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void mc_samplingnt initial_n_particlesint
max_time
doubledecay_probabilityint *ncumulative

int time, np, n_unstable, particle limit; 0000
n_unstable=initial_n_particles -
. . )000 E :
/[ accumulate the number of particles per time ]
70000 E

step per trial ;
ncumulativg0] =initial_n_particles 60000 ¢
/[ loop over each time step 50000 ¢

for (time=1; time <#max_time time++){ Z 10000
particle_limit=n_unstable 30000 ¢
for (np = 1; np <= particle_limit; np++) { 20000 £
if( double(rand())/RAND_MAX <= L0000 |
decay_probability { ; S o~
1 10 100
} Time

} I/ end of loop over particles
ncumulativgtime] =n_unstable
} I/ end of loop over time steps
} I/ end mc_samplindunction
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* (Choose the number of particles N.

+ Make a loop over time, where the maximum time (or maximum number of steps)
should be larger than the number of particles N.

» For every time step Ar there is a probability n;/N for a move to the right. Compare
this probability with a random number x.

* If x < n;/N, decrease the number of particles in the left half by one, i.e., nj=n;— 1.
Else, move a particle from the right half to the left, i.e., nj =n;+ 1.

* Increase the time by one unit (the external loop).



int main{nt argg char*arg\])

{ srandunsigned(time(0))); // seed the randomizer
int initial_n_ particlesmax_time
int time, random__n nleft;
ofstreamofile("PinBox.dat");

Particle In Box

.- . " 10000 — o —

cout << "Initial number of particles =" endl; o0 Sim ;
. e . 5 xact 3
cin>>initial_n_particles o exac

nleft =initial_n_particles

8500 :
. e .
maX_tlme— 2 |n|t|al_n_part|CIe$ 8000 \

for( time=0; time <Fmax_time time++){ £ reng ,
random_n= (nt)(initial_n_particles 000 \
*double(rand())/RAND_MAX): . \

if (random_n<=nleft){ 6000 \

nleft -= 1; 5500 \

} 5000 E e N

else{ 1 10 100 1000 10000 100000
nleft += 1; e

}

ofile <<setiosflaggos.:showpoint| ios.:uppercase);
ofile <<setw(15) << time;
ofile <<setw(15) <<nleft;
}
return O;
} // end main function
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[l int_0"1 4/(1+x"2) dx = pi
#include qostreanr
#include <stdlib>

#include <time> // this function defines the function to integrate

using namespacstd, doublefunc(double x)
doublefunc(double x); { double value:

int main() | _ _ value = 4/(1.+x*x);
{graho(un&gned(tlme(O))); /I seed the randomizer oty value:
Inti, n; _ _ } // end of function to evaluate
double crude_mc, x, sum_sigma, fx, variance;
cin>> n;

crude_mc=sum_sigmao. ;
for (i=1;i<=n;i++){
x=rand()/(double)RAND_MAX;
Il cout<<x<end],
fx=func(x);
crude_mc+=fx;
sum_sigmat=fx*fx; }
crude_.mc: crude_mo,‘((double) n); | Crude MC
sum_sigma= sum_sigm&(double) n);
variancessum_sigmacrude_md¢crude_mg _
cout<< " variance= " << variance << " Integral = To compare with Vegas
"<<crude_me&<end]
} // end of mainprogram
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(Importance Sampling)
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#include fostrean»
#include <stdlib>
#include <time>
#include <math>
using namespacstd,
doublefunc(double x);
int main()
{ srandunsigned(time(0))); // seed the randomizer
inti, n;
double crude_mc, x, sum_sigma, fx, variance;
cin>>n;
crude_mc=sum_sigmao0. ;
/I acrude MonteCarlo method
for (1=1;1<=n;i++){
x=rand()/(double)RAND_MAX;
fx=func(x);
crude_mc+=fx;
sum_sigmar=fx*fx; }
crude_mc=crude_md((double) n);
sum_sigma= sum_sigm4(double) n);
variancesum_sigmecrude_mdécrude_mg¢
variancesqrt(variance)/double(n)}

doub|efunc(doub|e ‘Read in the number of Monte-Carlo samples
1000

{ variance= 0.0129141 Integral = 0.782019
Exact= 0.786939
double value;
value =exp(-x/2.0);
return value;
} Il end of function to evaluate

/I int_0"1 exp(-x/2) dx =2(3exp(0.5))

/I importance sampling: g(x)=4/2.0

#include fostrean»

#include <stdlib>

#include <time>

#include <math>

using namespacstd;

doublefunc(double x);

int main()

{ srandunsigned(time(0))); // seed the randomizer
inti, n;
double crude_mc, tx, X, sum_sigma, fx, variance;
cin>>n;
crude_mc=sum_sigmao. ;
for(i=1;i<=n;i++){
tx=3.0/4.0*rand)/(double)RAND_MAX;
I/ 0=<tx<=3/4;
X=2*(J:Sqrt(10tX)), Read in the number of Monte-Carlo samples
fX:30/4O*funC(X)’ 132?1ance= 0.00178519 Integral = 0.788191
Crude mc.|.:fx; Exact= 0.786939
sum_sigmar=fx*fx; }
crude_mc=crude_md¢((double) n);
sum_sigma= sum_sigm&(double) n);
variancesum_sigmecrude_mé¢crude_mg¢
variancesqrt(variance)/double(n);}

doublefunc(double x)

{double value;
value =exp(-x/2.0)/(1.-x/2.0);
return value;

} // end of function toevaluate



Breit-Wigner

mk=10.,9k=1.0;

int_07200 sqrt(x)/((mk* mk)*(x-mk* mk)-+mk* mk* gk* gK);
theta: atan(-10.) toatan(10.)

