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4.   偏微分方程B

2阶线性PDE:    Elliptic, Parabolic, Hyperbolic

椭圆方程(泊松方程):
2D/3D

spectral method 傅立叶变换

抛物形方程(2D扩散方程)：



二阶线形偏微分方程分类

𝐴𝑢𝑥𝑥 + 2𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 + 𝐷𝑢𝑥 + 𝐸𝑢𝑦 + 𝐹𝑢 + 𝐺 = 0,

其中A, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹, 𝐺为x, y的函数.

椭圆(Elliptic)： 𝑩𝟐 − 𝑨𝑪 < 𝟎,
Laplace方程 𝛻2𝑢 = 𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0

Poisson方程 𝛻2𝑢 = 𝑓(𝑥, 𝑦)
抛物(Parabolic)： 𝑩𝟐 − 𝑨𝑪 = 𝟎,

Diffusion方程 𝑢𝑡 = 𝑎𝑢𝑥𝑥

双曲(Hyperbolic):  𝑩𝟐 − 𝑨𝑪 > 𝟎,
Wave方程 𝑢𝑡𝑡 = 𝑐𝑢𝑥𝑥



2D泊松方程（椭圆型方程）  𝝏𝟐𝒖(𝒙, 𝒚

𝛛𝒙𝟐
+

 𝝏𝟐𝒖(𝒙, 𝒚

𝛛𝒚𝟐
= 𝒗(𝒙, 𝒚)

𝑥𝑙 ≤ 𝑥 ≤ 𝑥ℎ 0 ≤ 𝑦 ≤ 𝐿

参照之前介绍过的1D泊松情形，对x和y分布采用二阶
中心差分方法

然而，这样的方法得到的一系列方程并不能约化为简
单的三对角矩阵。采用迭代算法，需要比较复杂的技
术，而且收敛性不是特别好，比如Jacobi方法，Gauss-
Seidel方法，Multi-grid方法等等。参见Numerical 
recipes in C: the art of scientific computing, W.H.Press, S. 
A. Teukolsky et.al.

下面，我们着重介绍Spectral方法，即傅里叶变换。

)𝑢𝑥𝑥ℎ
2 = 𝑢(𝑥𝑖+1) − 2𝑢(𝑥𝑖) + 𝑢(𝑥𝑖−1

 𝑢𝑦𝑦ℎ
2 = 𝑢(𝑦𝑖+1) − 2𝑢(𝑦𝑖) + 𝑢(𝑦𝑖−1





2D泊松方程 Dirichlet边界条件 𝑢(𝑥, 0) = 𝑢(𝑥, 𝐿) = 0

在y方向做傅里叶展开

𝑢 𝑥, 𝑦 =  

𝑗=1

∞

 𝑈𝑗(𝑥)sin(𝑗𝜋  𝑦 𝐿

𝑣(𝑥, 𝑦) =  

𝑗=1

∞

 𝑉𝑗(𝑥)sin(𝑗𝜋  𝑦 𝐿

y方向的边界条件自动满足。且在区间[0-L]， )sin(𝑗𝜋  𝑦 𝐿 构成完备正交基：

2

𝐿
 
0

𝐿

sin(𝑗𝜋  𝑦 𝐿)sin(𝑘𝜋  𝑦 𝐿)𝑑𝑦 = 𝛿𝑗𝑘

2

𝐿
sin(𝑗𝜋  𝑦 𝐿)sin(𝑘𝜋  𝑦 𝐿) =

1

𝐿
cos

𝜋𝑦

𝐿
(𝑗 − 𝑘) −

1

𝐿
cos

𝜋𝑦

𝐿
(𝑗 + 𝑘)

