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Electron Pair Density
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Electron Pair Density
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Electron Pair Density
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Thomas-Fermi Model
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Hohenberg-Kohn Theorems
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P. Hohenberg and W. Kohn, Inhomogeneous Electron Gas, Phys. Rev. 136, B864 (1964)

Hamilton operator and thus all properties of the system. The proof originally given by
Hohenberg and Kohn 1n their 1964 paper 1s disarmingly simple, almost trivial and one
may wonder why it took about 40 years after Thomas and Fermi first used the density as a
basic variable before their approach was put onto a firm physical foundation. Quoting
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Hohenberg-Kohn Theorem I: Density as the Basic Variable
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Hohenberg-Kohn Theorem I: Density as the Basic Variable
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Hohenberg-Kohn Theorem I: Density as the Basic Variable




Hohenberg-Kohn Theorem I: Density as the Basic Variable

Therefore ¥ and W', respectively, are different, and we can use W’ as trial wave function
for H. We must then have by virtue of the variational principle

Eo < (¥ IHIY) = (¥ IR 1Y)+ (WIH- 1Y) (4-1)
or, because the two Hamilton operators differ only in the external potential
By < By + (W]T+ Voo + Vo = T = Voo = V0 ) (4-2)
which yields
Ey < Ej + [ p(E){Vey = Vi FdE (4-3)

Interchanging the unprimed with the primed quantities and repeating the above steps of
equations (4-1) to (4-3) we arrive at the corresponding equation

EE) < EO _ jp(f){vext o Véxt} dr . (4'4)



Hohenberg-Kohn Theorem I: Density as the Basic Variable

After adding equations (4-3) and (4-4), this leaves us with the clear contradiction

E, +E, <Ej+E; or0<0. (4-5)

This concludes the proof that there cannot be two different V,,, that yield the same
ground state electron density, or, in other words, that the ground state density uniquely
specifies the external potential V. Using again the terminology of Section 1.2 we can
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Hohenberg-Kohn Theorem I: Density as the Basic Variable
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Hohenberg-Kohn Theorem II: The Variational Principle
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Hohenberg-Kohn Theorems: The v-representability

Let us pause briefly at this point to scratch at a more formal, theoretical problem. The
attentive reader might have noticed that we smuggled in the condition ‘and which are asso-
ciated with some external potential V. “ as a restriction for densities to be eligible in the
variational procedure. This restriction marks the so-called V, -representability problem of
electron densities. It 1s the problem that among the many densities one may think of, not all
are eligible in the context of the Hohenberg-Kohn theorem. Only those should be consid-
ered which are associated with an antisymmetric wave function and a Hamilton operator
with some kind of external potential (not necessarily restricted to the kind of potentials we
have met so far). Intimately connected is the question of how such densities can be recog-
nized. While this is an important problem in some of the more theoretical aspects of density
functional theory (for example, it is not known so far, which conditions densities must obey
in order to be V -representable), 1t 1s only of minor relevance from an application’s point
of view. Most importantly, as we will show 1n the following section this requirement can be
replaced by the much weaker condition that the density must stem from an antisymmetric
wave function without the explicit connection to an external potential. Such densities are
called N-representable. Since virtually all practical applications are in one way or the other
related to wave function techniques all densities that occur in these applications trivially
satisfy this condition. In any case, in spite of representing an exciting intellectual chal-
lenge, V.- or N-representability problems will not bother us any further, since they belong
into the domain of theoretical physics rather than computational chemistry.

» N-representability



Hohenberg-Kohn Theorems: The v-representability
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Levy constrained-search formulation and N-representability
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Levy constrained-search formulation and N-representability
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Levy constrained-search formulation and N-representability

kT RFEAAGEM, FHERRT ZIHFE—ANZHE: R ROELASLZR T, ZXR. R TFH
AELERERBENNE —ANBEIH . ERNHEFIIIE, BNAERN R HAGEELI R EZINT

R &AL =AM Do

P2

Pi P
Pa

(2)

N Po

3o, 302 303

s31% | saf3es [ Raess

201 202 202
7 g (b)

w2 | £33 |afns

101 102 103
G H

fi31s ﬁiﬁ% 35
Hﬁﬂﬁi

EEEEEEE

Figure 3.1(a) Percus partition of the N-electron Hilbert space. Each shaded area shown is
the set of all ¥ that integrate to a particular p. The minimization in (3.4.5) for a particular
p is constrained to the shaded area associated with this p, and is realized by only one point
(denoted by @) in this shaded area. The minimization in (3.4.8) is over all such points.