2\2 4 212
(s —mg)=+miI;
my I}

6, = tan (ST
mI, ) A% =

int main()
{ srandunsigned(time(0))); // seed the randomizer
inti, n;
double crude_mc, x, sum_sigma, fx, variance;
cin>>n;
crude_mc=sum_sigmao. ;
for(1=1;i<=n;i++){
x=rand()/(double)RAND_MAX;
x=200.*x; // 6200
fx=fung(x);
crude_mc+= 200.1x;
sum_sigmar= 200.*200.fx*fx; }
crude_mc=crude_md((double) n);
sum_sigmas sum_sigm#(double) n);
variancesum_sigmecrude_mdécrude_mg¢
variancesqrt(variance)/double(n);
cout<< " variance=" << variance << " Integral ="
<<crude_me&<end
}// end of main program

/I this function defines the function to integrate

doublefunc(double x)

{
double value;
doublemk=10.,gk=1.0;

value = sqrt(x)/((x-mk* mk)*(x-mk* mk)+mk* mk* gk* gk);
return value}

int main()
{ srandunsigned(time(0))); // seed the randomizer
inti, n;
double crude_mc, x, sum_sigma, fx, variance;
cin>>n;
crude_mc=sum_sigmao. ;
double pi=3.1415926535897;
for(i=1;i<=n;i++){
x=rand()/(double)RAND_MAX;
x=atan(10.)+2."atan(10.)*x; // atan(-10) toatan(10)
fx=func(x);
crude_mct+= 2.%atan(10.)*fx;
sum_sigma += 2.*atan(10.)*2.*atan(10.)*fx*fx;
crude_mc=crude_mé¢((double) n);
sum_sigmas sum_sigm4(double) n);
variancesum_sigmecrude_mécrude_mg¢
variancesqrt(variance)/double(n);
cout<< " variance=" << variance << " Integral ="
<<crude_me&<endl
} /I end of main program

doublefung(double x)
{
double value;
doublemk=10.,gk=1.0;
double ax=tan(xyhk* gk+mRk mk;
value =sqgrt(ax)/mk/ gk;
return value }// end of function to evaluate




- The idea of stratified sampling is quite different from importance
sampling, by dividing volume V into susegions The optimal
allocation is to have the number of points in each region |
proportional to,,

W=y [1av =g Xie)  Van ==L

Suppose we divide the volume V' into two equal. disjoint subvolumes. denoted a and b.
and sample N/2 pomts i each subvolume. Then another estimator for {( f)). different from
equation (fy - which we denote ( f}’, 15

(1) =5 (£)a+ (1))

in other words, the mean of the sample averages in the two half-regions. The variance of
estimator (f)’ 1s given by

; 1
Var ({f)) = 7 [Var ((£),) + Var ((£),)]
_ 1 [Var () Ve (f)
4| N/2 N/2
1
— 9N [Va'l"l (f) + Var, (f}]
Stratified
From the definitions already given. it 1s not difficult to prove the relation G H ||f

Var () = 5 [Vata (£) + Vas ()] + 3 ((F)a — ()0)?
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A new algorithm for adaptive multidimensional integration -«
= Peter Lepage

Abstract

A new general purpose algorithm for multidimensional integration 1s described. It is an
iterative and adaptive Monte Carlo scheme. The new algorithm is compared with several

others currently in use, and shown to be considerably more efficient than all of these for a
number of sample integrals of high dimension {(n = 4).

The basic technique for importance sampling in VEGAS is to construct, adaptively.
a multidimensional weight function g that is separable,

poc gz y z,...)=g=(x)gy(y)g:(2) ...

Such a funetion avoids the K™ explosion in two ways: (1) It can be stored in the computer
as d separate one-dimensional functions, each defined by K tabulated values, say — so that

K x dreplaces K. (ii) It can be sampled as a probability density by consecutively sampling
the d one-dimensional functions to obtain coordinate vector components (=, y. z,...).

The optimal separable weight function can be shown to be

gz(x) x lfdyfdz... Payz. )"

gy(¥)g:(z) ...

GSL - GNU Scientific Library ) :
Z GNU Operating System

Introduction Sponsored by the Free Software Foundation

The GNU Scientific Library (GSL) is a numerical library for C and C++ programmers. It is free software under the GNU General Public License.

The library provides a wide range of mathematical routines such as random number generators, special functions and least-squares fitting. There
are over 1000 functions in total with an extensive test suite.



