
 

Ferroelectric Problem beyond the Conventional Scaling Law
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Ferroelectric (FE) size effects against the scaling law were reported recently in ultrathin group-IV
monochalcogenides, and extrinsic effects (e.g., defects and lattice strains) were often resorted to. Via first-
principles based finite-temperature (T) simulations, we reveal that these abnormalities are intrinsic to their
unusual symmetry breaking from bulk to thin film. Changes of the electronic structures result in different
order parameters characterizing the FE phase transition in bulk and in thin films, and invalidation of the
scaling law. Beyond the scaling law Tc limit, this mechanism can help predict materials that are promising
for room-T ultrathin FE devices of broad interest.

DOI: 10.1103/PhysRevLett.121.135702

Miniaturized ferroelectric (FE) devices in continued
demand for portable consumer electron electronics require
a prerequisite understanding of a fundamental question,
i.e., the nature of FE size effects [1–6]. Finite size scaling
(FSS) theory, as the conventional wisdom, predicts that the
Curie temperature Tc for the paraelectric (PE) to FE phase
transitions decreases when scaling down to finite sizes
[7–9] as follows:

δTcðdÞ ¼
Tcð∞Þ − TcðdÞ

Tcð∞Þ ¼
�
ξ0
d

�
λ

; ð1Þ

where ξ0 is the character length, λ is the universal critical
exponent, and TcðdÞ and Tcð∞Þ are the Tc of the film of
thickness d and bulk, respectively [10]. The key point is the
truncated long-range correlations by finite size, upon which
the low-dimensional system requires lower Tc to stabilize
its polarization [7,11]. As FSS theory has been predictive in
perovskites and a variety of FEs [1,12–14], TcðdÞ being
lower in ultrathin films was believed heretofore as an
essential limit in realizing room temperature (T) ultrathin
FE devices of broad interest [2,12].
Recent studies on group-IV monochalcogenides, how-

ever, opened the door for realization of room-T ultrathin FE
devices beyond the FSS theory prediction [15–20]. The
experiment by K. Chang et al. showed that in one unit-cell
(1UC) SnTe film the Curie temperature (T1UC

c ) is 270 K
[15], enhanced from the bulk value (Tbulk

c ) of 98 K [21].
Parallel to this, Fei et al. predicted robust ferroelectricity in
analogous monolayer group-IV monochalcogenides MX
(M ¼ Ge, Sn; X ¼ S, Se) via the Landau-Ginzburg-type
effective Hamiltonian method [16]. Wu and Zeng showed

MX’s multiferroelectricity, where the polarization valley
switching by using stress or electric field enables designing
room-T nonvolatile memory [17,22]. Nevertheless, large
extrinsic effects claimed in these studies such as lower free
carrier density [15,18,23,24], lattice strains [19,25,26], etc.,
render the intrinsic size effect of ferroelectricity unimpor-
tant, thereby hindering further investigation and searching
for other promising materials.
In this Letter, we address two issues: (i) reveal the nature

of intrinsic FE size effects in these materials and analyze
their relations with the FSS theory, and (ii) propose an easy-
to-use criteria for potential low-dimensional FE materials
with Tc higher than their high-dimensional correspond-
ences. SnTe and BaTiO3 (BTO), two paradigmatic FE
materials whose scaling behaviors show remarkable differ-
ence, are discussed in detail. Based on the first-principles
exploration of potential energy surfaces, an effective
Hamiltonian is built and used in Monte Carlo simulations,
to investigate the finite-T PE-FE phase transitions. Our
simulations reproduce the experimental results of robust in-
plane ferroelectricity and abnormal thickness dependency
of the Tc in SnTe films, and the conventional scaling
behaviors in BTO films. The key factor to understand this
fundamental difference is that in SnTe the order parameters
are deviated for the three-dimensional (3D) and two-
dimensional (2D) PE-FE phase transitions, while in BTO
no deviation occurs. As this can be perceived macroscop-
ically by jumping phases in the PE-FE transition, a rule of
thumb is proposed to predict analogous low-dimensional
FE materials.
We adopt the model proposed by Vanderbilt and co-

workers [27,28], which enables large-scale calculations
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with first-principles predictive power, to investigate the FE
phase transitions in bulk and thin films of SnTe and BTO.
This method is formerly and successfully applied to bulk
perovskites including BTO [29–34]. Because of the same
displacive feature, i.e., soft optical modes (so-called FE
modes) driving spontaneous polarization below Tc,
this method can be freely extended to group-IV mono-
chalcogenides including SnTe. The total energy of an
instantaneous finite-T structure differing from the chosen
high-symmetry reference structure is written as

EðdmÞ
tot ¼ Eref þ EðdmÞ

3D-paramðfuig; η; pÞ þ EðdmÞ
corr ; ð2Þ

where dm labels the dimension of the system, ui describes
the FE modes at ith site, η is the homogeneous strain tensor,
and p is the hydrostatic pressure coupled with the diagonal
terms of η. Edm

