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The topological properties of layered β-GaS and ε-GaSe under strain are systematically investigated
by ab initio calculations with the electronic exchange-correlation interactions treated beyond the
generalized gradient approximation (GGA). Based on the GW method and the Tran-Blaha modified
Becke-Johnson potential approach, we find that while ε-GaSe can be strain-engineered to become a
topological insulator, β-GaS remains a trivial one even under strong strain, which is different from
the prediction based on GGA. The reliability of the fixed volume assumption rooted in nearly all
the previous calculations is discussed. By comparing to strain calculations with optimized inter-layer
distance, we find that the fixed volume assumption is qualitatively valid for β-GaS and ε-GaSe, but
there are quantitative differences between the results from the fixed volume treatment and those from
more realistic treatments. This work indicates that it is risky to use theoretical approaches like GGA
that suffer from the band gap problem to address physical properties, including, in particular, the
topological nature of band structures, for which the band gap plays a crucial role. In the latter case,
careful calibration against more reliable methods like the GW approach is strongly recommended.
© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4893346]

I. INTRODUCTION

In recent years, topological insulators (TIs) have at-
tracted much attention because of their intriguing physics
and promising applications in electronic and spintronic
devices.1–3 Normally, TIs have a well-defined insulating gap
in the bulk as conventional insulators and gapless surface
states at the boundary. Consisting of an odd number of Dirac
fermions and protected by the time-reversal symmetry, the
TIs’ surface states have no backscattering via transport and
are quite robust against impurities. To distinguish a TI from
a normal insulator, the standard recipe is to calculate its Z2
topological invariants in the bulk phase using the topologi-
cal band theory.4 As a rule of thumb, the spin-orbit coupling
(SOC) induced band inversion at time-reversal-invariant mo-
mentum points of the Brillouin zone (BZ) can be used as an
indicator. Lots of materials bearing a narrow gap and con-
taining heavy elements (therefore large SOC effects) have
been proposed to be TIs, such as Bi2Se3 family,5 thallium-
based ternary III-V-VI2 chalcogenides,6–10 Pb-based ternary
chalcogenides,11 distorted bulk HgTe, and strained ternary
Heusler compounds.12, 13

In a recent work by Zhu et al.,14 it has been further
demonstrated that even materials comprised by light ele-
ments with rather weak SOC can be transformed to TIs un-
der appropriate strain. The two examples used on proposing
this idea are GaS and GaSe.15, 16 The electronic structures

a)Electronic mail: h.jiang@pku.edu.cn
b)Electronic mail: xzli@pku.edu.cn

of these two materials are highly anisotropic due to their
layered structure composed of stacking of the X–Ga–Ga–X
(X = S, Se) slabs with weak van der Waals (vdW) inter-
actions. Among the existing different polytypes, the β-type
structure with the space group P63/mmc (No. 194) is
the most stable for GaS, while the ε-type structure with
the space group P 6m2 (No. 187) is the most stable one
for GaSe (see Figs. 1(a) and 1(b), respectively). Follow-
ing the proposal by Zhu et al.,14 new families of TIs have
been predicted through strain engineering, such as β-InSe,17

TiTe2,18 and hexagonal wurtzite-type binary compounds AuI
and AgI.19 However, one needs to acknowledge that most
of the theoretical predictions on TIs up to now are based
on density-functional theory (DFT) calculations using the
Perdew-Burke-Ernzerhof (PBE) generalized gradient approx-
imation (GGA)20 for the exchange-correlation functional,
which often significantly underestimates band gaps in semi-
conductors and insulators.21, 22 It has been shown that there is
significant discrepancy on the prediction of TI properties be-
tween more accurate GW calculations and the PBE ones.23, 24

Indeed, using the Tran-Blaha modified Becke-Johnson (TB-
mBJ) potential method, which yields accurate band gaps com-
parable with the GW approach,25, 26 Huang et al.27 have
shown that β-GaS is a normal insulator even under 30% bi-
axial tension, in strong contrast to the PBE results. A more
systematic reassessment of the topological property of both
β-GaS and ε-GaSe in which exchange-correlation interac-
tions are treated beyond the PBE level is therefore highly de-
sired. In addition, the strain calculations reported in previous
studies are all based on the fixed-volume assumption23, 27 and

0021-9606/2014/141(8)/084701/8/$30.00 © 2014 AIP Publishing LLC141, 084701-1
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FIG. 1. Structures of the β- and ε-phases in the GaS and GaSe systems.
Panel (a) shows the top and side views of the β-phase. Panel (b) shows the
top and side views of the ε-phase.

whether it is reliable to layered GaS and GaSe also needs fur-
ther scrutiny.