VEGAS doubleprecision functiorfes(xx,wgj

implicit double precision (&,m,0-z)
dimension xx(10)

¢ int_0Mexp(x/2)dx double precision xxx1
include treefuc.f XXX1=xx(1)
program main fes=dexp(-xxx1/2.0)
implicit double precision (&,m,0-z) return
common/bvegl/ncall itmx, nprn, ndey, end
x1(10),xu(10),acc
externalfes
open(10, file="output.txt', status="replace) makefile
read(*,*) ncall
write (10,*)'ncalF",ncall FFLAGS -g -m64 -fno-automatic-ffixed-line-
nprn=1 length-none
x1(1)=0.0d0 FCygfortran
xu(1)=1.0d0 OBJECTSvegas.d
itmx=3 main.o\
Sv?:llﬁf’fi)lvﬁeei ’Z;,eiﬁigghlza) © SOBIECTS) < omECTS
close(10) .
end fo: $(FC)c-0 $*.0 $(FFLAGS) $* f




https://pypi.org/project/vegas
VEGAS vegas 3.3.4

Project description pip install vegas @

This package provides tools evaluating multidimensional

integrals numerically using an enhanced version of
the adaptive Monte Carlo vegas algorithm (G. P. Lepage, J. Comput. Phys. 27(1978) 192).

1 1 1 1 .
C[ ff:.':[}/ rf:;:lf l’L’L‘z[ dis e~ 1003 4(z4—0.5) .
J_1 Jo 0 0

where constant ' is chosen so that the exact integral is 1. The following code shows how this can be done:

import wvegas
import math

def f(x):
dx2 = 0
for d in range(4):
dx2 += (x[d] - 0.5) == 2

return math.exp(—-d=x2 + 100.) + 1013.2118364296088
integ vegas. Integrator ([ (-1, 11, [O, 11, [0, 11, [0, 111)
result = integ(f, nitn=10, newval=1000)

print (result.summary () )
print (" result %= Q .77 % (result, result.gQ))



https://pypi.org/project/vegas/
https://pypi.org/project/vegas/

using nitn=10 iterations of the vegas algorithm, each of which uses no more than neval=1000 evaluations of
the integrand. Each iteration produces an independent estimate of the integral. The final estimate is the weighted
average of the results from all 10 iterations, and is returned by integ(f ...). The call result.summary ()
returns a summary of results from each iteration.

This code produces the following output:

itn integral wgt average chiz2/dof Q
1 2.4(1.9) 2.4(1.59) 0.00 1.00
2 1.19%(32) 1.23(32) 0.42 0.52
3 0.910(920) 0.934(87) 0.68 0.51
8 1.041(70) 0.999(55) 0.76 0.52
5 1.05%0(43) 1.055(34) 1.00 0.41
6 0.284(34) 1.020(24) 1.24 0.29
7 1.036(27) 1.027(18) 1.07 0.38
8 0.987(22) 1.011(14) 1.20 0.30
g 0.995(18) 1.005(11) 1.11 0.35
10 0.993(17) 1.0015(91) 1.02 0.42

result = 1.0015(91) Q= 0.42

result .mean — weighted average of all estimates of the integral;

result . sdev — standard deviation of the weighted average;
result.chi2 — y? of the weighted average;

result.dof — number of degrees of freedom;

result . — Q or p-value of the weighted average’s 2
result.itn_results — list of the integral estimates from each iteration.

In this example the final Q is 0.42, indicating that the y? for this average is not particularly unlikely and
thus the error estimate is most likely reliable.






-3l —2 —I x=0 [ 21 31

Consider now a random walker in one dimension, with probability R of moving to the right
and L for moving to the left. AL =0 we place the walker at x =0, as indicated in Fig. 12.2. The
walker can then jump, with the above probabilities, either to the left or to the right for each
time step. Note that in principle we could also have the possibility that the walker remains
in the same position. This is not implemented in this example. Every step has length Ax = 1.
Time is discretized and we have a jump either to the left or to the right at every time step.
Let us now assume that we have equal probabilities for jumping to the left or to the right, i.e.,

L =R =1/2. The average displacement after n time steps is

n
(x(n)) = ZA.\'; =0 Axi = *l,
i



(x(n)?) (Z‘ﬂ“) (i;ﬂ.r;) Zﬂn —|—Z;ﬁ\,ﬂu—z’2n
J

i# ]

For many enough steps the non-diagonal contribution is

N
Y AxiAxj =0,
i#J

since Ax; j = &/. The variance is then

(x(n)*) = (x(n))* = n,

It is also rather straightforward to compute the variance for L # R. The result is

(x(n)?) = (x(n))* = 4LRI"n.

d (x%)
5 = —Dxw(x,1)|x= im—l—?D] (x,1)dx = 2D,
I ~ t
b f
(x*) = 2Dr, 2
T2A1
() — (x)* = 2Dr.




sigima

A Random Walker example
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Probability

for(inti=-number_walksi <=number_walksi++){
double histogram probability[i+number_walkg/norm;
probfile <<setiosflaggos.:showpoint| ios.:uppercase);
probfile <<setw(6) <<i;

probfile <<setw(15) <<setprecisioif8) << histogram <endl; }

A Random Walker example

0t

-100 -50 0 50

Position

100

Walker: 10K
TimeStep 900



Markov Chain
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We wish to study the time-development of a PDF after a given number of time steps.
We define our PDF by the function w(t). In addition we define a transition probability
W. The time development of our PDF w(t), after one time-step from t = 0 is given by

wi(t =¢) = W( — f)if‘le'}-(t = 0).