𝑗, 𝑘 > 0

𝑈𝑗(𝑥) =
2

𝐿
 
0

𝐿

)𝑢(𝑥, 𝑦)sin(𝑗𝜋  𝑦 𝐿 𝑑𝑦 ,

𝑉𝑗(𝑥) =
2

𝐿
 
0

𝐿

)𝑣(𝑥, 𝑦)sin(𝑗𝜋  𝑦 𝐿 𝑑𝑦



2D泊松方程 Dirichlet边界条件 𝑢(𝑥, 0) = 𝑢(𝑥, 𝐿) = 0

𝑢 𝑥, 𝑦 =  

𝑗=1

∞

 𝑈𝑗(𝑥)sin(𝑗𝜋  𝑦 𝐿

𝑣(𝑥, 𝑦) =  

𝑗=1

∞

 𝑉𝑗(𝑥)sin(𝑗𝜋  𝑦 𝐿

)𝜕2𝑢(𝑥, 𝑦

𝜕𝑥2 +
)𝜕2𝑢(𝑥, 𝑦

𝜕𝑦2 = 𝑣(𝑥, 𝑦)代入

 𝑑2𝑈𝑗(𝑥

𝑑𝑥2 −
𝑗2𝜋2

𝐿2
𝑈𝑗(𝑥) = 𝑉𝑗(𝑥), j=1,. . . ∞

在数值计算中，我们要截断傅里叶展开到第J项，即j=1,…𝑱。
这相当于在y方向上做了如下差分：𝑦𝑗 = 𝑗  𝐿 𝐽.

对每一个j，我们可以在x方向做2阶中心差分

𝑈𝑖−1,𝑗 − (2 + 𝑗2𝑘2)𝑈𝑖,𝑗 + 𝑈𝑖+1,𝑗 = 𝑉𝑖,𝑗 𝛿𝑥 2

j J J j  



2D泊松方程 Dirichlet边界条件 𝑢(𝑥, 0) = 𝑢(𝑥, 𝐿) = 0

𝑈𝑖−1,𝑗 − (2 + 𝑗2𝑘2)𝑈𝑖,𝑗 + 𝑈𝑖+1,𝑗 = 𝑉𝑖,𝑗 𝛿𝑥 2

𝑖 = 1, 𝑁, and 𝒋 = 𝟏, 𝑱

𝑈𝑖,𝑗 = 𝑈𝑗 𝑥𝑖 , 𝑉𝑖,𝑗 = 𝑉𝑗(𝑥𝑖), and 𝑘 = 𝜋𝛿  𝑥 𝐿

𝛼𝑙𝑈𝑗(𝑥𝑙) + 𝛽𝐿

 𝑑𝑈𝑗(𝑥𝑙

𝑑𝑥
= 𝛤𝑙𝑗 ,

𝛼ℎ𝑈𝑗(𝑥ℎ) + 𝛽ℎ

 𝑑𝑈𝑗(𝑥ℎ

𝑑𝑥
= 𝛤ℎ𝑗 ,

X方向的边
界条件为

𝛤𝑙𝑗 =
2

𝐿
 
0

𝐿

𝛾𝑙(𝑦)sin(𝑗𝜋  𝑦 𝐿)𝑑𝑦

𝛤ℎ𝑗 =
2

𝐿
 
0

𝐿

𝛾ℎ(𝑦)sin(𝑗𝜋  𝑦 𝐿)𝑑𝑦

𝑈0,𝑗 =
𝛤𝑙𝑗𝛿𝑥 − 𝛽𝑙𝑈1,𝑗

𝛼𝑙𝛿𝑥 − 𝛽𝑙
,

𝑈𝑁+1,𝑗 =
𝛤ℎ𝑗𝛿𝑥 − 𝛽ℎ𝑈𝑁,𝑗

𝛼ℎ𝛿𝑥 − 𝛽ℎ

我们得到了J-1个Uncoupled三对角矩阵方程！



2D泊松方程 Neumann边界条件

在y方向做傅里叶展开

𝑢 𝑥, 𝑦 =  

𝑗=0

∞

 𝑈𝑗 𝑥 𝑐𝑜𝑠(𝑗𝜋  𝑦 𝐿

𝑣(𝑥, 𝑦) =  

𝑗=0

∞

 𝑉𝑗 𝑥 cos(𝑗𝜋  𝑦 𝐿

y方向的边界条件自动满足。且在区间[0-L]， )cos(𝑗𝜋  𝑦 𝐿 构成完备正交基：

2

𝐿
 
0

𝐿

cos 𝑗𝜋  𝑦 𝐿 cos(𝑘𝜋  𝑦 𝐿)𝑑𝑦 = 𝛿𝑗𝑘

2

𝐿
cos 𝑗𝜋  𝑦 𝐿 cos 𝑘𝜋  𝑦 𝐿 =

1

𝐿
cos

𝜋𝑦

𝐿
𝑗 − 𝑘 +

1

𝐿
cos

𝜋𝑦

𝐿
(𝑗 + 𝑘)