In this work, we systematically investigate the topolog-
ical properties of layered β-GaS and ε-GaSe under strain
based on both the GW approach and the TB-mBJ method.
The paper is organized as following. In Sec. II, we give a
brief overview on theoretical approaches used in the study
and present some computational details of our calculations.
In Sec. III, we first make a careful comparison between dif-
ferent theoretical approaches, especially GW and TB-mBJ,
on the description of electronic band structures of β-GaS
and ε-GaSe with unstrained experimental structures. Then we
use the TB-mBJ method to investigate the evolution of the
topological properties of β-GaS and ε-GaSe under strain. Fi-
nally, the effects of the fixed volume assumption used in many
strain-engineering studies are investigated by a more realistic
treatment of biaxial strain. Section IV summarizes the main
findings of the work.

II. THEORY AND COMPUTATIONAL DETAILS

A. Theoretical methods

The fundamental band gap of a material is often sys-
tematically underestimated by DFT with the LDA/GGA type
exchange-correlation functionals.21, 22 Many-body perturba-
tion theory in the GW approximation (GWA),28 in which the
quasi-particle (QP) self-energy �xc is calculated as the prod-
uct of one-body Green function G and the screened Coulomb
interaction W , is currently the most accurate first-principles
approach to describe electronic band structure of insulating
systems.29 In practice, the GW QP energies are often cal-
culated as a first-order correction to LDA/GGA Kohn-Sham
(KS) band energies, with both G and W calculated from

KS eigenenergies and eigenfunctions, hence termed as the
G0W0 approach. For simple semiconductors, the partially
self-consistent GW , the so-called GW0 approach, in which
G is re-calculated iteratively using QP energies with fixed
W0, can often give optimal performance without introducing
much computational overhead.30–32 To further get rid of the
dependence on the KS reference required in G0W0 and GW0,
several different approximate self-consistent GW (scGW )
approaches have also been proposed.33, 34 In practice, how-
ever, they tend to overestimate band gaps and therefore may
not necessarily be an improvement compared to G0W0 and
GW0 in describing the band gaps of normal semiconduc-
tors and insulators.34 In addition, they are computationally
much more expensive and therefore not feasible for extensive
calculations.

Considering the heavy computational cost of the GW ap-
proaches, in this work we also employ the recently proposed
TB-mBJ approach, which uses a meta-GGA type exchange-
correlation potential and is able to describe band gaps of
many semiconductors surprisingly well.25, 26, 35 In particular,
we use the PBE-based perturbative TB-mBJ approach, which,
as shown in our previous publication,26 is both accurate and
numerically stable on reproducing the band gaps of a variety
of insulators and semiconductors with an accuracy compara-
ble to that of the GW approach in many cases. The TB-mBJ
approach has already been used to investigate the band topol-
ogy in recent years and its predictive power has been verified
by several previous works.12, 27, 36 In particular, the band sym-
metry near the band edge which is essential for assigning the
topological nature of the material can be well described by
mBJ.37, 38

The TB-mBJ approach can be regarded as a pragmatic
approach to address the LDA/GGA band gap problem in the
DFT framework. On the other hand, considering that the TB-
mBJ potential depends on parameters that are empirically
determined,25 it is important, when studying new materials,
to monitor its performances by comparing to more accurate
treatments. In this work, we mainly use the TB-mBJ approach
to investigate topological properties of GaS and GaSe under
strain, and its accuracy is confirmed by the GW approaches
for a few selected cases.