This equation represents the discretized time-development of an original PDF. We can
rewrite this as a
wi(t =€) = Wjw;(t = 0).

with the transition matrix W for a random walk left or right (cannot stay in the same
position) given by

1

Wi (e) = W(il — ji, ) = { 2 ==t

else

We call Wj; for the transition probability and we represent it as a matrix.



I

Both W and w represent probabilities and they have to be normalized, meaning that
that at each time step we have
Z Wf[t) — 1:

]

Y Wl —i)y=1.

]

and

Further constraints are 0 < Wy < 1and 0 < w; < 1. We can thus write the action of W

as
wi(t+1) = Ww(t),
f

or as vector-matrix relation
W(t+1) = Ww(r),

and if we have that ||\Ww(f + 1) — w({)|| — 0, we say that we have reached the most
likely state of the system, the so-called steady state or equilibrium state. Another way
of phrasing this is

w(t = oc) = Ww(f = o).




3/4 5/8 0

Consider the simple 3 x 3 matrix W
. 1/4 1/8 2/3
W = ,

0 1/4 1/3

and we choose our initial state as

1
W[f—o]—(ﬂ )
0

wi(t = €) = W(j — iw;(t = 0),

1/4
w(t =€) = 3/4 .
0

The first iteration is

resulting in

The next iteration results in

Wit = 2¢) = W(j — wj(t = ),

5/23
W(t=2¢)= | 21/32 |.
6/32

resulting in

Note that the vector w is always normalized to 1. We find the steady state of the
system by solving the linear set of equations

W(t = o) = Ww(t = ).



This linear set of equations reads

Wiiwq(t = oo) + Wiawa(t = o) + Wiaws(f = o) =
Woiwq(t = oo) + Wows(t = o) + Wazws(f = oc) =
Waiwq (f = o) + Waawa(t = oo) + Waswa(t = o) =

D wi(t =o0) =1,

with the constraint that

yielding as solution

4/15

w(t = oc) = 8/15

3/15

Convergence of the simple example
lteration  wy Wo W

0 1.00000 0.00000 0.00000
1 0.25000 0.75000 0.00000
2 0.15625 0.62625 0.18750
3 0.24609 052734 0.22656
4 0.27848 0.51416 0.20736
5 027213 053021 0.19766
6 0.26608 0.53548 0.19844
7 0.26575 0.53424 0.20002
8 0.26656 0.53321 0.20023
9 0.26678 0.53318 0.20005
10 0.26671 0.53332 0.19998
11 0.26666 0.53335 0.20000
12 0.26666 0.53334 0.20000
13 0.26667 0.53333 0.20000

w(t =) 0.26667 0.53333 0.20000




We have after f-steps i
Ww(t) = W'w(0),

with w(0) the distribution at t = 0 and W representing the transition Probability matri»
We can always expand w(0) in terms of the right eigenvectors v of W as

w(0) =" a9,
j
resulting in
W(t) = WWw(0) = W'D " a¥; =) Alay¥;,
i I
with )\; the /™ eigenvalue corresponding to the eigenvector ¥,.
If we assume that A is the largest eigenvector we see that in the limit { — oo, W(t)

becomes proportional to the corresponding eigenvector vy. This is our steady state or
final distribution.

(M(t)) =W(t)m =D A ai¥m;. (M) =D Aajm;.

1
Since we have that in the limit { — oc the mean magnetization is dominated by the L _
largest eigenvalue A\g, we can rewrite the last equation as G H

(M(t)) = (M(0)) + ) _ Alajm;.
10
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and using R}} = &; (jm) and L]}

i n
W (il — jl,ng) =< & (H—|—.r
0

= J(im),; We arrive at

i—j| <n

else

If we place the walker at x =0 at 1 = 0 we can represent the initial PDF with w;(0) = 0.

resulting in

wi(ng) = Z(W

J

UH-’(D Zzn( H—I—u‘—j))ﬁj’ﬂj

li| < n.



I

We can then use the recursion relation for the binomials

n—+ 1 B " n n
Yn+1+i))  \dn+i+1) Tn+i—1)
] ]
w(x,r+€)= Ew(x—l— [.t)+ Ew(.\: —1.1).

wx,r +€)—w(x,r) 2 w(x+1,1)=2w(x,t) +wlx—1,1)

e ¢ /2

If we identify D = 1’2;’28 and / = Ax and € = Ar we see that this is nothing but the discretized
version of the diffusion equation. Taking the limits Ax — 0 and Ar — 0 we recover

dw(x,r) Dé‘ﬁw(x,r)

ot dx?

the diffusion equation.
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Nicholas Metropolis

Born

Died

Citizenship
Fields

Institutions

Alma mater

Known for

Notable
awards

Nicholas Constantine
Metropolis

June 11, 1915

Chicago, lllinois, United States
October 17, 1999 (aged 84)
Los Alamos, New Mexico,
United States

American

Physicist, Mathematician

Los Alamos National
Laboratory

University of Chicago

Monte Carlo method
Simulated annealing
Metropolis—Hastings
algorithm

Computer Pioneer Award
(1984)

Edward Teller
. ey

Metropolis

Teller in 1958 as Director of the Lawrence
Livermore National Laboratory.

