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Abstract
Using ab initiomolecular dynamics simulation, we investigate the supercritical phenomenon
associatedwith the liquid–liquid phase transition of hydrogen by studying the isothermal response
functions, such as electric conductivity,molecular dissociation coefficient and isothermal compressi-
bility, with respect to pressure.We find that, along each isotherm in the supercritical region, each of
these response functions shows amaximum, the location of which is different for different response
functions. As temperature decreases, the loci of thesemaxima asymptotically converge to a line of zero
ordering field, known as theWidom line alongwhich themagnitude of the response functionmaxima
becomes larger and larger until it diverges as the critical point is approached. Thus, our study provides
a possible way to locate the liquid–liquid critical point of hydrogen from the supercritical region at
lower pressures. It also indicates that the supercritical phonomenon near the critical point of hydrogen
is a rather general feature of second-order phase transition, it is not only true for classical systemswith
weak interactions but also true for highly condensed systemwith strong inter-atomic interactions.

Most substances have only one liquid state. Recent studies indicate that a category of substances with anomalous
properties, such aswater [1], phosphorus [2], and silicon [3], have two liquid states, a low density liquid and a
high density liquid. The liquid–liquid phase transition (LLPT) between two liquids and its terminal point—the
liquid–liquid critical point (LLCP)—are considered as the origin of different anomalies, such as density anomaly
and negatively slopedmelting curve, thus have been attracting extensive attentions [4–12]. In these systems, the
LLPT and the LLCP are typically buried in deep supercooled regionwhich is difficult to detect in experiment due
to crystallization. Recent studies showed that theWidom line, defined as the line of zero ordering field, can be
used to trace the LLCP from the supercritical region [7, 11, 13]. This is because the response functions display
maxima in the one-phase region, and converge to a single line—theWidom line in the vicinity of the critical
point at which all response functions diverge [14].

High pressure hydrogen, which plays a prominent role in planetary science and condensedmatter physics, is
another example ofmaterials showing indication of LLPT fromatomic hydrogen tomolecular hydrogen upon
cooling along constant pressure [15–18]. According to previous studies [19, 20], the LLCP, if exists, locates at
rather high pressure which is difficult to detect experimentally. The question of specific interest here is whether
the liquid–liquid critical phenomenon ofmatters that are highly condensed and have strong inter-atomic
interactions can be investigated by tracing theWidom line in supercritical region proposed in classical systems
[7, 8]. Particularly, whether the phenomenon of liquid hydrogen, e.g., continuous and discontinuous
metallization and dissociation at different phase regions, can be rationalized in terms of the critical and
supercritical phenomenon of a second-order critical point.

Using ab initioBorn–Oppenheimermolecular dynamics (BOMD), we explore the supercritical region of the
LLPT in high pressure hydrogen.We investigate the response functions, e.g., isothermal compressibility Tκ ,
response functions of the direct current (DC) electric conductivity σ andmolecular dissociation coefficient f,
with respect to pressure in the supercritical region.Wefind that these response functions showmaxima upon
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compression along constant temperature, with themaximum for different response functions located at
different pressures. As temperature decreases, the loci of thesemaxima asymptotically approach one another
and converge to a single line, resembling theWidom line in the vicinity of the LLCPobserved in classical systems
[7, 14] belowwhich all response functions diverge. This indicates that the supercritical phonomenon in the
vicinity of a LLCP is a rather general feature of second-order phase transition, it is not only true for classical
systemswithweak interactions but also true for highly condensed systemswith strong inter-atomic interactions.
In particular, wefind that the different phenomenon of hydrogen at high temperatures, e.g.,molecular
dissociation and continuouslymetallic transition, are associatedwith supercritical phenomenon in the vicinity
of a LLCP.Meanwhile, it also provides a possiblemethod to experimentally locate the LLCP of hydrogen by
tracing the terminal point of theWidom line in supercritical region.

Employing density-functional theory (DFT) and using theVienna ab initio simulation package [21, 22], we
perform ‘Born–Oppenheimer-type’molecular dynamics (MD) simulations on a supercell containing 250
atoms. A (2 2 2)× × Monkhorst–Pack grid is employed for the Brillouin zone integration. Its convergence has
been checked using (3 3 3)× × and (4 4 4)× × grids. Other technical details include: (1) PAW
pseudopotentials and an energy cutoff of 500 eV for the expansion of the electronic wave functions, and (2) a
0.5 fs time step employed alongwith 10 000 steps (5 ps) for eachMD simulation. NVT-ensemble withNosé–
Hoover chain is employed in our simulation [23].