𝑗, 𝑘 ≥ 0

𝑈𝑗(𝑥) =
2

𝐿
 
0

𝐿

)𝑢 𝑥, 𝑦 cos(𝑗𝜋  𝑦 𝐿 𝑑𝑦 ,

𝑉𝑗(𝑥) =
2

𝐿
 
0

𝐿

)𝑣 𝑥, 𝑦 cos(𝑗𝜋  𝑦 𝐿 𝑑𝑦

)𝜕𝑢(𝑥, 𝑦 = 0

𝜕𝑦
=

)𝜕𝑢(𝑥, 𝑦 = 𝐿

𝜕𝑦
= 0

注意，对j=0, 
𝟐

𝑳
-> 

𝟏

𝑳



2D泊松方程 Neumann边界条件

𝑈𝑖−1,𝑗 − (2 + 𝑗2𝑘2)𝑈𝑖,𝑗 + 𝑈𝑖+1,𝑗 = 𝑉𝑖,𝑗 𝛿𝑥 2

𝑖 = 1, 𝑁, and 𝒋 = 𝟎, 𝑱

𝑈𝑖,𝑗 = 𝑈𝑗 𝑥𝑖 , 𝑉𝑖,𝑗 = 𝑉𝑗(𝑥𝑖), and 𝑘 = 𝜋𝛿  𝑥 𝐿

𝛼𝑙𝑈𝑗(𝑥𝑙) + 𝛽𝐿

 𝑑𝑈𝑗(𝑥𝑙

𝑑𝑥
= 𝛤𝑙𝑗 ,

𝛼ℎ𝑈𝑗(𝑥ℎ) + 𝛽ℎ

 𝑑𝑈𝑗(𝑥ℎ

𝑑𝑥
= 𝛤ℎ𝑗 ,

X方向的边
界条件为

𝛤𝑙𝑗 =
2

𝐿
 
0

𝐿

𝛾𝑙 𝑦 cos(𝑗𝜋  𝑦 𝐿)𝑑𝑦

𝛤ℎ𝑗 =
2

𝐿
 
0

𝐿

𝛾ℎ 𝑦 cos(𝑗𝜋  𝑦 𝐿)𝑑𝑦

𝑈0,𝑗 =
𝛤𝑙𝑗𝛿𝑥 − 𝛽𝑙𝑈1,𝑗

𝛼𝑙𝛿𝑥 − 𝛽𝑙
,

𝑈𝑁+1,𝑗 =
𝛤ℎ𝑗𝛿𝑥 − 𝛽ℎ𝑈𝑁,𝑗

𝛼ℎ𝛿𝑥 − 𝛽ℎ

我们得到了J+1个Uncoupled三对角矩阵方程！

)𝜕𝑢(𝑥, 𝑦 = 0

𝜕𝑦
=

)𝜕𝑢(𝑥, 𝑦 = 𝐿

𝜕𝑦
= 0

注意，对j=0, 
𝟐

𝑳
-> 

𝟏

𝑳



离散傅里叶变换

#include "TMath.h"
void fourier()
{

gRandom = new TRandom3(0);
int n=400;
double f[400], c[400]; 
double pi=TMath::ACos(-1.0);
double xl=0.0, xh=2*pi;
double x;
double dx=(xh-xl)/float(n);
for (int i = 0; i < n; ++i) {
c[i]=0.0;

}
for (int i = 0; i < n; ++i) {
double rr=gRandom->Uniform(-1,1);
x=xl+i*dx;

f[i]=(TMath::Sin(10*x)+TMath::Sin(72*x)+TMat
h::Sin(141*x));

}
for (int i = 0; i < n; ++i) {

x=xl+i*dx;
for (int j = 0; j < n; ++j) {

c[i]+=TMath::Sin(i*j*pi/float(n))*f[j]*2.0/float
(n);