Born January 15, 1908
Budapest, Austria-Hungary
Died September 9, 2003 (aged 95)
Stanford, California, United
States

Residence United States

Nationality = Hungarian
American (from March 6, 1941)

Fields Physics (theoretical)

Instead of choosing configurations randomly, then
weighting them withexpo EKkT), we choose
configurations with a probabilitgxpo B kT) and
weight them evenly



THE JOURNAL OF CHEMICAL PHYSICS

VOLUME 21, NUMBER 6 JUNE, 1953

Equation of State Calculations by Fast Computing Machines

NicuorAs METROPOLIS, ARIANNA W. RosexBrurs, Marsuarr N. RoseNsrLuTH, AND Avucusta H. TELLER,
Los Alamos Scientific Laboralory, Los Alamos, New Mexico

AND

Epwarp TELLER,* Department of Physics, Universily of Chicago, Chicage, Illinois
(Received March 6, 1953)

A peneral method, suitable for fast computing machines, for investigating such properties as equations of
state for substances consisting of interacting individual molecules is described. The method consists of a
modified Monte Carlo integration over configuration space. Results for the two-dimensional rigid-sphere
system have been obtained on the Los Alamos MANIAC and are presented here. These results are compared
to the free volume equation of state and to a four-term virial coefficient expansion.

I. INTRODUCTION

HE purpose of this paper is to describe a general
method, suitable for fast electronic computing
machines, of calculating the properties of any substance
which may be considered as composed of interacting
individual molecules. Classical statistics is assumed,
only two-body forces are considered, and the potential

II. THE GENERAL METHOD FOR AN ARBITRARY
POTENTIAL BETWEEN THE PARTICLES

In order to reduce the problem to a feasible size for
numerical work, we can, of course, consider only a finite
number of particles. This number V may be as high as
several hundred. Our system consists of a squaref con-
taining NV particles. In order to minimize the surface

affante ra cnsrmmaca tha crarmanlata cokhetanca ta ha naviadie



Metropolis

In most situations, the transition probability W;; = W(j — i) is not known . It can represent
a complicated set of chemical reactions which we are not capable of modeling or, we are able
to write down and account for all the boundary and the initial conditions needed to describe
W(j — i). A Markov chain is a process where this probability is in general unknown. The
question then is how can we model anything under such a severe lack of knowledge? The
Metropolis algorithm comes to our rescue here. Since W(j — i) is unknown, we model it as
the product of two probabilities, a probability for accepting the proposed move from the state
j to the state j, and a probability for making the transition to the state / being in the state j.
We label these probabilities A(j — i) and T (j — i), respectively. Our tolal transition probability
is then

W(i—=i)=T(—=0DA(j—=1i).

* We make a suggested move to the new state ;i with some transition or moving probability
Tji-

= We accept this move to the new state with an acceptance probability A; ;. The new state i
is in turn used as our new starting point for the next move. We reject this proposed moved
with a 1 —A;_,; and the original state j is used again as a sample.



wilt +1) =Y [wj(0)TjmiA josi +wi(t) Tissj (1 = Ais )] -
;

Yilisj=1

-

wit +1) = wit) + ) [wj () TjoiA jsi — wi)) Tiss jA ]
j

a’u,

ZW J—=iwi—=W(i— jlw].
j

u*w;(r) Z wilisid i = Z wilisjAisj,

di
YiWinj=1

- Wi = Z wiljsiAj = Z‘.l‘jl"l"}'_}f,
J J



—

However, the condition that the rates should equal each other is in general not sufficient
to guarantee that we, after many simulations, generate the correct distribution. We may risk
to end up with so-called cyclic solutions. To avoid this we therefore introduce an additional
condition, namely that of detailed balance

W(j—iwi=W(i— j)w;.

These equations were derived by Lars Onsager when studying irreversible processes
At equilibrium detailed balance gives thus

W(ji—i)  wi

‘IrV[!—} ,,') lt‘j.

TisiAj—si wi

: TijAis; W



[ Ne ~ NoP
We introduce the Boltzmann distribution

exp (—A(Ei))

lﬁ'lllr.ll — Z 7

which states that probability of finding the system in a state / with energy E; at an
inverse temperature 3 = 1/kgT is w; > exp (—3(E;)). The denominator £ is a
normalization constant which ensures that the sum of all probabilities is normalized to
one. It is defined as the sum of probabilities over all microstates j of the system

Z=3 exp(-B(E)).
j_

From the partition function we can in principle generate all interesting quantities for a
given system in equilibrium with its surroundings at a temperature T.