Figure 1(a) shows the equation of state of hydrogen based onBOMDsimulations for temperature varying
fromT=2000 to 2500 K. Along isotherms, volumeV shows a discontinuous drop at temperatures lower than
2300 K, an indication of the first-order LLPTof hydrogen. For temperatures higher than 2300 K,V is a
continuous function of P, indicative of a continuous transition in this region. These are consistent with the
simulation results reported in [15] that the systemundergoes afirst-order transition below 2000 K and shows no
evidence of such transition at 3000 K [16].

By calculating the frequency-dependentmacroscopic dielectric function (without localfield effect) at each
snapshot using theKohn–Shamorbitals [24], we determine theDC electric conductivity σ as the zero frequency
limit of the real part of frequency dependent electric conductivity determined by using the following relation

derived from theKubo–Greenwood equation [25, 26], ( ) Im ( )

4
σ ω ω= × ϵ ω

π
. Randomly taking 50 snapshots (to

ensure awell-sampling of the electric properties) from each BOMDsimulation, we calculate the evolution of σ as
a function of the pressure along constant temperatures. As can be seen from figure 1(b), similar to the behavior
of volume, σ is a discontinuous function of pressure along isothermsT 2300 K< , while forT 2300 K⩾ , it
shows a continuous increase with pressure, for instance, from a few ( cm) 1Ω − at 61 GPa to 2600 ( cm) 1Ω − at
79 GPa forT=2500 K. This sharp increase in the electric conductivity is consistent with the experimental
observation of a continuous decrease in the electric resistance by four orders ofmagnitude from93 to 140 GPa
though at lower pressures [27, 28].

Defining a hydrogen asmolecular hydrogenwhen the distance to its nearest neighbor is less than a certain
value rc = 0.8 Å (the firstminimum in pair correlation function) and as atomic one otherwise, we characterize
the structure change of hydrogen liquid by the fraction of populations ofmolecular and atomic hydrogen [12].
We denote the fraction of themolecular hydrogen, f (atomic hydrogen, f1 − ) and present its behavior as a
function of pressure along different isotherms in figure 1(c). Similar to the behavior above, the fraction of
molecular hydrogen shows discontinuous change along isotherms forT 2300< K,while it changes
continuously with increasing pressure forT 2300⩾ K. This is consistent with the continuousmolecular
dissociation at high temperatures reported in [15].

To gainmore insight to the relation between the continuous and discontinuous transition, we calculate the
response functions of thermodynamic, electric and structural properties. These quantities are isothermal

compressibility, ( )T V

V

P T
1 d

d
κ ≡ − , derivative of electric conductivity Pd dσ andmolecular dissociation

coefficient f Pd d , as shown infigure 2.
We observe three characterics. Firstly, each response function shows amaximumalong each isotherm, but

the position of the peak shifts to higher pressure as temperature decreases. For instance, Tκ exhibits amaximum
at different pressures for different isotherms (figure 2(a)). Upon decreasing temperatures, this peak position
shifts to higher pressure, e.g, from P 72∼ GPa at 2500 K to P 74∼ GPa at 2400 K. Similarly, for theDC electric
conductivity andmolecular dissociation coefficient, their derivatives with respect to pressure Pd dσ
(figure 2(b)) and f Pd d (figure 2(c)) also show a peak along each isotherm. Secondly, themagnitude of the peak
of each response function increases as temperature decreases and tends to diverge near 2300K. For instance, the
peak of Tκ becomes sharper as temperature decreases from2500 to 2300 K. Thirdly, for different response
functions, the loci of theirmaxima are different. For example, at 2500 K, the peak position resides at∼68 GPa
for Pd dσ and∼70 GPa for f Pd d , clearly different from∼72 GPa for Tκ . In addition, such differences in
pressure become smaller as the loci of the responsemaxima converge to one line in the vicinity of 2300K. The
loci of the response functionmaxima in the supercritical region of the (P,T) phase diagram are shown in
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figure 3. As temperature decreases, the loci of different response functionmaxima asymptoticallymerge to a
single line—theWidom line in the vicinity of the LLCP from supercritical region and terminate at a LLCP
located between (2300 K, 77 GPa) and (2200 K, 81 GPa)within resolution, at which all response functions
diverge.

