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State-of-the-art theory addresses single-electron excitations in condensed matter by linking density-
functional theory (DFT) with many-body perturbation theory. In actual calculations it is common to
employ the pseudopotential (PP) approach, where pseudo-wave-functions enter the calculation of the self-
energy, and the core-valence interaction is treated at the DFT level. In this Letter we present accurate all-
electron calculations of the self-energy and systematically compare the results to those of PP calculations.
The analysis for a range of different materials reveals that both above mentioned approximations are

indeed problematic.
DOI: 10.1103/PhysRevLett.101.106404

The electron band structure is the central quantity in the
characterization of the electronic properties of a solid. It
corresponds to the single-electron excitations typically
measured by direct or inverse photoemission experiments.
The interpretation of the experimental results requires the
theoretical understanding of the processes involved. In this
aspect, many-body perturbation theory (MBPT) provides
the formal basis for evaluating the experimentally observed
quasiparticle (qp) band structure. Applying Hedin’s GW
approximation [1] as a perturbation (GyW;) to the ficti-
tious, noninteracting Kohn-Sham (KS) electrons of
density-functional theory (DFT) [2] provides an accurate
description of the electron self-energy. Most G, W,, calcu-
lations so far employed additional (somewhat hidden)
approximations, namely, the replacement of the valence
wave functions by pseudo-wave-functions (i.e., a smooth-
ening and the removal of nodes in the atomic-core region)
and a linearized DFT treatment of the exchange-correlation
(xc) interaction between core and valence electrons. While
for ground-state DFT calculations both approximations are
well understood and can be controlled, their role for a
description of excited states is unclear. Beyond doubt,
Gy W, pseudopotential (PP) calculations have been impres-
sively successful in reproducing band gaps of semiconduc-
tors and insulators [3]. However, first full-potential all-
electron (AE) GoW, results [4] have revealed discrepan-
cies, i.e., giving band gaps typically smaller than the PP
theory, with a noticeable deviation from the experimental
values. Presently it is unclear why the generally more
precise AE GyW, theory often gives worse results than
the PP G, W, approach.

In this Letter we will address this question, and, in
particular, we will analyze the influence of the two above
mentioned approximations of the PP approach. Results for
several, distinct crystals, namely, C, Si, BN, AIP, GaAs,
LiF, NaCl, and CaSe are presented in order to demonstrate
the sign and magnitude of the various contributions. We
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find that errors in the self-energy and xc potential can be as
large as several eV, but because of some favorable cancel-
lation they are reduced to a few tenths of an eV, at least in
the systems investigated here. In general, our results reveal
that more care is necessary when employing the standard
PP approach to excited states, or in other words, safe
grounds are only found in all-electron studies.

One criticism [5,6] of earlier AE results [4] was the lack
of convergence with respect to the number of excited states
included in the calculation of the correlation term of the
self-energy. While this was correct in the beginning, recent
work [7-9] as well as our results, reported below, reveal
that noticeable differences between AE and PP GyW,
calculations do exist, even when the convergence issue
has been settled. For example, AE calculations give the
fundamental band gap of Si as 0.95-1.05 eV [7,8] while the
PP values range from 1.18 to 1.29 eV [10-13], slightly
larger than the experimental counterpart of 1.17 eV. For
generalized pseudopotentials, where only the 1s shell is
treated as core (and hence omitted in the calculation of the
self-energy) the band gap reduces to 1.04 eV, improving
the agreement with AE data [6].

In Gy W, calculations, the qp band structure is obtained
from the KS eigenvalues as

el = €55 + A€y (1)

The correction term, Ae,, is given by the difference
between the diagonal matrix elements of the self-energy
(2) and the KS xc potential (V)

AEnk = Re (<¢nk|2([{¢nk’ (:bcore}]’ Egi)|¢nk>)
- <¢nk|vxc[n]|¢nk>- (2

Here 3 depends on all core states, and on all occupied and
unoccupied valence states. In the GyW, approximation
only the first term in the expansion of % in powers of the
dynamically screened Coulomb potential is included,
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where G is the Green function and W, is the screened
Coulomb potential, both calculated using the ground-state
KS wave functions and eigenvalues.