B. Computational details

All DFT calculations, including LDA, PBE, and TB-mBJ
ones, are performed using the WIEN2k package39 in which
the Kohn-Sham equations are solved in the full-potential lin-
earized augmented plane-wave (FP-LAPW) basis. The fol-
lowing parameters are used for the LAPW basis: The muffin-
tin (mt) radii Rmt are 2.2, 2.0, and 2.0 bohrs for Ga, S, and
Se, respectively, and the plane wave cutoff is determined by
setting min RmtKmax= 7. In all DFT calculations, we use a
16 × 16 × 3 k-mesh for the integration of the Brillouin zone.
The SOC is considered based on the second-variational ap-
proach in which scalar relativistic orbitals up to 10 Ry above
the Fermi level are considered.

For unstrained β-GaS and ε-GaSe, the experimental lat-
tice constants are used, namely, a = 3.587 Å, c = 15.492 Å for
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β-GaS15 and a = 3.752 Å, c = 15.95 Å for ε-GaSe.16 Strain
is applied by increasing the lattice constant a under the fixed
volume assumption, i.e., the volume of the unit cell keeps con-
stant under the strain.14 Then for each strained structure, we
optimize the internal atomic coordinates, using a force con-
vergence tolerance of 0.5 mRy/bohr. When the fixed volume
approximation is released, for each strained lattice constant
of a, we monitor the evolution of the system’s total energy as
a function of c, so that the physical geometry of the system
under biaxial strain can be obtained.

For G0W0 and GW0 calculations, we use the LAPW-
based all-electron GW code, FHI-gap,32 which is interfaced
to WIEN2k.39 To ensure the convergence within 0.05 eV for
the band gap, we consider 120 unoccupied bands and use a
6 × 6 × 2 k-mesh for the BZ integration. The SOC ef-
fect is considered in GW calculations perturbatively by us-
ing the scalar relativistic KS wavefunctions and GW quasi-
particle energies as the input for a one-shot second variational
calculation.40 The GW band diagrams are obtained by using
the Fourier interpolation approach.41

In a few cases, we also perform quasi-particle scGW cal-
culations using the VASP code.34 We use the PAW-PBE pseu-
dopotential with the valence configurations of 3d104s24p1,
3s23p4, and 4s24p4 for Ga, S, and Se, respectively. The plane
wave energy cutoff is taken as 280 eV and a 6 × 6 × 2 k-
mesh is used for the ground-state calculations. For the scGW

calculations, the total number of bands, the plane wave cut-
off energy for the evaluation of the polarization function and
the number of frequency points are 150, 180 eV and 50, re-
spectively. The scGW self-consistency threshold is 0.01 eV
for the band gap at the � point.

III. RESULTS

A. Comparison between the GW approach
and the mBJ method

We start our discussions from β-GaS and ε-GaSe in un-
strained experimental crystal structure, for which experimen-
tal band gaps are available. Fig. 2 shows the direct band gaps
at the � point of the two unstrained structures obtained from
different theoretical approaches compared to experiment. For
the GW calculations, we used three different schemes, in-
cluding: (i) PBE based G0W0, (ii) PBE based GW0, and (iii)
scGW . While G0W0 and mBJ slightly underestimate these
band gaps, scGW seriously overestimates these values by
∼1 eV. Among all the schemes, the PBE based GW0 method
presents the best agreement with experiment.42

More complete results on the band gaps of unstrained β-
GaS and ε-GaSe are collected in Table I. As expected, the
consideration of SOC has little effects on the band gaps of
GaS, and only reduces the band gaps of ε-GaSe by about
0.03 eV. Our PBE calculations reproduce the results of
Ref. 14 that β-GaS has an indirect fundamental gap from
M to � and ε-GaSe has a direct fundamental gap at the �

point. Though the indirect band gap feature in β-GaS is re-
produced by PBE compared with experiment,42 this value is
underestimated by more than 1 eV (1.580 eV compared with
2.591 eV). For ε-GaSe, PBE predicts a direct fundamental

FIG. 2. The direct band gap (in units of eV) at the � point (k = 0) obtained
from different theoretical methods and experiment (Ref. 42) for unstrained
β-GaS (a) and ε-GaSe (b), respectively.

band gap of 1.032 eV, which is even qualitatively wrong com-
pared with the indirect band gap observed in experiment. And
again, both the �-M and �-� band gap are underestimated
by about 1 eV. It is interesting to note that LDA gives even
smaller band gaps than PBE for both β-GaS and ε-GaSe, and
in both cases the fundamental gap is predicted wrongly to be
direct. Very good agreement with experiment is obtained by
GW0, which predicts accurate indirect fundamental band gaps
for both β-GaS and ε-GaSe. Overall the mBJ approach gives
results that are very close to those of GW0, except that it still
predicts ε-GaSe to have an indirect fundamental gap, but the
difference between �-� and �-M gaps is significantly smaller
than that from the PBE prediction.

