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Figure 1.1: Two one-dimensional linear elements and function interpolation inside element.

Let us use simple one-dimensional example for the explanation of finite element formulation using the
Galerkin method. Suppose that we need to solve numerically the following differential equation:

d*u

a
dr?

+bh=0, 0<z<?2L (1.1)

with boundary conditions

'u![.%;z{] =0 (] j)
T -
a—|z=2r = R

dr
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where u 1s an unknown solution. We are going to solve the problem using two linear one-dimensional
finite elements as shown mn Fig. 1.1.

Fist. consider a finite element presented on the right of Figure. The element has two nodes and
approximation of the function u(x) can be done as follows:

w = Nyus + Noug = [N]{u}
IN]=[N1 N (1.3)
{u} = {u1 ua}

where N; are the so called shape functions

Ny =1 T — T
, :1;;—1'1
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After substituting u expressed through its nodal values and shape functions. in the differential
equation. it has the following approximate form:

2

ﬂE’N] {u} +b=1 (1.5)

where v 1s a nonzero residual because of approximate representation of a function mnside a finite ele-
ment. The Galerkin method provides residual minimization by multiplying terms of the above equation
by shape functions. integrating over the element and equating to zero:

[ ™ (N0 V] )t [ NI bdz = 0 (1.6)
Ty dr?" o ) | '

J T I

Use of mtegration by parts leads to the following discrete form of the differential equation for the finite
element:

2 [dN]T [dN AT 0 du 1 du
[I [dx] a{dil?]da.{u}—_/; [N] bd-.r—{ . }aahﬂﬁ{ 0 }aahzm =0 (1.7)

1 1
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Usually such relation for a finite element is presented as:

K]{u} zx-z{f.iﬁ-' T 1N
[k]z_/m {dT} ﬂ_[{EI]d:c (1.8)

T2 0 du 1 du
{f} = [E [ﬁ']deI + { 1 }H-Eh:::r:g - { 0 }H'Eh:i'l
" 1 '

In solid mechanics [k] is called stiffiress matrix and { f} is called /oad vector. In the considered simple
case for two finite elements of length L stiffness matrices and the load vectors can be easily calculated:

1 (1.9)
1

E&X BT A elementfil T K5 &
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The above relations provide finite element equations for the two separate finite elements. A global
equation system for the domain with 2 elements and 3 nodes can be obtained by an assembly of element
equations. In our simple case 1t 1s clear that elements interact with each other at the node with global
number 2. The assembled global equation system 1s:

1 -1 0 Uy 1 0
a2 a1 Jw =22 b0 (1.10)
0 -1 1 U3 1 R

After application of the boundary condition u(z = 0) = 0 the final appearance of the global equation
system 1s:

1 0 0 g 0 0
bl
% 0 2 -1 [Qu p=—=4{ 23+ 0 (1.11)
10 -1 1 U3 1 R



Nodal values u; are obtained as results of solution of linear algebraic equation system. The value of
1 at any point inside a finite element can be calculated using the shape functions. The finite element
solution of the differential equation is shownin Fig. 1.2 fora=1.b=1.L=1and R = 1.
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Exact solution is a quadratic function. The finite element solution with the use of the simplest element 1s
piece-wise linear. More precise finite element solution can be obtained increasing the number of sumple
elements or with the use of elements with more complicated shape functions. It 1s worth noting that
at nodes the finite element method provides exact values of u (just for this particular problem). Finite
elements with linear shape functions produce exact nodal values if the sought solution i1s quadratic.
Quadratic elements give exact nodal values for the cubic solution ete.

Example. Obtain shape functions for the one-dimensional quadratic element with three nodes. Use
local coordinate system —1 < £ < 1.

N1 = o + aof + azé?







Shape functions N;(z, y) can be determined from the following equation system:
u(ri,yi) =u;, i=1,2,3
Shape functions for the triangular element can be presented as:

1
J.'T\IT-E'_ —
2&{
a; = Ti1Yi+2 — Ti42li+1
b; = Yi+1 — Yi+2
Ci = Ti4+2 — Ti+1
1

A= E(:ﬂgya + T3y1 + T1Y2 — Tay1 — T3Y2 — T1Y3)

a; + bir + ¢;y)

where A 1s the element area.
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Figure 1.3: Tension of the one dimensional bar subjected to a distributed load and a concentrated load.