In the KS equation, applying a linearization approxima-
tion to V.,

ch[n(r); l‘] = ch[ncore(r); I’] + ch[nval(r); l‘] @

enables the definition of a new external potential, which
now includes the true external potential, the Hartree po-
tential due to the core electrons, and Vy [n...]. As a second
step, this new external potential, which acts only on the
valence electrons, is modified for the isolated atom such
that the occupied valence wave functions are smoothened
and the nodes removed. Still, the scattering properties are
conserved to first order. Using such atomic pseudopoten-
tials for ground-state calculations in poly-atomic systems
typically gives reliable results. When the overlap of core
and valence charge densities is large, like in alkali metals,
nonlinear core corrections have to be added [14]. Then a
contrived core electron density is carried along and in-
cluded in the evaluation of V..

In the commonly employed PP approach to the GyW,

correction [Eq. (2)] the wave functions ¢, are replaced by

seud .
P, the core wave functions ¢, are removed, and the

total electron density 7 is replaced by n*>"“. This implies

that the core-valence xc interaction is adopted from the
(Vy.-linearized) DFT scheme. This approximation is called
‘“core-valence partitioning.” To correct for this, Shirley
et al. extended the PP GW formalism to include core
contributions to the self-energy through the incorporation
of core polarization potentials into the GW method [12].
The results shown for Si and GaAs are concomitant with
the trend reported here.

In the present study we performed calculations using a
newly developed AE G,W, code based on the (L)APW +
lo method as implemented in the WIEN2K package [15]. To
identify the influence of the approximations underlying PP
results, we also carried out (L)APW + lo GyW, calcula-
tions including only the valence wave functions and va-
lence density in the GyW, equations (in the following
referred to as ‘“AE-valence” calculations). In this case
the correction term reads

A€, = Re (x| Z([{d}) €) D k))
- <¢nk|vxc[nval]|¢nk>- &)

Since the wave functions and the valence density are the
same, using Eq. (5) rather than Eq. (2) reveals the core-
valence partitioning errors. We also performed additional
PP calculations with the GWST code [16,17]. Since both
PP- and AE-valence calculations apply the same ‘‘core-
valence partitioning’’, the differences between them are

only due to the softening of the PP KS wave functions in
the atomic-core region.

It is well known that the GyW, results depend on the
choice of the xc functional used in the DFT calculation
[18,19], as is obvious for any perturbative correction. To
avoid discrepancies due to different xc starting points, all
ground-state calculations were performed within the LDA.
We note that we do not address the issue of self-
consistency in this work [4,19,20], which will exist for
all the three methods, i.e., PP, AE-valence, and AE Gy W,,
in about the same way.

All our studies were carried out at the experimental
lattice constants. The integration over reciprocal space
was done with a4 X 4 X 4 mesh, ensuring the convergence
of the gp correction to the band gaps within 0.01 eV for all
materials except C and GaAs, for which a 6 X 6 X 6 mesh
was needed. The frequency dependences are calculated
explicitly on the imaginary axis, the self-energy is then
analytically continued to the real axis. Convergence within
5 meV with respect to the number of excited states is
achieved for all the materials in both, AE and AE-valence
calculations. For example, in Si (NaCl) roughly 150 (250)
unoccupied bands are required. For all PP- and AE-valence
calculations only the outermost shell was treated in the
valence region.

The LDA and gp fundamental band gaps obtained with
AE and PP methods are shown in Table I. Our results
confirm the general trend, i.e., PP GyW, calculations give
in general larger band gaps than the AE GyW, method, in
better agreement with experiments. The only exceptions to
this rule are GaAs and CaSe. GaAs is a particular case to
which we will come back later. The differences between
all-electron and pseudopotential GyW, band gaps are
clearly larger than those in the LDA case. This exposes
the limited reliability of the approximations implicit in the
PP method for the many-body description of excited states.

In Fig. 1, we show the contribution of the pseudo-wave-
functions and core-valence partitioning to the differences
between AE and PP G,W, corrections to the fundamental
band gaps. Two main conclusions can be drawn: Both
approximations contribute to the discrepancies between

TABLE I. LDA and GyW, fundamental band gaps (in eV)
obtained with AE, AE-valence, and pseudopotential calcula-
tions. Experimental values are also provided for comparison.

All-electron ~ AE valence PP Expt.