Figure 3 shows the band structure diagrams of unstrained
β-GaS and ε-GaSe from different theoretical approaches. The
band dispersion of LDA and PBE are very similar such that
the latter can be nearly obtained by a 0.2 eV rigid shift for
all k-points in BZ from the former. The GW correction to the
conduction band bottom at � is significantly larger than that
at M, which enhances the indirect band gap feature in both
systems. In β-GaS, the lowest conduction band energies at M
and � are close at the PBE level, with that at M slightly lower.
Therefore, this vaguely correct feature at the PBE level is

TABLE I. The �-� and �-M band gap for unstrained β-GaS and ε-GaSe
using LDA, PBE, GW0, and mBJ method with and without SOC.

β-GaS ε-GaSe

�-� �-M �-� �-M

LDA 1.422a 1.432 0.790a 1.171
LDA+SOC 1.421a 1.430 0.764a 1.140
PBE 1.667 1.580a 1.032a 1.341
PBE+SOC 1.667 1.580a 1.007a 1.312
GW0 2.915 2.423a 2.131 2.080a

GW0+SOC 2.913 2.421a 2.106 2.049a

mBJ 2.731 2.307a 1.987a 2.041
mBJ+SOC 2.730 2.306a 1.968a 2.019
Expt. (Ref. 42) 3.040 2.591a 2.120 2.065a

aFundamental gap.
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FIG. 3. Band diagrams of β-GaS (upper panels) and ε-GaSe (lower panels) from the LDA (a) and (e), PBE (b) and (f), GW0 (c) and (g), and one-shot mBJ (d)
and (h) calculations. The black solid (red dotted) lines correspond to calculations with (without) SOC effects.

obviously enhanced when the GW correction is applied. For
ε-GaSe, at the PBE level, the lowest conduction band energy
at M is significantly higher than that at �, which is corrected
by GW . As shown in the right column of Fig. 3, the mBJ
band diagram can reproduce the main features of the GW0 re-
sults. There are some noticeable differences in the dispersion
of the second highest valence band in GW0 and mBJ band
diagrams of β-GaS, which is possibly due to the general ten-
dency of the mBJ approach to underestimate the valence band
width.43

We further compare the results from GW0 and mBJ in
band structure calculations for a few strained structures. The
evolution of the � point band gap as a function of strain
is shown in Fig. 4. We have mentioned that the GW0 ap-
proach is intrinsically a perturbation method whose perfor-
mances depend on the quality of the starting point, i.e., PBE
KS single-particle states in our case. Therefore, we only use
the GW0 approach to the small strain cases (a/a0 < 1.04)
where the PBE KS results can be regarded as qualitatively cor-
rect starting point. Fig. 4 shows that the mBJ method presents
almost identical results with the GW0 approach for both
β-GaS and ε-GaSe under small strain. Therefore, we can
use this GW justified mBJ approach to study the evolution

of the electronic structure under strain over the whole strain
range.

B. Topological property of β-GaS and ε-GaSe via
strain engineering

We first discuss the results on the topological property of
β-GaS. The evolution of the � point band gap (Eg(�)) with
the biaxial strain is shown in Fig. 4(a). According to Zhu
et al.,14 the band inversion (negative Eg(�)) implies a topo-
logically nontrivial phase. As for the unstrained structure, the
LDA results are still quite similar to the PBE ones for all the
strained structures except for a rigid shift of about 0.2 eV,
and therefore the topological properties predicted by LDA and
PBE are essentially the same. In the PBE calculations, a topo-
logical phase transition from a normal insulator to a topolog-
ical insulator can be observed at a/a0 ∼1.06. Eg(�) decreases
continuously all the way to a/a0 equals 1.12, leading to the
conclusion that β-GaS is a TI under appropriate strain. When
the applied strain is larger than 12%, Eg(�) starts to increase
and become positive at a/a0 > 1.18, indicating the recovery of
the normal insulating phase. Therefore, for β-GaS, two topo-
logical phase transitions should occur with increasing biaxial
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strain according to the PBE predicted band structures within
the fixed volume approximation.