Figure 3.1(b) An analogous constrained-search problem. To identify the tallest child in a
school, one does not have to line up all of the children in the schoolyard. Instead, one can
simply ask the tallest child from each room to come to the schoolyard.
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Kohn-Sham Scheme
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Kohn-Sham Scheme

LK, FRASEHEAZ v-representable. N-representableiX sk =] B A8 R AR FH £ . KSR Zfor
practical reasonig iy T — /MBS K5 FE, KFuklpl. AAR, TdA = SRXH:

1. FFuxlpla- A L3k 42, Huid 89 5| NMEAF & F 30 48 2R 69 TARMIE ;

2. B aEITA;

3. JAnon-interacting v-representable #jdensity & &4X interacting v-representable #jdensity sk 4

NI
Xé]o

£ #2705 4K K. 804X w1 v-representable . N-representable 2 &~ % 5% # )5, JF V-
representable &7 58 & 4+ s Fuklpl 69 4L 224k B R 69 3 7 £ HN-representable & 58 & 41 st Flp] 69 4L 22,

EFEIANERE, £ ETFDFT+KS scheme#y g+, AT WA A 33kt A v-representable 49
% 4 B Fu[p]d A3 AN-representable ¢ & g 4 32F[p]. FH AT KA X AL F



Kohn-Sham Scheme
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Kohn-Sham Scheme
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LDA, GGA and Hybrid Functionals
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orbitial £ #5fictitious w, F, £ —ANARE T B2 269V, [p] , % BT & F 5 69 L feds B4 & F4 A
AF XML BRI G EE, CHERALE—NEA (D)8 % FE K2 F ¥ 4% (Homogeneous
Electron Gas, HEG) k&6 Viclplo LA HIANABF R LB,

BpAE A T RABAAA LG R d, £ E#60-7T04544K, K TFDFT) LR+t — A %A A2, Hat
A X SDFT, X8y 02 XA AY AR89 FA, rbdev-representability. rbdeqt 2
TwmALE AN 2, thedefTiev 3 A REE (ieMermin, Levy. Lieb) .

Gl R ik A ny R BAR R £, AL ALDAT, Vilpl®y#® XL R4t ARG H, A
HEG = #:48 & 4% J 7 Dirac exchange energy functional s & i& :

3 /3\1/3
ExP4[p] = —Z<;> fP(F)MSdF

P. A. M. Dirac, Note on Exchange Phenomena in the Thomas Atom, Proc. Cambridge Philos. Soc. 26, 376 (1930)
1R EPA[pl ey X, AR Frid,
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D. M. Ceperley and B. J. Alder, Phys. Rev. Lett. 45, 566 (1980)...... (CA)

S. H. Vosko, L. Wilk and M. Nusair, Can. J. Phys. 58,1200 (1980)...... (VWN)
J. P. Perdew and A. Zunger, Phys. Rev. B. 23, 5048 (1981) ...... (PZ, FSIC)
J. P. Perdew and Y. Wang, Phys. Rev. B 45, 13244 (1992) ...... (PW92)

Z )5, DFTAEEARG#F e 2 B (B3 A BRI XSy B A a9 F) shbE R XA T,
AL R & R, #t2Generalized Gradient Approximation (GGA) & +148 £ T -

context. One of the first great challenges for DFT in chemistry  satisfactorily. The next major advance came with the inclusion
was to provide an accurate description of geometries and binding of a fraction of Hartree—Fock exact exchange (HF) in the
energies of simple molecules. DFT was widely used in the solid- ~ functional, as described by Becke in the early 1990s. This work
state physics community for many years before it was adopted by ~ lead to the development of B3LYP,"®" the most widely used of
the computational chemistry community. This is largely due to all the functionals. B3LYP has enjoyed a remarkable performance
the fact that the simplest functional, the local density approxima- ~ OVer 2 wide range of systems. Although new ideas have been
tion (LDA), did not perform well in many areas of chemistry. introduced into more recent functionals of different complexity,
Although LDA gives good geometries, it massively overbinds .B3LYP is still the most. popular. Dereloping ﬁ.mctionals that
molecules. The seminal work of Becke, Perdew, Langreth, and ~ !™MProve upon B3LYP will clearly provide a significant advance
Parr in the 1980s, which introduced the first derivative of the for DFT.

density in the form of the generalized gradient approximation ~Aron J. Cohen, Paula Mori-Sanchez, and Weitao Yang,
(GGA), was the first step enabling chemists to use DFT Challenges for Density-Functional Theory, Chem. Rev.

112, 289 (2012)



Jacob’s Ladder

F % et

Chemical accuracy

/ Fifth-rung \occ. &unoccy; e.g., RPA, DHDFs

/ hybrids \OCC-l/)z e.g., PBEO, B3LYP, HSE

/ meta-GGA n(r), Vn(r),t(r) e.g., TPSS, SCAN

/ GGA \ n(r),Vn(r) e.g. BLYP, PBE
LDA \ n(r)
I \
Hartree

J. Perdew & K. Schmidt, in Density functional theory and its application to materials,
edited by Van Doren e al. (2001).
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Current Status

Bl AT AR R T L

Workhorse

Deficiencies

Consequences

Self-interaction

Possible fixes

LDA/GGAs

Lack of functional derivative
discontinuity; Insufficiency
of KS spectrum

Lack of van der Waals;
rrors

Inaccuracy for quasi-particle
excitation energies

Inaccuracy for ground-
state energies

AN /

MP2 RPA CCSD(T) DFT+U  SIC-LDA GW
vdW-DF Hybrid functionals Double hybrids LDA+DMFT

meta-GGA DFT+vdW DFT-D DFT+G -
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