LDA GyW, GyW, LDA GyW,
C 4.10 542 5.62 415 568 548 [21]
Si 0.49 1.00 1.06 050 125 1.17[21]
BN 4.35 6.03 6.12 439 635 610 [22]
AlP 144 218 2.21 1.47 250 250 [21]
GaAs 0.25 1.29 0.84 035 097 1.63[23]
LiF 897 13.19 13.32 879 1356 14.20 [24]
NaCl 4.74 7.60 7.51 470  7.89  8.50 [25]
CaSe 1.86 336 3.14 1.84 330 3.85[26]

106404-2



PRL 101, 106404 (2008)

PHYSICAL REVIEW LETTERS

week ending
5 SEPTEMBER 2008

0.6
M core-valence [ pseudo-wave-

0.4 partitioning functions

(IS R B o

C Si BN AIP GaAs LiF NaCl CaSe

FIG. 1 (color online). Pseudo-wave-functions (black/magenta)
and core-valence partitioning (gray/orange) contribution to the
discrepancies between the AE and PP GyW, correction to the
fundamental band gap (in eV).

PP and all-electron calculations, and core-valence parti-
tioning does not necessarily increase the G,W,, correction
to the band gap. The issue of pseudo-wave-function effects
has been raised previously for Si [4] and LiF [27], and its
importance is now confirmed by our results.

For a detailed analysis we pick three materials, which
are exemplary of the different situations we found in our
studies: Si, NaCl and GaAs. Let us start with Si, which
historically has been the test case in this debate. The
separation between core and valence electrons is clear,
and PP calculations give reliable LDA results. The funda-
mental gap of Si is indirect, with the bottom of the con-
duction band lying at 85% of the distance between I" and X.
For our analysis, we look at the highest occupied state at
the I" point and the lowest unoccupied state at the X point.
The matrix elements of the self-energy and of the xc
potential, as well as the difference between them (AF =
F(X.) — F(',), where F = 3, 3, V,.), are shown for
these two states in Table II. Comparison of the AE GyW,
calculation with the AE-valence GyW, calculations shows
an increase of the I' — X band gap by 0.06 eV. This

TABLE II. The matrix elements of the self-energy (in eV)
(correlation term: .., exchange term: 3,) and the xc potential
V,c for Si. The top of the valence band is taken as zero for both

difference, merely due to the core-valence partitioning,
can explain the mismatch between AE and PP GyW,
(0.23 eV) only to a small extent, in agreement with
Ref. [9]. Hence, the pseudo-wave-functions play the domi-
nant role in this example. The same is true for the funda-
mental band gap, as can be seen in Table I.

Analyzing the single terms of the GyW, correction, it
becomes clear that the largest differences between all-
electron and PP values appear in the matrix elements
corresponding to the exchange term of the self-energy
(X%,) and the xc potential (V,.). They are as large as
2 eV. Comparing with the AE-valence values we find that
these differences are almost exclusively due to the core-
valence partitioning. Similar conclusions can be drawn for
the contribution of these two terms to the I' — X gap
(denoted by A3, and AV,.). However, taking the differ-
ence, AS, — AV,, (lines three and six in Table II), the
discrepancy is reduced by almost 2 orders of magnitude
(~ 0.04 eV). The matrix elements of the correlation term
of the self-energy, 2., in the AE-valence calculations are
almost equal to the all-electron ones (~0.02 eV differ-
ence), showing that the contribution of core electrons to
3. is negligible. The difference in A3, between all-
electron and PP calculations (~0.2 eV), responsible for
the opening of the gap, is mainly due to the pseudo-
wave-functions.

In NaCl, the 2s and 2p orbitals of Na are quite high in
energy and play a noticeable role in the chemical bonding.
It is well known that nonlinear core corrections are neces-
sary for a reliable description of the structural properties in
PP-KS calculations. Also in this case the discrepancy
between AE and PP G,W, band gaps is dominated by
the pseudo-wave-function effect, while core-valence par-
titioning is smaller and counteracting. The corresponding
analysis is given in Table III. At first sight the situation is
similar to that observed in Si, i.e., core-valence partitioning
produces large discrepancies (~2 eV) in the 3, and V,,
matrix elements, which are strongly reduced by consider-
ing either the difference between them or their contribution
to the gap. However, in NaCl, the omission of the semicore

Kohn-Sham (€¥5) and quasiparticle (€9) energies. TABLE III. Same as Table II for NaCl.