The results given by the mBJ approach are very differ-
ent. An opening of Eg(�) compared to the PBE results is ob-
served all the way from a/a0 = 1 to a/a0 = 1.20, and most
importantly Eg(�) remains positive for all strained structures
studied. This difference indicates that the band inversion as
predicted by the PBE calculations disappears upon treating
the band gap problem more accurately. The absence of the
band inversion can be further demonstrated by the evolution
of band diagram with respect to strain for β-GaS, as shown by
the upper panels of Fig. 5. Therefore, β-GaS under strain is
still a trivial insulator instead of a TI based on the prediction
of the mBJ approach.

Now we consider the second material, i.e., ε-GaSe. As
shown in Fig. 4(b) and the lower panels in Fig. 5, Eg(�) in
ε-GaSe evolves as a function of strain in a similar way as
in β-GaS: it first decreases, reaches a minimum at certain
strain, and then increases. The band inversion occurs at a/a0
around 1.03 in the PBE calculations. Using the mBJ method,
although an opening of Eg(�) in comparison with PBE is still
present for all strains studied, the band inversion still happens
for 1.07 � a/a0 � 1.2, indicating that ε-GaSe might undergo a
phase transition from a normal insulator to a TI with increas-
ing biaxial strain. However, due to the fact that ε-GaSe has no
inversion symmetry, the band inversion itself is not sufficient
to identify such a topological transition and a full evaluation
of the Z2 topological invariants is required to determine its
topological nature.4, 44 One method to circumvent this prob-
lem is to investigate an adiabatic transformation from ε-GaSe
to β-GaSe.14 For the latter material, which has the inversion
symmetry, a band inversion will be sufficient to identify its
topological state. If a continuous connection between ε-GaSe
and β-GaSe exists, the former material’s topological feature
can then be confirmed.

Based on the consideration above, we further performed
similar calculations for β-GaSe, and the results are shown in
Fig. 4(c). The unstrained structure of β-GaSe is obtained from

experiment.16 Similar to ε-GaSe, although the mBJ method
gives rise to larger Eg(�) compared to LDA and PBE, a band
inversion still occurs at a/a0 ∼1.08. To assign the topologi-
cal order of ε-GaSe, an adiabatic connection between ε-GaSe
and β-GaSe is built at the strain a/a0 = 1.08. We strictly fol-
low the transformation route proposed by Zhu et al.,14 i.e.,
ε-GaSe → ε′-GaSe → o-GaSe → β-GaSe. As shown in
Fig. 6, the band structures near the Fermi level exhibit lit-
tle change along the transformation path, which indicates that
ε-GaSe shares the same topological order with β-GaSe at the
strain of a/a0=1.08. Similar analysis can be easily general-
ized to other strained structures. Therefore, it is confirmed that
ε-GaSe can be transformed to a topological insulator by im-
posing appropriate biaxial strain, when the electronic interac-
tions are addressed by mBJ and the fixed volume approxima-
tion is used.