}
}
char *out= "plot.gnu";
FILE *fp = fopen(out,"w");
for (int i = 0; i < n; ++i) {
fprintf(fp,"%15.7f %15.7f %15.7f \n", 

float(i)/2.0, 0.1*f[i], c[i]);
}

}

2

𝐿
 
0

𝐿

sin(𝑗𝜋  𝑦 𝐿)sin(𝑘𝜋  𝑦 𝐿)𝑑𝑦 = 𝛿𝑗𝑘

⇒
1

𝜋
 
0

2𝜋

)sin(𝑗  𝑦 2 sin(𝑘  𝑦 2)𝑑𝑦 = 𝛿𝑗𝑘



离散傅里叶变换

With 
random 
shift

𝑈𝑗 =
2

𝐿
 
0

𝐿

)𝑓(𝑦)sin(𝑗𝜋  𝑦 𝐿

= 
1

𝜋
 

𝑖=0

𝑛
𝑓(𝑦𝑖)sin(𝑗  𝑦𝑖 2)𝛿𝑦

=
2

𝑛
 

𝑖=0

𝑛
)𝑓(𝑦𝑖)sin(𝒋 ∗ 𝒊 ∗  𝜋 𝑛



离散傅里叶变换

𝑥: 0 − 2𝜋, 𝑡𝑛 = 2𝜋  𝑛 𝑁 , n=0,1,. .N−1

𝜔 ≡ 𝑒−𝑖2  𝜋 𝑁

𝑎(𝑡𝑛) =
𝟏

𝑵
 

𝑘=0

𝑁−1

A(𝑘)𝑒𝑖𝑘𝑡𝑛

𝐴𝑘 =  

𝑛=0

𝑁−1

)𝑎(𝑡𝑛 𝑒−𝑖𝑘𝑡𝑛 =  

𝑛=0

𝑁−1

𝑎𝑛 𝜔𝑛𝑘

以n=3，即N=n+1=4=22为例，
𝐴0 = 𝑎0𝜔

0 + 𝑎1𝜔
0 + 𝑎2𝜔

0 + 𝑎3𝜔
0,

𝐴1 = 𝑎0𝜔
0 + 𝑎1𝜔

1 + 𝑎2𝜔
2 + 𝑎3𝜔

3,

𝐴2 = 𝑎0𝜔
0 + 𝑎1𝜔

2 + 𝑎2𝜔
4 + 𝑎3𝜔

6,

𝐴3 = 𝑎0𝜔
0 + 𝑎1𝜔

3 + 𝑎2𝜔
6 + 𝑎3𝜔

9

𝐴0

𝐴1

𝐴2

𝐴3

=

𝜔0 𝜔0 𝜔0 𝜔0

𝜔0 𝜔1 𝜔2 𝜔3

𝜔0 𝜔2 𝜔4 𝜔6

𝜔0 𝜔3 𝜔6 𝜔9

𝑎0

𝑎1

𝑎2

𝑎3

需要进行𝑵𝟐 = 𝟏𝟔次复
数乘法和加法运算

 
0

𝐿

𝑒𝑖𝑚𝑡𝑒−𝑖𝑛𝑡𝑑𝑡 = 𝐿𝛿𝑚𝑛

𝑓(𝑥) =  

𝑚=0

𝑁−1

𝐹(𝑚)𝑒𝑖𝑚𝑥

𝐹(𝑛) =
1

𝐿
 
0

𝐿

𝑓(𝑥)𝑒−𝑖𝑛𝑥𝑑𝑥

𝝎𝟏=-i



快速傅里叶变换
N=n+1=4=𝟐𝟐

为了加快计算，可以如下进行：

只需要进行8次加法运算

Bit-reversion



快速傅里叶变换
N=𝟐𝟑

One Butterfly Operation：

Bit-reversion



快速傅里叶变换



快速傅里叶变换2 对N=𝟐𝒓,可将N个离散的傅里叶变换写成N/2个偶数项和
N/2个奇数项之和：

可以看出，从𝑎0开始，后一项是前面所有项升指标2𝑟−𝑖(𝑖 = 1,… ,𝑀)后乘𝜔2𝑟−𝑖𝑗

这样，可以把一个N项丘壑变成两个N/2项和；由于N=𝟐𝒓，这个过
程可以重复r-1次，直到每个求和只有2项。



1946: The Metropolis Algorithm for Monte Carlo. Through the use of random processes, 
this algorithm offers an efficient way to stumble toward answers to problems that are too 
complicated to solve exactly.
1947: Simplex Method for Linear Programming. An elegant solution to a common problem 
in planning and decision-making.
1950: Krylov Subspace Iteration Method. A technique for rapidly solving the linear 
equations that abound in scientific computation.
1951: The Decompositional Approach to Matrix Computations. A suite of techniques for 
numerical linear algebra.
1957: The Fortran Optimizing Compiler. Turns high-level code into efficient computer-
readable code.
1959: QR Algorithm for Computing Eigenvalues. Another crucial matrix operation made 
swift and practical.
1962: Quicksort Algorithms for Sorting. For the efficient handling of large databases.
