) φ] ,

not a phase transformation.
Introduce gauge �eld Aµ, with transformation

Aµ ! A0µ = Aµ � ∂µα

The combination

Dµφ � (∂µ � igAµ) φ, covariant derivative
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will be transformed by a phase,

Dµφ0 = e ig α(x ) (Dµφ)

and the combination
Dµφ†Dµφ

is invarianat under local phase transformation.
De�ne anti-symmetric tensor for the gauge �eld�

DµDν �DνDµ

�
φ = gFµνφ, with Fµν = ∂µAν � ∂νAµ

We can use the property of the covariant derivative to show that

F 0µν = Fµν

Complete Lagragian is

L=Dµφ†Dµφ� 1
4
FµνF µν � V (φ)

where V (φ) does not depend on derivative of φ.

mass term AµAµ is not gauge invariant ) massless particle)long range force
coupling of gauge �eld to other �eld is universal
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Non-Abelian gauge symmetry(Yang-Mills �eld)
In 1954, Yang and Mills generalized U(1) local symmetry to non-Abelian
symmetry.
Consider SU(2) doublet,

ψ =

�
ψ1
ψ2

�

Under SU (2) transformation,

ψ ! ψ0 = exp

8<:�i
!
τ �

!
θ

2

9=;ψ

!
τ = (τ1, τ2, τ3) are Pauli matrices
Start from

L =
_
ψ (x)

�
iγµ∂µ �m

�
ψ

Under local symmetry transformation,

ψ (x) �! ψ0 (x) = U (θ)ψ, where U (θ) = exp

8<:�i
!
τ �

!
θ (x)
2

9=;
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But for derivative,

∂µψ (x) �! ∂µψ0 (x) =
�
∂µU

�
ψ+ U∂µψ

Introduce gauge �elds
!
Aµ to form convariant derivative,

Dµψ �

0@∂µ � ig
!
τ �

!
Aµ

2

1Aψ

require that Dµψ has the same transformation as ψ, i .e.�
Dµψ

�0
= U

�
Dµψ

�
then 0@∂µ � ig

!
τ �

!
A0µ
2

1AUψ = U

0@∂µ � ig
!
τ �

!
Aµ

2

1Aψ

This can be simpli�ed to give

!
τ �

!
A0µ
2

= U

0@!
τ �

!
Aµ

2

1AU�1 � i
g

�
∂µU

�
U�1
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Use covariant derivatives to get �eld tensor

�
DµDν �DνDµ

�
ψ � ig

0@!
τ �

!
F µν

2

1Aψ

and
!
τ �

!
F µν

2
=

!
τ

2
�
�

∂µ

!
Aν � ∂ν

!
Aµ

�
� ig

24!τ � !Aµ

2
,

!
τ �

!
Aν

2

35
Or

F iµν = ∂µAiν � ∂νAiµ + g εijkAjµA
k
ν

Under gauge transformation

!
τ �

!
F
0
µν = U

�
!
τ �

!
F µν

�
U�1

Then the combination

Tr
��

!
τ �

!
F µν

��
!
τ �

!
F

µν
��

= 2
�!
F µν �

!
F

µν
�
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is invariant. For in�nitesmal transformtion θ (x)� 1,

A0iµ = Aµ + εijk θjAkµ �
1
g

∂µθi

F 0iµν = F
i
µν + εijk θjF kµν

AiµAiµ is not gauge invariant ) massless particle)long range force
coupling to other �eld is also universal.
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Spontaneous Symmetry Breaking
Usually symmetry of Lagrangin or Hamiltonian =) physicial states degenercy.
Spontaneous symmetry breaking(SSB): the symm of interaction > symm of
spectrum.

=) massless excitation, called the Nambu-Goldstone boson,

in 1964 Higgs and others : in local symmetry, SSB convert the long range force in
gauge theory into a short range force.
Weinberg, Salam construct a model of electromagnetic and weak interactions.
t�Hooft : 1971 it is renomalizable and all the higher order e¤ects are calculable
Goldstone Theorem
Example: ferromagnetism near Curie tempeture TC .
Landau-Ginzberg�s mean �eld theory
free energy density ,

u
�!
M
�
=

�
∂t
!
M
�2
+ V

�!
M
�

where

V
�!
M
�
= α1 (T )

�!
M �

!
M
�
+ α2

�!
M �

!
M
�2
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u and V rotationally invariant. assume

α1 (T ) = α (T � TC ) with α > 0

minimize V
�!
M
�
,

∂V
∂Mi

= 0 =) Mi

�
α1 + 2α2

!
M �

!
M
�
= 0

For T >TC (i.e. α1 > 0), the solution is at Mi = 0. For T <TC (i.e. α1 < 0),
the minimum is at ����!M���� = r� α1

2α2

direction can be arbitrary. rotational symmetry spontaneously broken.
Goldstone theorem: spontaneous breaking of continuous symmetry zero energy
excitations.
In particle physics, this means massless particle =) long range force
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Spontaneous Symmetry Breaking
Global symmetry
Suppose

L =
1
2

h�
∂µσ

�2
+
�
∂µφ

�2i� V �σ2 + π2
�

with

V
�

σ2 + π2
�
= �µ2

2

�
σ2 + π2

�
+

λ

4

�
σ2 + π2

�2
This is invariant under O(2) rotation�

σ
π

�
�!