Releasing of the fixed volume approximation will be dis-
cussed in Sec. III C. Before going there, it is also worth
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FIG. 6. Fully relativistic electronic band structures of (a) ε-GaSe, (b) hypo-
thetical ε′-GaSe, (c)–(e) hypothetical o-GaSe with d = 0.0001d0, d = 0.5d0,
and d = 0.9999d0, respectively, and (f) β-GaSe. See Ref. 14 for the definition
of d0.
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mentioning that the SOC correction is rather weak and can
be ignored for almost all results discussed above. This can
be easily seen in Fig. 4, where it is clear that there is nearly
no difference in description of the evolution of Eg(�) with
strain between calculations with and without SOC effects. De-
tailed values for the band gaps in calculations of both materi-
als under no strain are given in Table I. β-GaS contains only
light elements, therefore, the SOC effects are smaller than
2 meV for all values shown. In ε-GaSe, these effects are larger
due to the heavier mass of Se. However, it is still clear from
Fig. 4 that strain, instead of the SOC, is the dominant issue for
the closing of the band gaps. Besides these, it is also obvious
in Figs. 3 and 5 that the band dispersions obtained by differ-
ent methods (LDA, PBE, mBJ, and GW0) for both β-GaS and
ε-GaSe are almost the same with and without SOC effect. The
only exception is that the degeneracy of eigenvalue is absent
due to the SOC interaction, such as the inset of (f) and (g) in
Fig. 5. With these, we conclude that all the band inversion ob-
served by now is ascribed to strain rather than the SOC effect,
however, the SOC is responsible for the opening of a small
gap at the degenerate k-points when band inversion occurred
which is essential for TI’s property. We note that this analy-
sis is consistent with Refs. 14, 17 that for crystals with weak
SOC effect appropriate strain might help to generate TIs.

C. Releasing the fixed volume assumption

In Ref. 14, it was shown that if the strain is purely in-
plane and the inter-layer distance is kept constant, the band in-
version in β-GaS is deferred to a/a0 ∼1.12 and a monotonous
decrease of the Eg(�) exists till a/a0 equals 1.25 in the PBE
calculations. Strains with fixed volume and fixed interlayer
distance represent two very different scenarios. In the former
case, as the inter-layer distance decreases, the dominant inter-
layer interactions evolve from van der Waals interactions to
covalent chemical bonding, while for the latter case van der
Waals interactions are always dominant. We expect that a
more realistic modeling of the biaxial strain is given by re-
laxing the inter-layer structures when the strain is imposed.
In this section, we evaluate the adequacy of the fixed volume
assumption by making a comparison to the results from more
realistic calculations.

To calculate optimized inter-layer structures accurately,
we first investigate the performances of different func-
tionals, including LDA, PBE, PBEsol (PBE for solids),45

and different variants of density-functional vdW methods
(revPBE-vdW, rPW86-vdW2, optPBE-vdW, optB88-vdW,
and optB88b-vdW),46 in describing the equilibrium structures
of β-GaS, ε-GaSe, and β-GaSe.15, 16 Fig. 7 shows the relative
error (RE) with respect to experimental results on the lattice
parameters a and c for these structures calculated by different
functionals. For the intralayer lattice parameter a, as usual,
PBE overestimates and LDA underestimates it. The results of
different vdW functionals do not show much improvement,
and the best approximate functional for the description of the
lattice parameter a is the PBEsol functional. However, what
is more important is the accuracy of describing the inter-layer
distance, i.e., the lattice parameter c. PBE and PBEsol overes-

FIG. 7. The relative error (RE) of the lattice parameter a (a) and c (b) of
β-GaS, ε-GaSe, and β-GaSe with respect to experiment by different func-
tionals.

timate it by 10% and 2.5%, respectively. All vdW functionals
tend to underestimate c significantly, with a large RE around
−4% compared with that of LDA whose RE is only ∼−1%.
Therefore, our numerical analysis shows that LDA is most ac-
curate as far as the description of inter-layer distance of GaX
(X = S, Se) is concerned, and therefore will be used for more
realistic modeling of biaxial strain in the following.