™Tmr.. 41T o 1T

123 ... k—1kk+1...N—IN [
A singlespinflip

ATA”' T T T Tt T ~+
123 ... k—lkk+1...N—IN [



With the probability distribution given by the Boltzmann distribution we are now in the
position where we can generate expectation values for a given variable A through the

definition S A (—B(E})
A EeXp | — '
{A} _ ; Ajwj _ J > | _

In_general, most systems have an infinity of microstates making thereby the
computation of Z practically impossible and a brute force Monte Carlo cal ' r

a given number of randomly selected microstates may therefore not yield those
microstates which are important at equilibrium. To select the most important
contributions we need to use the condition for detailed balance. Since this is just given
by the ratios of probabilities, we never need to evaluate the partition function Z. For the
Boltzmann distribution, detailed balance results in

Y — exp (—B(Ei - E})).
Wi



Metropolis

}}LQJ E—EAJT

_ _

E A—-Eg)/T
P(B) e Es/T

1. Starting from a configuration A, with known energy E 4, make a change in the con-
figuration to obtain a new (nearby) configuration B.

2. Compute Epg (typically as a small change from E 4.

3. It Egp < E 4, assume the new configuration, since it has lower energy (a desirable
thing, according to the Boltzmann factor).

4. If Egp > Ej4, accept the new (higher energy) configuration with probability p =
e~ (Es—EA)/T  This means that when the temperature is high, we don’t mind taking
steps in the “wrong” direction, but as the temperature is lowered, we are forced to
settle into the lowest configuration we can find in our neighborhood.



Thelsingmodel was invented by the physicist Wilhelm Lenz (1920), who gave it as a
problem to his student Ernsgsing The onedimensionallsingmodel has no phase
transition and was solved bising(1925) himself in his 192#esis The two

dimensional square latticssingmodel is much harder, and was given an analytic
description much later, by Lars OnsaE944). It is usually solved by a transfer

matrix method, although there exist different approaches, more related to quantum
field theory.Indimensions greater than four, the phase transition of teemgmodel

IS described by mean field theory.

H(o)=—-J ) oio;— hZo'j-.
) j

{1

Onsager's exact solution

Onsager obtained the following analytical expression for the free energy of the Ising model on the anisotropic square lattice when the magnetic field h = 0 in the thermodynamic limit as a function of temperature and the
horizontal and vertical interaction energies J; and Ja, respectively

2w 2
—-Bf=In2+ L f dé, f d@, In[cosh(24.J;) cosh(28.J,) — sinh(243.J;) cos(8;) — sinh(28.J2) cos(8:)].
8r2 Jo 0

From this expression for the free energy, all thermodynamic functions of the model can be calculated by using an appropriate derivative. The 2D Ising model was the first model to exhibit a continuous phase transition at a
positive temperature. It occurs as the temperature T, which is a solution of the following equation

207 2Jy
sinh| — | sinh|{ — ) =1
(kn ) (ch
In the isotropic case when the horizontal and vertical interaction energies are equal J; = Jy = J, the critical temperature T}, occurs at the following point

p__ 2
© kn(l+ v2)

Y ¢l Ip vVgxc& p T 2NPRQ p
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The energy is a continuous function of temperature, which, as we
expect. increases as a function of T'.
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The magnetization drops off sharply near the critical temperature,
which, in our units where k = J = 1, 1s approximately 2.3.



Ising . Metropolis

doipass = 0, npass

I If ipassis greater thamequil(the number of
equilibration steps)calculatethe magnetization and
energy.
If (ipass>nequil) then
output_count=output_count+ 1
magnetization =
sum(A(2:nrows+1,2:nrows+1)¢ols  nrows*1.0)

magnetization_ave magnetization_ave-
magnetization

energy= 0.0

doi=2,nrows+ 1

doj=2ncols+ 1

energy = energyA(m,n)*(A(m
1,n)+A(m+1,n)+A(m;h)+A(m,n+1))

enddo

enddo

I Divide the energy by the total number of
spins to get theave

I energy per spin, and divide by 2 to account
for double counting.

energy = energyf{cols nrows 2.0)

energy_ave-energy_avetr energy

endif

I Randomly choose a spin to change:

m =nint((nrowsl)*ranl(5) + 2) ! choose
random row

n =nint((ncolsl)*ran1(5) + 2) ! choose a
random column

trial_spin=-A(m,n) ! trial spin value

I Find change in energddltal)) due to tria
move.

I If exp(-beta*deltal) > eta, where eta is
random, accept move:

deltaU =-trial_spin*(A(m
1,n)+A(m+1,n)+A(m;h)+A(m,n+1))*2

log_eta=dlog(ran1(5) + 1.0d.0) ! random
number O1 (+ tiny offset)

If (-beta*deltaU>log_eta) then

A(m,n) =trial_spin

if (m == 2) A(nrows+2,n)tral_spin

if (m == nrows+1) A(1,n)teal_spin

if (n == 2) A(m,ncols+2)teral_spin

if (n == ncols+1) A(m,1)tral_spin

endif

enddoMC_passes
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The Nobel Prize in
Physics 2013

Photo: G-M Greuel via
Wikimedia Commons

Francgois Englert Peter W. Higgs

Photo: Pnicolet via
Wikimedia Commons

The Nobel Prize in Physics 2013 was awarded jointly to Frangois Englert and
Peter W. Higgs “for the theoretical discovery of a mechanism that
contributes to our understanding of the origin of mass of subatomic
particles, and which recently was confirmed through the discovery of the
predicted fundamental particle, by the ATLAS and CMS experiments at
CERN's Large Hadron Collider”
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CMS Detector

weight: 12500 t
overall diameter: 15 m
overall length: 21.6 m

ECAL Scintillating Powo, ~ CALORIMETERS

=3 rystals
g‘-“—"”"— N
;\' ""::"E’»Z;' \

HCAL Plastic scintillator
el Bl‘aSS

SOLENOID
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Cathode Strip Chambers (CSC)

— = B1) Resistive Plate D) Resistive Plate Chambers (RPC)
Chambers (RPC)
JINST 3, S08004 (2008) 57






How to search for a Higgs particle?