3D-param contains the intra- and interactions of
the dominant soft modes (FE modes here) and the lattice
strains, parametrized in 3D structure. The specific form of
the first two terms can be found in Refs. [27] and [35], and a
schematic of one finite-T instantaneous FE mode configu-
ration on the strained lattice is shown in Fig. S1. In order to
describe the FE properties in film geometry, we make
improvements based on the original Hamiltonian in
Ref. [27]: (i) EW2D method is used to correctly treat
the long-range interactions of dipoles in the truncated

geometry of films [44]; (ii) the correction term EðdmÞ
corr is

added only for the 2D and one-dimensional (1D) systems to
address the changes of the electronic structures upon
decreasing dimensionality, as we show later in Fig. 2.
For ultrathin films (2D systems), we adopt a correction of
exponential decay on the film thickness, analogous to the
form of Ref. [45], as

Eð2DÞ
corr ðnlÞ ¼

X
α¼β
α¼x;y

X
hi;ji

j¼i�α̂

e−BnlAij;αβuiαujβ; ð3Þ

where nl labels the number of layers, and Aij;αβ describes
the short-range interactions (exclude the short part of
dipole-dipole interactions) between neighboring sites
hi; ji. Parameters for Eqs. (2) and (3) are derived from
first-principles explorations of the potential energy profiles
of the 3D and 2D systems, respectively. For more compu-
tation details please see Supplemental Material [35].
FE modes, the key instabilities for a system going from

high-symmetry PE phase to symmetry-breaking FE phase,
can be viewed as the order parameters in this process. In
fact, it is a good approximation shown by Refs. [46] and
[47] that the polarization at one unit site (Pi) is almost
linear to the FE mode magnitude, through

Pi ¼ eZ�
Bornui=V: ð4Þ

Z�
Born is the Born charge and V is the cell volume. We use

ux;y;z ¼ huiix;y;z to characterize the phase transition. The

responsible FE modes for the 3D and 2D structures are
different in SnTe, and they are the same in BTO.
Polarization along [111] in 3D SnTe [Fig. 1(a)], namely,
the rhombohedral FE phase, is a result of simultaneous
softening of the triply degenerate FE modes ux, uy, and uz.
While in 2D SnTe [Fig. 1(c)], it is the polarization along
[110] and the softening of the doubly degenerate in-plane
FE modes ux and uy that characterize the PE-FE transition.
In BTO [Figs. 1(b) and 1(d)], the polarization along [100]
and a singlet FE mode is the order parameter, and it does
not change in the 3D and 2D systems [48]. This unusual
symmetry breaking in SnTe might be a clue to its abnormal
scaling behavior.
We start discussions by looking at the static energies.

Taking the cubic structure as reference, we arrange the Sn
and Te atoms (Ba, Ti, and O atoms for BTO) following the
displacement patterns of the softmodes andmonitor the total
energy variations. Figures 2(a) and 2(b) show the density
functional theory (DFT) potential curves along one FEmode
of the cubic bulk (as the reference structure) in the bulk and
the 1-4UC films of SnTe and BTO, respectively. The bulk
results are approached in the two materials upon increasing
the film layers, whereas different evolutions are observed. In
1-4UC films of SnTe, the deeper potential wells permit
larger instabilities for soft modes, implying an enhancement
ofTc in the films.Moreover, the abnormalweakening of this
softening feature in the 1UC film compared with the 2-4UC
films suggests a nonmonotonic variation of the Tc in 1-4UC
films. In BTO, the FE soft mode is monotonically weakened
in the films, implying a conventional scaling behavior. The
dashed lines in Figs. 2(c) and 2(d) are results obtained using
only the first two terms in Eq. (2), shown to highlight the

importance of EðdmÞ
corr in Eq. (3). Without the correction term

EðdmÞ
corr , the total for SnTe in Eq. (2) is clearly off the trend of

Sn Te Ba Ti O
[111] [100]

[110] [100]

x y

z

(a) (b)

(c) (d)

FIG. 1. The responsible FE modes associated with the FE phase
in (a) bulk SnTe, (b) bulk BTO, (c) 1UC SnTe film, and (d) 1UC
BTO film (Ba-O terminated). The black arrows sketch the atomic
displacement patterns of the FE modes.
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DFT curves [Fig. 2(c)]. For BTO it differs quantitatively