1965: Fast Fourier Transform. Perhaps the most ubiquitous algorithm in use today, it 
breaks down waveforms (like sound) into periodic components.
1977: Integer Relation Detection. A fast method for spotting simple equations satisfied by 
collections of seemingly unrelated numbers.
1987: Fast Multipole Method. A breakthrough in dealing with the complexity of n-body 
calculations, applied in problems ranging from celestial mechanics to protein folding.

Algorithms for the Ages 二十世纪十大算法





快速傅里叶变换

The Cooley–Tukey algorithm, 
named after J.W. Cooley and John 
Tukey, is the most common fast 
Fourier transform (FFT) algorithm. 
It re-expresses the discrete 
Fourier transform (DFT) of an 
arbitrary composite size N = 
N1N2 in terms of N1 smaller DFTs 
of sizes N2, recursively, to reduce 
the computation time to O(N log 
N) for highly composite N 
(smooth numbers). Because of 
the algorithm's importance, 
specific variants and 
implementation styles have 
become known by their own 
names, as described below.



快速傅里叶变换 http://www.fftw.org/

FFTW is a C subroutine library for computing 
the discrete Fourier transform (DFT) in one or 
more dimensions, of arbitrary input size, and 
of both real and complex data (as well as of 
even/odd data, i.e. the discrete cosine/sine 
transforms).

http://www.fftw.org/fftw-paper-ieee.pdf

研究熟悉

http://www.fftw.org/fftw-paper-ieee.pdf


复傅里叶变换 vs   Sin-/Cos-傅里叶变换

注意，这里指标周期为2J。

 𝐹𝑗
𝑆 = 2𝑖𝐹𝑗 = −2Im(𝐹𝑗  𝐹𝑗

𝐶 = 2Re(𝐹𝑗



复傅里叶变换 vs   Sin-/Cos-傅里叶变换

Cos-傅里叶变换

Cos-傅里叶反变换



复傅里叶变换 vs   Sin-/Cos-傅里叶变换

Sin-傅里叶变换

Sin-傅里叶反变换



2D泊松方程

// d^2 u / dx^2 + d^2 u / dy^2 = v for xl <= x <= xh and 0 <= y <= L
// alphaL u + betaL du/dx = gammaL(y) at x=xl
// alphaH u + betaH du/dx = gammaH(y) at x=xh
// In y-direction, either simple Dirichlet boundary conditions:
// u(x,0) = u(x,L) = 0
// Matrices u and v assumed to be of extent N+2, J+1.
// Arrays gammaL, gammaH assumed to be of extent J+1.
// Now, (i,j)th elements of matrices correspond to
// x_i = xl + i * dx i=0,N+1
// y_j = j * L / J j=0,J
// Here, dx = (xh - xl) / (N+1) is grid spacing in x-direction.