Not so easy!

Needles in ehaystack

In ATLAS, up to July 4, 2012:

A million billion collisions

4.2 billionevents analyzed
240,000Higgs particles produced
~350diphoton Higgs events detected
~8 four-lepton Higgs events detected

59



Main production processes

q W72 g ovo00—>——r1t
g
A
t.b - S====-®H NSV e H
H
g —
q ~NH g VOO0 <1
102 T T T T T T T T T T T T ‘ T T T ‘ T T T g
= \Js= 8 TeV Production Cross section [pb] Order of
a 2
E g process Vs =7TeV Vs =8TeV calculation
- 101 —3 ggF 150+ 1.6 19.2 +£2.0 NNLO(QCD)+NLO(EW)
ot ] VBF 122+0.03  1.58+0.04 NLO(QCD+EW)+arpNNLO(QCD)
% C ] WH 0.577 £0.016 0.703 +£0.018 NNLO(QCD)+NLO(EW)
1= E ZH 0.357 £0.015 0.446 £0.019 NNLO(QCD)+NLO(EW)
A ] ZH: gg —» ZH LO(QCD)
_1; J bbH 0.156 £0.021 0.203 £0.028 5FS NLO(QCD) + 4FS NLO(QCD)
107 tH 0.086 +0.009 0.129 = 0.014 NLO(QCD)
. : tH 0.012 +0.001  0.018 +0.001 NLO(QCD)
10‘2 1 1 1 ‘ 1 1 1 ‘ 1 1 1 ‘ 1 1 1 ‘ 1 1 1 ‘ 1 1 1 ‘ Total 17.4 :t ]..6 22.3 j: 2.0
80 100 120 140 160 180 200

M, [GeV]

SM ggF, ttH, bbH theory uncertainty: ~10%

VBF, VH, ZH: 2

- 3%
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Discovery of a new boson.
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o’ :ﬁ': _L'7\: : \f :/T/’ gy iml }85 ATLAS Internal 2011 + 2012 Data
= 20 9 — Obs (5=7TeV: [Ldt=4.64.81"

1
20 5 10 -
10_ \\ [ﬁée)o “10°F - Exp. (5=8TeV: |Ldt=58591"
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10° 5 —tHom *
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P ls=7TeV.L=51f" -
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m, (GeV) m,, [GeV]

Combined significance 5.0u0 f o
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2012.07 Big Discovery
LD e ol 21Xiv.0rg > hep-ex > arkiv:1207.7235 Sxch
High Energy Physics - Experiment High Energy Physics - Experiment

Observation of a new particle in the search for the
Standard Model Higgs boson with the ATLAS detector at

Observation of a new boson at a mass of 125 GeV with the
CMS experiment at the LHC

the LHC The CMS Collaboration
The ATLAS Collaboration (Submitted on 31 Jul 2012)
(Submitted on 31 Jul 2012)

Results are presented from searches for the standard model Higgs boson in proton-proton
collisions at sqri(s)=7 and & TeV in the CMS experiment at the LHC, using data samples
corresponding to integrated luminosities of up @Jerse femtobarns at 7 TeV an€Z2 Dverse
femtobarns at & TeV. The search is performed in five decay modes: gamma gamma, ZZ, WW, tau

A search for the Standard Model Higgs boson in proton-proton collisions with the ATLAS detector at
the LHC is presented. The datasets used correspond to integrated luminosities of appmximatel
fb*-1 collected at sqrt(s) = 7 TeVin 2011 an1 at sgri(s) =8 TeV in 2012. Individual

searches in the channels H->ZZ*(*)-=llll, H->gamma gamma and H->WW-»e nu mu nu in the & TeV
data are combined with previously published results of searcheg for #->772"(") WW"(*) bbbar and
tau"+fau™- in the 7 TeV data and results from improved analyses of the H-»274(*)->Illl and H-
>gamma gamma channels in the 7 TeV data. Clear evidence for the production of a neutral boson
with a measured mass of 126.0 +/- 0.4(stat) +/- 0.4(sys) GeV is presented. This observation, which
has a significance of 3 9 standard deviations, corresponding to a background fluctuation probability

tau_and b b-bar. An excess of events is observed above the expected background, a local
significance of 5,0 standard deviations, at a mass near 125 GeV, signalling the production of a new
particle. The expected significance for a standard model Higgs boson of that mass is 5.8 standard
deviations. The excess is most significant in the two decay modes with the best mass resolution,
gamma gamma and ZZ; a fit to these signals gives a mass of 120.3 +/- 0.4 (sfat.) +/- 0.5 (syst)