�
σ0

π0

�
=

�
cos α sin α
� sin α cos α

��
σ
π

�
rotation angle α independent of spacetime, global transformation. Minimize the
potential energy V ,

∂V
∂σ

= σ
h
�µ2 + λ

�
σ2 + π2

�i
= 0

∂V
∂π

= π
h
�µ2 + λ

�
σ2 + π2

�i
= 0
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For µ2 > 0, the minimum at

σ2 + π2 = v2, with v2 =
µ2

λ

minima is at circle with radius v in the (σ,π) plane.Pick for example,

h0 jσj 0i = ν, h0 jπj 0i = 0

O (2) symmetry is broken by the vacuum state.
Consider small oscillations around true minimum and de�ne a shifted �eld

σ0 = σ� v

Lagrangian density

L =
1
2

h�
∂µσ0

�2
+
�
∂µφ

�2i� µ2σ02 � λvσ0
�

σ02 + π2
�
� λ

4

�
σ02 + π2

�2
no quadratic term in π��eld and π is the massless Goldstone boson.
massless particle =) long range force .
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Local Symmetry
Consider local U (1) symmetry

L =
�
Dµφ

�†
(Dµφ) + µ2φ†φ� λ

�
φ†φ

�2
� 1
4
FµνF µν

where
Dµφ =

�
∂µ � igAµ

�
φ, Fµν = ∂µAν � ∂νAµ

Local transformation
φ (x) �! φ0 (x) = e�iαφ (x)

Aµ (x) �! A0µ (x) = Aµ (x)� ∂µα (x)

When µ2 > 0, minimum of potential

V (φ) = �µ2φ†φ+ λ
�

φ†φ
�2

at

φ†φ =
v2

2
, with v2 =

µ2

λ

LFLI (National Center for Theoretical Science (NCTS)) SM 18 / 36



Thus φ has a vacuum expectation value

jh0 jφj 0ij = vp
2

write φ as,

φ =
1p
2
(φ1 + iφ2)

choose
h0 jφ1 j 0i = v , h0 jφ2 j 0i = 0

de�ne the shifted �elds as

φ01 = φ1 � v , φ02 = φ2

φ02 Goldstone boson.
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New feature: covariant derivative term produce mass term for gauge boson,

��Dµφ
��2 = ���∂µ � igAµ

�
φ
��2 �! g2v2

2
AµAµ + � � � (1)

guage boson mass
M = gv

write scalar �eld as

φ (x) =
1p
2
[v + η (x)] e iξ(x )/v

use gauge transformation to transform away ξ.

φ" = exp (�iξ/v) φ =
1p
2
[v + η (x)] (2)

and

Bµ = Aµ �
1
gv

∂µξ (3)

massless gauge boson+Goldstone boson= massive gaue boson
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Standard Model of Electroweak Interaction

weak interaction is mediated by massive vector mesons.

universality of weak couplings =) local symmetries.
spontaneous symmetry breaking in gauge theory has both universality and
massive vector mesons.

The gauge group is SU (2)� U (1) with gauge bosons
!
Aµ and Bµ .

L1 = �
1
4
F iµνF

iµν � 1
4
GµνGµν

where
F iµν = ∂µAiν � ∂νAiµ + g εijkAjµA

k
ν

Gµν = ∂µBν � ∂νBν

Here g gauge coupling for the SU (2) group.
scalar �elds is SU (2) doublet with hypercharge Y = 1,�

φ+

φ0

�
, Y = 1
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Lagrangian containing φ is

L2 =
�
Dµφ

�†
(Dµφ)� V (φ)

where

Dµφ =

�
∂µ �

ig
2
!
τ �

!
Aµ �

ig 0

2
Bµ

�
φ

V (φ) = �µ2
�

φ†φ
�
+ λ

�
φ†φ

�2

LFLI (National Center for Theoretical Science (NCTS)) SM 22 / 36



Spontaneous Symmetry Breaking

hφi0 � h0 jφj 0i =
1p
2

�
0
v

�
, v =

s
µ2

λ

Write the scalar �elds

φ (x) = U�1
�!

ξ

�0@ 0
v +H (x)p

2

1A , with U
�!

ξ

�
= exp

24 i!ξ (x) �!τ
v

35
where

!
ξ (x) Goldstone bosons. use the gauge transformation to remove

!
ξ (x)

φ0 = U
�!