#include <fftw/fftw.h>
#include <blitz/array.h>



2D泊松方程 静电学示例



2D泊松方程 静电学示例

void Tridiagonal (Array<double,1> a, 
Array<double,1> b, Array<double,1> c,
Array<double,1> w, Array<double,1>& u)
{…}

void fft_forward_cos (Array<double,1> f, 
Array<double,1>& F)
{…}
void fft_backward_cos (Array<double,1> F, 
Array<double,1>& f)
{…}
void fft_forward_sin (Array<double,1> f, 
Array<double,1>& F)
{…}
void fft_backward_sin (Array<double,1> F, 
Array<double,1>& f)
{…}

int main()
{

double alphaL, betaL;
double alphaH, betaH;
double dx; double kappa;
double xl, xh;
double L;
int Neumann;
int N=64;
int J=64;
xl=0.0; xh=1.0; L=1.0;
dx=(xh-xl)/(N+1);
kappa=Pi*dx/L; 
alphaL=1.0; betaL=0.0;
alphaH=1.0; betaH=0.0;
Neumann=0;

Array<double,2> u(N+2, J+1), v(N+2, J+1);
Array<double,1> gammaL(J+1), gammaH(J+1);

for (int j = 0; j <= J; j++)   {
double y_j = j * L / J ;
gammaL(j)=0.0;
gammaH(j)=0.0;

}



2D泊松方程 静电学示例

for (int i = 0; i <= N+1; i++) {
for (int j = 0; j <= J; j++)   {

double x_i = xl + i * dx;
double y_j = j * L / J ;
v(i, j)=0.0;
if(fabs(x_i-0.4615)<0.001 && fabs(y_j-

0.25)<0.001)
{v(i,j)=-1.0/dx/(L/J);}
if(fabs(x_i-0.6923)<0.001 && fabs(y_j-

0.5)<0.001)
{v(i,j)=-1.0/dx/(L/J);}

}
}                        //Souce

// Find N and J. Declare local arrays.
Array<double,2> V(N+2, J+1), U(N+2, J+1);
Array<double,1> GammaL(J+1), GammaH(J+1);
// Fourier transform boundary conditions
if (Neumann)
{
fft_forward_cos (gammaL, GammaL);
fft_forward_cos (gammaH, GammaH);

}
else
{
fft_forward_sin (gammaL, GammaL);
fft_forward_sin (gammaH, GammaH);

}
// Fourier transform source term
for (int i = 1; i <= N; i++)
{
Array<double,1> In(J+1), Out(J+1);
for (int j = 0; j <= J; j++) In(j) = v(i, j);
if (Neumann)
fft_forward_cos (In, Out);
else
fft_forward_sin (In, Out);
for (int j = 0; j <= J; j++) V(i, j) = Out(j);

}



2D泊松方程 静电学示例

// Solve tridiagonal matrix equations
if (Neumann)
{
for (int j = 0; j <= J; j++)
{
Array<double,1> a(N+2), b(N+2), c(N+2), w(N+2), 

uu(N+2);
// Initialize tridiagonal matrix
for (int i = 2; i <= N; i++) a(i) = 1.;
for (int i = 1; i <= N; i++)
b(i) = -2. - double (j * j) * kappa * kappa;
b(1) -= betaL / (alphaL * dx - betaL);
b(N) += betaH / (alphaH * dx + betaH);
for (int i = 1; i <= N-1; i++) c(i) = 1.;
for (int i = 1; i <= N; i++)
w(i) = V(i, j) * dx * dx;

w(1) -= GammaL(j) * dx / (alphaL * dx - betaL);
w(N) -= GammaH(j) * dx / (alphaH * dx + betaH);
// Invert tridiagonal matrix equation
Tridiagonal (a, b, c, w, uu);
for (int i = 1; i <= N; i++) U(i, j) = uu(i);
}

}

else
{
for (int j = 1; j < J; j++)
{
Array<double,1> a(N+2), b(N+2), c(N+2), w(N+2), 

uu(N+2);
// Initialize tridiagonal matrix
for (int i = 2; i <= N; i++) a(i) = 1.;
for (int i = 1; i <= N; i++)
b(i) = -2. - double (j * j) * kappa * kappa;
b(1) -= betaL / (alphaL * dx - betaL);
b(N) += betaH / (alphaH * dx + betaH);
for (int i = 1; i <= N-1; i++) c(i) = 1.;
for (int i = 1; i <= N; i++)
w(i) = V(i, j) * dx * dx;
w(1) -= GammaL(j) * dx / (alphaL * dx - betaL);
w(N) -= GammaH(j) * dx / (alphaH * dx + betaH);
// Invert tridiagonal matrix equation
Tridiagonal (a, b, c, w, uu);
for (int i = 1; i <= N; i++) U(i, j) = uu(i);