GeV. The decay to two photons indicates that the new particle is a boson with spin different from

of 1.7x10%-9, is compatible with the production and decay of the Standard Model Higgs boson. one.
Comments: 24 pages plus author list (39 pages total), 12 figures, 7 tables, submitted to Physics Letters B Comments:  Submitted to Phys. Lett. B
Subjects: High Energy Physics - Experiment (hep-ex) Subjects: High Energy Physics - Experiment (hep-ex)

Report number: CERN-PH-EP-2012-213 Report number. CMS-HIG-12-028; CERN-PH-EP-2012-220

Cite as: arkiv:1207.7214v1 [hep-ex] Cite as: ariv:1207.7235v1 [hep-ex]
5.9sigma 5.0sigma
Phys.Lett. B716 (2012) 1 -29 5 Phys. Lett. B 716 (2012) 30



Anatomy of a LHC Collision

LHC collision: QCD machine

Factorization Theorem:
Separate Short Distance
Physics from Soft one

QCD Machine
Factorization

Multi -level




Hard Scattering: Hard Scattering: ‘

LO, NLO, NNLO QCD, QED..

LO: Born term

1 1 . doy;
doppy, = Z [} da; /{; dx; Z / d®; fi/ny (4. ;.L%:) firho (5, ﬁ--’%) dor- d"i:c{@f
ij ' f o

Factorization scale UF
Penormalization Scale .
Phase Space do;



Hard Scattering: Phase Space

n 4 i
APy, (P, p1,...pn) = 11 éﬁaeﬁ??)ﬂ@f — mj)(2m)*s" (P - ;Pz)

n dE’p; \ T

— 21 P — ;
U Gnme®? ( D’)
Sg_,...,
3n-4+2 =3n-2 dimension . s
) .
..... s,

An example of Phase space factorization

-> Recursive In numerical

1 _
dtpﬂ{‘p!pla"'ﬁpﬂ) — Edgzd@j(Q,pl,.--,pj)d{bn—j+l(P:Q:Pj-|—1,--.,Pn)-



MC Technigue

=1y &+ 1|“." 1:»

Good convergence for high dimension integrals
We also got events randomly distributed
Vy should be small: importance sampling

Breit-Wigner distribution

M2 ]
= / dm?
M2 {m? — M’E}E + _'1:{?]_—'2

m? = MTtan p + M>

- =y
I—fpmd om? 1
= L. Y ep | m2— M2+ M2
1 Prmax
- dp

T MT J,.. Mass "



Unweighting

We often want events without weights as mother Nature produce

1. Monte Carlo integration and scanning are performed:
N points are picked randomly

2. The phasespace point which give the maximum weight,
Wmax Is stored

3. ‘hit-or-miss’: go through randomly chosen phase-space
points and compare the probability of each, given by
Wi/Wmax to a random number R in (0, 1).

If Wi/Wmax > R, we ‘accept’ the event, otherwise wereject
it. This is done until we have collected the desired number
of events, Nevents.



Les Houches Event File hep-ph/0609017

<LesHouchesEvents version="1.0">
<header>
#Additional information
-<[header>
<init>
2212 2212 0.40000000000E+04 0.40000000000E+04 0 0 10042 10042 3 1
0.13448000000E+02 ©.11328000000E+00 0.26896000000E+01 0

. </init>
Jet <event>
. 8 0 0.2689600E+01 000000E+04 ©.7957747E-01 0.9421117E-01

/ "n“ 2 -1 0 0 0 0.00000000000E+00 0.00000000000E+00 0.12216473395E+04 0.12216473395E+04 0.30000000261E-02 0. 1.
........ v -2 -1 0 0 0.00000000000E+00 0,00000000000E+00 -0,95840193959E+03 0.95840193960E+03 0.30000000261E-02 0. -1,
St 6100002 2 1 2 502 0.12085632485E+03 -0,21778312976E+03 0.82072277461E+03 0.11732307109E+04 0.80000000000E+03 0. O,
?H“ -6100002 2 1 2 0 502 -ON2085632485E+03 0.21778312976E+03 -0.55747737471E+03 0.10068185682E+04 0.80000000000E+03 6. 0.
et "2 1 3 3 502 0 -0. 441025E+02 -0,27383300132E+03 0.36569663377E+03 0.46454822740E+03 0.30000000261E-02 0. 1,
o 5100022 1 3 3 06 0 0.56049871558E+02 0.45502614084E+03 0.70868248348E+03 0.50000000000E+03 0. 1.
'-__-Q;:ST,, UTRTIIEL -2 1 4 4 0 502 0.10854022 +03 0.26478799687E+03 -0.18273879961E+03 0.33953958975E+03 0.30000000261E-02 @, -1.
N4 510002 1 4 4 0 0 -0.22939655164E+83 -0.47004867115E+02 -0.37473857510E+03 0.66727897847E+03 0.50000000000E+03 0. 1.

jet </event>
<event>

et Weight:
Va 13.448 pb
HFevents

Mass Array:

N 1800 GeV, 500 GeV], [800 GeV, 500 GeV ]



Example: MG_aMC@NLO

PP>Z LO & NLO
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Generate processes online using MadGraph5_aMC@NLO
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