ξ

�
φ =

1p
2

�
0

v +H (x)

�

Then
!
ξ (x) disappear, left-over �eld H (x) , usually called Higgs �eld,

Fermions and CKM mixing

ψL are all in SU (2) doublets and ψR are all SU (2) singlets
_

ψLψR + h.c . is not
SU (2) invariant=) no bare mass terms
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However fermions couple to scalar �elds φ through Yukawa couplings . ,

LY = fij
_

q0 iLφu0Rj + f
0
ij
_
q
0
iLφd 0Rj + h.c .

where

q01L =
�
u0

d 0

�
L
, q02L =

�
c 0

s 0

�
L
, q03L =

�
t 0

b0

�
L

u1R = u0R , u2R = c
0
R , u3R = t

0
R ,

d1R = d 0R , d2R = s
0
R , d3R = b

0
R

Yukawa coupling constants fij and f 0ij are arbitrary, the quark mass matrices are
not diagonal. The mass matrices in the up and down sectors are

m(u)ij = fij
vp
2
, m(d )ij = f 0ij

vp
2

These matrices can be diagonlized by bi-unitary transformations,

Uum(u)Vu = m
(u)
d , Udm

(d )Vd = m
(d )
d
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rede�ne the left-handed doublets to put all the unitary matrices in the down
sector,

qiL :
�
u
d 0

�
L
,

�
c
s 0

�
L
,

�
t
b0

�
L

where 0@ d 0

s 0

b0

1A
L

= U†
uUd

0@ d
s
b

1A
where

U†
uUd = UCKM =

0@ Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

1A
CKM(Cabbibo-Kobayashi-Maskawa) matrix .
Note that when mass matrices are diagonalized, Yukawa couplings become
diagonal as well,

LY = ∑
i

�
mi
_
q iqi +

mi
v
H (x)

_
q iqi

�
(4)

Higgs particle prefers to decay into heaviest fermions allowed by kinematics.
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Higgs Physics
top priority at LHC is to look for Higgs particle.

1 Higgs coupling to fermion is proportional to fermion mass
2 Higgs coupling to gauge boson is also proportional to gauge boson mass,

LHVV = gH (x)
�
MWW

+
µ W +

1
2 cos θW

MZZ
µZµ

�
Mass of Higgs particle can be written as

mH =
q
2µ2 =

p
2λυ,

where v = 246 Gev is related to Fermi coupling constant GF by

v =

sp
2

GF
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Higgs Mass
Bound from experimental serach
direct search at e+e� collider LEP mH > 114.4 Gev/c2 ..
Theoretical constraints
Pertubative unitarity

WL scattering grow with energies and eventually violates the unitarity.
the amplitude sati�es unitarity if

MH � 870 Gev

Naturalness problem
contribution to Higgs mass from compling λφ4 diverges quadratically, ΣH � Λ2H ,

M2
H = M

2
H ,0 +

3λ

16π2
Λ2H

treat the cuto¤ ΛH as mass scale where the Standard Model should be cuto¤ by
some unknow new physics. If ΛH � 1019Gev , then to get MH to be of order of
weak scale � 1Tev , we need to �ne tune the bare mass M2

H ,0 to 30 decimal places

to cancel the huge contribution from Λ2H .
supersymmetric theory
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Production of Higgs Paticle
Higgs coupling is strongest for t quarks. There are 4 mechanisms for Higgs
productions:

1 Gluon fusion through t�quark loop;

2 Vector meson fusion; qq �! qqH
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3 Associated production of H with a gauge boson, qq �! HW/Z
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4 Associated Higgs production with heavy quarks gg �! ttH

production cross sections for these 4 processes are shown below,
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Fig: Higgs Production Cross Section for PP collison at 14 Tev

gluon fusion is dominat, vector bosons fusion comes next.
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Higgs Decay
Higgs will decay into heaviest particles allowed by kinematics.

1 Decays into quarks and leptons
To lowest order, the diagram is just

Use the Higgs coupling given in Eq(4) we can compute the decay width to
give

Γ
�
H �! f

_
f
�
=
GFNc
4
p
2
MHm

2
f

 
1�

4m2f
M2
H

!3/2

wher Nc = 3 for quarks and Nc = 1 for leptons.
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2 Decays into electroweak gauge bosons
The diagrams for decays into gauge boson pair and subsequent decay of
gauge boson into leptons are given by

3 Decays into γγ
This decay induced by the gauge boson or heavy fermion loop as shown in
the graphs
below can be important due to the large Higgs couplings to the heavy particles.
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relative importance of each decay mode,

LFLI (National Center for Theoretical Science (NCTS)) SM 34 / 36



decays of Higgs into WW or ZZ dominate .
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below the WW threshold H �! b
_
b dominates.

decay H �! γγ is of special interest due to their relatively clean experimenal
signaure.
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