}
for (int i = 1; i <= N ; i++)
{
U(i, 0) = 0.; U(i, J) = 0.;

}
}



2D泊松方程 静电学示例

// Reconstruct solution via inverse Fourier 
transform
for (int i = 1; i <= N; i++)
{
Array<double,1> In(J+1), Out(J+1);
for (int j = 0; j <= J; j++) In(j) = U(i, j);
if (Neumann)
fft_backward_cos (In, Out);

else
fft_backward_sin (In, Out);

for (int j = 0; j <= J; j++) u(i, j) = Out(j);
}
// Calculate i=0 and i=N+1 values
for (int j = 0; j <= J; j++)
{
u(0, j) = (gammaL(j) * dx - betaL * u(1, j)) /
(alphaL * dx - betaL);

u(N+1, j) = (gammaH(j) * dx + betaH * u(N, j)) /
(alphaH * dx + betaH);

}

set hidden3d
set pm3d at b
#set pm3d
set isosample 30,30
set xyplane 1.0
splot "plot.gnu" with lines title ""

不同电荷情形测试



2D 扩散问题 Dirichlet边界条件 𝝏𝑻

𝝏𝒕
= 𝑫

𝝏𝟐𝑻

𝝏𝒙𝟐 +D
𝝏𝟐𝑻

𝝏𝒚𝟐

𝑥𝑙 ≤ 𝑥 ≤ 𝑥ℎ 0 ≤ 𝑦 ≤ 𝐿

𝛼𝑙(𝑡)𝑇(𝑥𝑙 , 𝑦, 𝑡) + 𝛽𝑙(𝑡)
)𝜕𝑇(𝑥𝑙 , 𝑦, 𝑡

𝜕𝑥
= 𝛾𝑙(𝑦, 𝑡),

𝛼ℎ(𝑡)𝑇(𝑥ℎ, y, 𝑡) + 𝛽ℎ(𝑡)
)𝜕𝑇(𝑥ℎ, y, 𝑡

𝜕𝑥
= 𝛾ℎ(𝑦, 𝑡),

⇒ 𝑇0,j
𝑛 =

𝛾𝑙𝑗
𝑛𝛿𝑥 − 𝛽𝑙

𝑛𝑇1,j
𝑛

𝛼𝑙
𝑛𝛿𝑥 − 𝛽𝑙

𝑛 ,

𝑇𝑁+1,j
𝑛 =

𝛾ℎ𝑗
𝑛 𝛿𝑥 + 𝛽ℎ

𝑛𝑇𝑁,𝑗
𝑛

𝛼ℎ
𝑛𝛿𝑥 + 𝛽ℎ

𝑛

𝛾𝑙𝑗
𝑛 = 𝛾𝑙(𝑦𝑗 , 𝑡𝑛), . . .