Si S 3, pI Vie 2=V € NaCl s 3. 3, Vie 2=V €

All-electron GyW,: All-electron GyW,

r, 000 096 —14.93 —13.55 —1.38 0.00 r, 000 262 —-21.07 —16.86 —4.21 0.00

X. 062 —4.09 -598 —10.18 420 1.15 I, 474 -331 —537 —9.95 458 7.60
X.—T,(A) 062 —5.05 8.95 3.37 558 1.15 r.-r, @) 474 -593 15.70 6.91 879 7.60

AE-valence GyW, (3s, 3p) AE-valence GyW,, (Na: 3s. Cl: 3s, 3p)

r, 000 094 —-1296 —1145 —1.51 0.00 r, 000 251 —18.66 —14.53 —4.13 0.00

X. 062 —4.09 -504 —9.15 411 1.21 T, 474 -3.16 —334 —7.65 431 751
X.—T,A) 062 —5.03 7.92 2.30 5.62  1.21 r.-r, @A) 474 —-567 1532 6.88 844 751

PP GyW, PP Gy,W,

r, 000 090 —1292 —-11.26 —1.64 0.00 r, 000 199 —18.63 —1422 —441 0.00

X. 063 —396 —5.14 -9.09 396 1.38 T 470 —-3.33 -—-351 -—7.61 4.10 7.89
X.—T,(A) 063 —4.86 7.78 2.17 5.60 1.38 r.-r, @) 470 -532 1512 6.61 851 7.89
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TABLE IV. Same as Table II for GaAs.

GaAs &S 3, pIN Vie 2p— Ve €
All-electron GyWj:

r, 000 128 —16.85 —1564 —1.21 0.00

r. 025 —3.34 —1222 —16.67 445 1.29

-T, A) 025 —4.62 463 —1.03 5.66 1.29
AE-valence GyW, (Ga: 4s, 4p. As: 4s, 4p)
r, 000 1.00 —1239 -11.38 —1.01 0.00
r. 025 —3.17 —-6.88 —10.63 375 084
-TI, @A) 025 —4.17 5.51 0.75 476 0.84
PP G,W,
r, 000 082 —1265 —11.24 —141 0.00
r. 035 —329 -7.01 -10.33 332 097
-T, @A) 035 —4.11 5.64 0.91 473 097

states produces noticeable changes, both in AY, and
A3 — AV,. (~0.3 eV) which tend to cancel each other.
Comparing AE-valence and PP-matrix elements, we ob-
serve that the pseudo-wave-function effects on X, and V,,
compensate each other almost completely. However, the
additional reduction of the correlation term results in an
increase of the band gap correction.

GaAs is special in the sense that the 3d levels of Ga are
close to the 4s levels of As and hence play an important
role in the bonding. Contrary to the previous cases, core-
valence partitioning clearly leads to a sizeable difference in
the band gap, reducing it by around 0.5 eV (~30%). This
discrepancy is only slightly compensated by the effect of
the pseudo-wave-functions. The matrix elements for the
highest occupied and lowest unoccupied states at the I’
point are shown in Table IV. Again, the largest discrep-
ancies, up to 6 eV, appear in the X, and V,. matrix
elements and originate from core-valence partitioning.
Looking at either the difference between these two terms
or their contribution to the band gap, we again find pro-
nounced cancellation effects. However, due to the large
differences in the single contributions, a sizeable discrep-
ancy of almost 1 eV in A%, — AV, remains. This is not
fully compensated by the diminution of the correlation
term (0.5 eV). The same trend has been observed recently
in PAW calculations [9]. Although PP-G,W, values are
similar to the AE-valence ones, small deviations due to the
pseudo-wave-functions are obtained in the band gap
correction.

Summarizing, both core-valence partitioning and
pseudo-wave-functions are equally important sources of
inaccuracy in PP GyW, band gaps. The former produces
differences of several eV’s in the 3, and V,, matrix ele-
ments. However, these tend to cancel each other, such that
the remaining discrepancy may even be much smaller than
that originating from the pseudo-wave-functions, as is the
case for Si, AIP, LiF, and NaCl. The latter, although small
in the matrix elements, plays a major role in the opening of
band gaps, mainly through the underestimation of the
correlation contribution. In contrast to the common belief

that the inclusion of core states would result in reduced
band gaps, the AE-valence results for NaCl, GaAs, and
CaSe demonstrate that this is not a systematic trend.
Furthermore, GaAs and CaSe exhibit even smaller band
gaps whithin PP than in the AE treatment. In GaAs, omis-
sion of the third shell in the calculation of the self-energy
makes core-valence partitioning inappropriate. We con-
clude that, in order to evaluate the GyW, approximation,
a full-potential all-electron treatment is required.
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