Using representation of {u} with shape functions (1.3)-(1.4) we can write the value of potential energy
for the second finite element as:

I, = ]:2 %a{u}iﬁ %]T [%] {u}dzx

- [ Ve — )" { 2




The condition for the minimum of 11 1s:

oll d
oll = a—mf_‘iu] + ... + auﬂ

which 1s equivalent to

Jll
81.:?;

=0, i=1.n

It is easy to check that differentiation of Il in respect to u; gives the finite element equilibrium equation
which 1s coincide with equation obtained by the Galerkin method:
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Summary

» Euler (1744) “invents” variational calculus by
piecewise linear discretization.

» Lagrange (1755) puts it on a solid foundation.

» Ritz (1908) proposes and analyzes approximate
solutions based on linear combinations of simple
functions, and solves two difficult problems of his time.

» Timoshenko (1913), Bubnov (1913) and Galerkin
(1915) realize the tremendous potential of Ritz’'
method and solve many difficult problems.

» Courant (1941) proposes to use piecewise linear
functions on triangular meshes.

» Clough et al. (1960) name the method the Finite
Element Method.

The mathematical development of the finite element method
was however just to begin...



History of FEM

& In USA, etc - 1940s

— A. Hrennikoff — discretized the domain by using a |attice analogy

— R. Courant— divided the domain into finite triangular subregion — drawing a large body
of earier results for PDEs by Rayleigh, Ritz and Galerkin

& In USSR --Leonard Oganesyan
& In China -- Kﬂﬂg Fﬁﬂg — proposed a systematic numerical method for solving

PDEs - finite difference method based on variation principle

& FEM obtained its real impetus in 1960s &1970s
— J. H. Argyris & co-workers, University of Stutigart, Germany
~ R.W. Clough & co-workers, UC Berkeley; R. Gallagher, Cornell Univ, USA
- OC. Zienkiewicz & co-workers, University of Swanswa
— P. G. Ciarlet, University of Paris 6, France, .....



https://en.wikipedia.org/wiki/Finite element method

History [edit]

While it is difficult to quote a date of the invention of the finite element method, the method originated from the need to solve complex elasticity and
structural analysis problems in civil and aeronautical engineering. Its development can be traced back to the work by A. Hrennikoffli4l and R. Couranti3lin
the early 1940s. Another pioneer was loannis Argyris. In the USSR, the introduction of the practical application of the method is usually connected with
name of Leonard Oganesyan.!®) In China, in the later 1950s and early 1960s, based on the computations of dam constructions, K. 33i¥| proposed a
systematic numerical method for solving partial differential equations. The method was called the finite difference method based on variation principle,
which was another independent invention of the finite element method. Although the approaches used by these pioneers are different, they share one
essential characteristic: mesh discretization of a continuous domain into a set of discrete sub-domains, usually called elements.

Hrennikoff's work discretizes the domain by using a lattice analogy, while Courant's approach divides the domain into finite triangular subregions to solve
second order elliptic partial differential equations (PDEs) that arise from the problem of torsion of a cylinder. Courant's contribution was evolutionary,
drawing on a large body of earlier results for PDEs developed by Rayleigh, Ritz, and Galerkin.

The finite element method obtained its real impetus in the 1960s and 1970s by the developments of |. H. Argyris with co-workers at the University of
Stuttgart, R. W. Clough with co-workers at UC Berkeley, O. C. Zienkiewicz with co-workers Ernest Hinton, Bruce Ironst’! and others at the University of
Swansea, Philippe G. Ciarlet at the University of Paris 6 and Richard Gallagher with co-workers at Cornell University. Further impetus was provided in these
years by available open source finite element software programs. NASA sponsored the original version of NASTRAN, and UC Berkeley made the finite
element program SAP IVI®] widely available. In Norway the ship classification society Det Norske Veritas (now DNV GL) developed Sesam in 1969 for use in
analysis of ships.!?] A rigorous mathematical basis to the finite element method was provided in 1973 with the publication by Strang and Fix.['°! The
method has since been generalized for the numerical modeling of physical systems in a wide variety of engineering disciplines, e.g., electromagnetism,
heat transfer, and fluid dynamics.[11112]
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