T(𝑥, 0, t) = T(𝑥, 𝐿, 𝑡) = 0

X方向混合边界条件

y方向Dirichlet边界条件 𝑇𝑖,0
𝑛 = 𝑇𝑖,𝐽

𝑛 = 0

差分： 𝑡𝑛 = 𝑡0 + 𝑛𝛿𝑡, 𝑥𝑖 = 𝑥0 + 𝑖𝛿𝑥, 𝑦𝑗= 𝑦0 + 𝑗𝛿𝑦

𝑇𝑖,𝑗
𝑛+1 − 𝑇𝑖,𝑗

𝑛

𝛿𝑡
=

𝐷

2

𝑇𝑖−1,𝑗
𝑛+1 − 2𝑇𝑖,𝑗

𝑛+1 + 𝑇𝑖+1,𝑗
𝑛+1

𝛿𝑥 2 +
𝑇𝑖−1,𝑗

𝑛 − 2𝑇𝑖,𝑗
𝑛 + 𝑇𝑖+1,𝑗

𝑛

𝛿𝑥 2

+
𝐷

2

𝜕2𝑇

𝜕𝑦2
𝑖,𝑗

𝑛+1

+
𝜕2𝑇

𝜕𝑦2
𝑖,𝑗

𝑛

Crank-Nicholson 方法



2D 扩散问题 Dirichlet边界条件 T(𝑥, 0, t) = T(𝑥, 𝐿, 𝑡) = 0

𝑇𝑖,𝑗
𝑛 =  

𝑘=0

𝐽

  𝑇𝑖,𝑘
𝑛 sin(𝑗𝑘  𝜋 𝐽 ,  𝑇𝑖,𝑗

𝑛 =
2

𝐽
 

𝑘=0

𝐽

 𝑇𝑖,𝑘
𝑛 sin(𝑗𝑘  𝜋 𝐽

傅里叶展开及逆变换

𝑖 = 1, 𝑁,
𝑗 = 0, 𝐽,

𝐶 = 𝐷
𝛿𝑡

𝛿𝑥 2

k =
𝜋𝛿𝑥

𝐿



2D 扩散问题 Neumann边界条件

𝜕𝑇(𝑥, 0, 𝑡)

𝜕𝑦
=

𝜕𝑇(𝑥, 𝐿, 𝑡)

𝜕𝑦
= 0

𝑇𝑖,𝑗
𝑛 =  

𝑘=0

𝐽

  𝑇𝑖,𝑘
𝑛 cos(𝑗𝑘  𝜋 𝐽 ,

 𝑇𝑖,𝑗
𝑛 =

𝑇𝑖,0
𝑛

𝐽
+

2

𝐽
 

𝑘=1

𝐽−1

 𝑇𝑖,𝑘
𝑛 cos(𝑗𝑘  𝜋 𝐽 +

(−1)𝑗𝑇𝑖,𝐽
𝑛

𝐽



2D 扩散问题 例子

// Function to evolve diffusion equation in 2-d:
// dT / dt = D d^2 T / dx^2 +D d^2 T / dy^2
// alphaL T + betaL dT/dx = gammaL(y) at x=xl
// alphaH T + betaH dT/dx = gammaH(y) at x=xh
//    for xl <= x <= xh and 0 <= y <= L
// In y-direction, either simple Dirichlet boundary conditions:
//   T(x,0) = T(x,L) = 0
// or simple Neumann boundary conditions:
// dT/dy(x,0) = dT/dy(x,L) = 0
// Matrix T assumed to be of extent N+2, J+1.
// Arrays gammaL, gammaH assumed to be of extent J+1.
// Now, (i,j)th elements of matrices correspond to
// x_i = xl + i * dx i=0,N+1
// y_j = j * L / J j=0,J
// Here, dx = (xh - xl) / (N+1) is grid spacing in x-direction.
// Now, C =D dt / dx^2, and kappa = pi * dx / L
// Finally, Neumann=0/1 selects Dirichlet/Neumann bcs in y-direction.
// Uses Crank-Nicholson scheme.



2D 扩散问题 例子

double alphaL, betaL;
double alphaH, betaH;
double dx; double kappa;
double xl, xh;
double L;
int Neumann;
int N=128;
int J=128;
xl=0.0; xh=1.0; L=1.0;
dx=(xh-xl)/(N+1);
double dt;
double C;
dt=0.0001;
C=1.0*dt/dx/dx;
kappa=Pi*dx/L; 
alphaL=1.0; betaL=0.0;
alphaH=1.0; betaH=0.0;
Neumann=0;
Array<double,2> T(N+2, J+1);
Array<double,1> gammaL(J+1), gammaH(J+1);

for (int j = 0; j <= J; j++)   {
double y_j = j * L / J ;
gammaL(j)=0.0;
gammaH(j)=0.0;

}

for (int i = 0; i <= N+1; i++) {
for (int j = 0; j <= J; j++)   {
double x_i = xl + i * dx;
double y_j = j * L / J ;
T(i, j)=0.0;
if(fabs(x_i-0.5)<0.1 && fabs(y_j-0.5)<0.1)
{T(i,j)=1.0;}
}

}



2D 扩散问题 例子