We perform a series of full optimization calculations us-
ing different c at each a corresponding to a specific in-plane
tension strain. Fig. 8 shows the total energy as a function
of c for different in-plain strains. In β-GaS, at strain lower
than a/a0 ∼1.12, the minimum of the total energy curve is
rather shallow (0.3 eV) at c around 13–15 Å, indicating that
the inter-layer interactions are van der Waals-like. Further
increasing biaxial tension beyond 12%, the binding energy
suddenly becomes rather large (∼2.5 eV). Meanwhile, the
optimized c suddenly drops to about 10–11 Å. This abrupt
change indicates that a discontinuous structural change hap-
pens at a/a0 ∼1.12 in more realistic simulations of the biax-
ial strain. Associated with this structural change, the inter-
layer interactions evolve from being van der Waals-like to
covalent chemical bonding.27 To characterize the reliability
of the fixed volume assumption at a quantitative level, we
take the optimized value of the lattice constant c at each a/a0
from Fig. 8 and compare them with the results obtained us-
ing the fixed volume approximation in Fig. 9. In the process
of imposing biaxial strain (a/a0 going from 1.00 to 1.20) in
β-GaS, the evolution of the lattice constant c in the realis-
tic simulation experiences a clear abrupt transition at a/a0
�1.12, in contrast to the smooth decreasing of c in the fixed-
volume approximation. In the case of ε-GaSe, Fig. 8(b) shows
that the inter-layer binding energy continuously changes from
∼0.1 eV to ∼1 eV when a/a0 goes from 1.00 to 1.20, and in
the meanwhile the optimized c also changes smoothly from
15.5 Å to 11.5 Å.
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FIG. 8. The total energy as a function of the lattice parameter c at each in-plane biaxial tension for (a) β-GaS and (b) ε-GaSe.

We can see that the optimized c differs quite signifi-
cantly from that obtained from the fixed volume approxima-
tion. It is therefore important to know the effects of relax-
ing the fixed volume assumption on the band gaps of strained
structures. Fig. 10 shows Eg(�) from mBJ as a function of
strain with optimized and fixed-volume c, respectively. In
general, the results from the two treatments are qualitatively
similar. In particular, they predict the same topological phase
transition behaviors based on the mBJ calculations that β-
GaS remains a normal insulator under strain, and ε-GaSe
becomes a topological insulator within a certain range of
strain. However, there are noticeable quantitative differences
between two sets of results, and Eg(�) from using the opti-
mized c changes in a more complicated way than that from
using fixed-volume c, especially for β-GaS, which is con-
sistent with the more dramatic change of copt in the former
case. More importantly, the predicted critical strain (a∗/a0)
at which the normal-to-topological phase transition occurs in
ε-GaSe is different: the fixed volume treatment predicts a∗/a0
� 1.07, but using copt gives a∗/a0 � 1.09. Our investigations

FIG. 9. The lattice parameter c as a function of biaxial strain for both β-GaS
and ε-GaSe, with volume fixed (Cfix) and relaxed (Copt).

therefore indicate that the fixed-volume assumption is in gen-
eral valid when studying topological insulators under strain,
but more realistic treatments are required for a quantitative
evaluation.

We close this section by noticing a few technical dif-
ficulties on practically using strain-engineering to convert
ε-GaSe to a topological insulator. We can see that the critical
point of topological phase transition of ε-GaSe predicted by
TB-mBJ is actually quite challenging to reach in experiment.
Normally, the biaxial strain is applied by growing sample on a
lattice mismatched substrate.47 Since the weak van der Waals
interactions in layered structures reduce the bonding between
the sample and the substrate, the strain induced in this way
is only about 3%.48, 49 Even though large strain around 20%
can be obtained in some rare cases,50 it is often localized at
the atomic scale and could impede electron transport. There-
fore, new experimental techniques may be needed to achieve
the strong biaxial strain to observe the normal-to-topological
transition in ε-GaSe.
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IV. CONCLUSION

In summary, we systematically investigated the evolu-
tion of the topological feature of β-GaS and ε-GaSe under
strain. The influences of the often-used PBE functional and
the fixed volume assumption in the description of such phe-
nomena in previous studies are thoroughly analyzed. Based
on more accurate treatment of electronic band structures by
the GW and TB-mBJ approach, we show that while ε-GaSe
can be transformed to a topological insulator under certain
strain, β-GaS remains a trivial one, which is different from
the prediction based on PBE. Concerning the impact of the
fixed volume approximation, we demonstrate that it is an ap-
propriate approximation for both β-GaS and ε-GaSe under
strain qualitatively, but there are quantitative differences be-
tween the results from the fixed-volume treatment and those
from more realistic treatment. Our study indicates the risk
of using an approach like PBE-GGA to address physical
properties, including, in particular, the topological nature of
band structures, for which the band gap plays a crucial role.
In the latter case, more careful calibration against the GW

approach or other more reliable DFT methods is strongly
recommended.
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