The above analysis provides a simple picture for the LLPT in hydrogen under high pressures, which is
consistent with [15]. The difference is that we approach the LLCP using supercritical phenomenon from the
supercritical region. That is, instead of tracing the LLCP by the terminal point of the first-order LLPT line, we
determine the LLCPby investigating the supercritical phenomenon along theWidom line, loci of response
functionsmaxima in the vicinity of the LLCP. This allows us to identify the difference between the insulating-to-
metallic andmolecular-to-atomic transitions in the supercritical region and numerically locates the critical
point. For instance, according to our study, previously reported continuous transitions of hydrogen at high

Figure 1.Physical properties such as volume, conductivity and fraction ofmolecular hydrogen population as a function of pressure.
(a) Equation of state for hydrogen along isotherms based on ab initioBOMDsimulations. A cliff starts to appear in theV–P curve as
temperature decreases. (b) The dc electronic conductivity calculated using theKubo–Greenwood formula alongT=2000, 2200, 2300,
2400 and 2500 K. (c) Structure changes, the fraction of themolecular hydrogen (filled symbol) and dissociation coefficient (open
symbol), along constant temperature.
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temperatures, insulating-to-metallic andmolecular-to-atomic transitions which corresponding to the response
of the electric conductivity andmolecular dissociation coefficient respectively, are different transitions in the
supercritical region. Our results clarify this difference and alsofind the two transitions are both connected to the
LLCP.We point out that this difference gradually disappears as the LLCP is approached, indicating the same
origin for the different continuous transitions of hydrogen observed at high temperatures.We note that our
results are based on simulations using the PBE exchange-correlation functional for the description of the
electronic interactions with the nuclear quantum effects neglected due to the limitation of the computational
cost we can afford. Some recent studies using electronic structures generatedwith other exchange-correlation
functionals withinDFTor quantumMonte-Carlomethod have revealed that amore delicate treatment of the
electronic exchange-correlation interactionsmay lead the transition region to higher pressures [29–31].We

Figure 2.Response functions with respect to pressure along constant temperatures. For temperatures above 2300K, the thermal
response functions with respect to pressure, such as the isothermal compressibility T

maxκ (a), the derivative of the electronic
conductivity Pd d maxσ (b), and the change in hydrogenmolecular dissociation coefficient f Pd d (c), showmaxima but at different
pressures. The peak of the response functionmaxima becomes sharper and sharper as the critical point is approached. All response
functions converge to and diverge at the LLCP.
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emphasis that this study is to present an alternative approachwhich one can employ to investigate the LLPTof
hydrogen from the supercritical region at high temperatures and lowpressures. For the influence of going
beyond PBE and including nuclear quantum effects, we resort the readers to [15, 17, 19, 29–31].

To conclude, we investigate the phase diagram and supercritical phenomenon of hydrogen in the
supercritical region of the LLCP. This is important for the interpretation of experimental data performed at high
temperatures and low pressures. Firstly, earlier experimentalmeasurements on electric conductivity are
performed at∼3000 K [16, 27, 28]. According to the above picture, this continuous transition is associatedwith
the supercritical phenomenon of the LLCP in the supercritical region of the phase diagram. In contrast,
discontinuous transitions at low temperatures and high pressures, e.g., discontinuous insulating-to-metallic
transition andmolecular dissociation, are due tofirst-order phase transition below the LLCP in the two phase
region. Secondly, the difference betweenmolecular dissociation and insulator-to-metal transition in the
continuous transition region indicates that they are rigorously the same only at the LLCP and in the first-order
LLPT region.One needs to be aware of their difference when transitions in the supercritical region are studied.
Thirdly, we provide a possible approach to locate the LLCPof hydrogen by tracing the loci of theWidom line in
the supercritical region. This indicates that the supercritical phenomenon in the vicinity of the LLCP of
hydrogen is a rather general feature of second-order phase transition, it is not only true for classical systemswith
weak interactions but also true for highly condensed systemwith strong inter-atomic interactions.
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