[Fig. 2(d)]. EðdmÞ
corr represents the intrinsic changes of the

electronic structures upon changing from bulk to thin films
[20]. Itsmagnitude as a function of layers is shown in the inset

of Figs. 2(c) and 2(d). The different roles played by EðdmÞ
corr in

SnTe and BTO are crucial for their scaling behaviors. These
static DFT results are in alignment with the experiments in
Ref. [15]. However, considering the complicated 2D nature,
e.g., fluctuations are enhanced by truncated geometry, they
are not sufficient to clarify the full picture of the FE phase
transitions in thin films at finite T’s. Thermodynamical
stability among phases should be concerned. This is done
by using the aforementioned effective Hamiltonian in per-
forming finite-T Monte Carlo simulations.
We first look at the bulk PE-FE phase transitions in SnTe

and BTO. SnTe turns from cubic PE phase (Fm-3m) to
rhombohedral (R3m) FE phase at 98 K [21]. Our simu-
lations reproduce this by giving a Tc of 147 K, which is
identified by the temperature dependency of FE modes
[black marks in Fig. 3(a)]. A difference of ∼50 K is left to
account for the defects effect, which is absent in our perfect
crystal simulations [23,24]. Our simulations also obtain
reasonable Tc ∼ 370 K for bulk BTO transiting from cubic
PE phase (Pm-3m) to tetragonal FE phase (P4mm)
(Fig. S4), consistent with published studies [49,50].
Then we check Tc at varying layers. Deviated from bulk,

the SnTe monolayer prefers in-plane polarization (along
[110] direction) [51], as shown by red marks in Fig. 3(a).
We observed a transition from the PE tetragonal phase to
the FE monoclinic phase. This in-plane polarization in
monolayer is robust even at room T, appealing for practical
ultrathin devices. Besides this, the thickness dependency of

Tc is also in alignment with the experimental observations,
which measure the distortion angles [Fig. 3(a) scale to right
in blue]. This can be seen by comparing the trend of
saturated distortion angle with FE modes from our simu-
lations. They are smaller in 1UC than in 2UC [from red to
green symbols scaling to left in Fig. 3(a)]. After 2UC, they
decrease and approach the bulk value from above. More
alignments can be found in the magnitude of saturated
distortion angle ∼1.2° (exp. ∼1.4°), and the critical index
0.27–0.35 for 1-4UC films (exp. 0.33� 0.05); see
Supplemental Material [35]. Tc shows the same nonmono-
tonic trend in clear discrepancy with the conventional
scaling law [blue curves in Fig. 3(b)], whereas it holds
in BTO [Fig. 3(c)].
Last but not least, threats from extrinsic effects should be

ruled out or controlled. Experiments on SnTe bulk show
that Tc drops with increasing carrier concentration [23,24].
Enhancement in Tc as several tens of Kelvin would be
expected from the fabricated high quality samples to the
defect-free materials. Considering the fact we reproduce the
abnormal scaling behavior of SnTe upon using stoichio-
metric structure, the effects of free carriers (Sn vacancies)
should be minor. Strain effects, however, are crucial and
might dramatically tune Tc shown by early studies in
perovskites [16,52,53]. Since our model exhibits a built-in
stress-strain relation, we set the same external pressure and
fully relax the films in the MC simulations. For more
discussions on these extrinsic effects, please see
Supplemental Material [35]. In so doing, we claim the
abnormalities in SnTe are an intrinsic size effect with an
underlying mechanism to be revealed.

(a)

(c) (d)

(b)

FIG. 2. The potential energy curves of bulk and 1-4UC thin
films by DFT for (a) SnTe and (b) BTO. The insets in (a) and
(b) indicate the used bulk FE mode. The bottom panels show
the same curves using Eq. (2) only with the first two terms for
(c) SnTe and (d) BTO. The insets in (c) and (d) show the
magnitude of the quadratic corrections in Eq. (3).

Film-w/ c

Film-w/o c

(a) (b)

(c)

FIG. 3. (a) The phase transitions in bulk, 1UC, and 2UC thin
films of SnTe (in black, red, and green open marks, respectively).
The order parameters, ux, uy, and uz, are characterized by a
square, sphere, and triangle, respectively. In bulk, ux ¼ uy ¼
uz ≠ 0 in the FE phase. In films, ux ¼ uy ≠ 0 and uz ¼ 0 in the
FE phase. Blue solid marks show the experimental data acquired
from Ref. [15]. Thickness dependency of Tc is show in (b) for
SnTe and in (c) for BaTiO3. Blue (olive) curves show the case

with (without) considering EðdmÞ
corr . The orange horizontal dashed

line in (b) is the Tc of the bulk with uz constrained to zero.
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To understand this abnormality, we compare the micro-
scopic details of the PE-FE phase transitions in SnTe and in
BTO. In bulk BTO, four phases from cubic (C) through
tetragonal (T) and orthogonal (O) to rhombohedral (R)
exist upon decreasing T’s, and polarizations along x, y, and
z appear sequentially [Fig. 4(a)]. In BTO thin films,
depolarization results in zero polarization along z. Three
phases from quasicubic (QC) through quasitetragonal (QT)
to quasiorthogonal (QO) exist at decreasing T’s, and
polarizations along x and y appear sequentially. In both
cases, Tc corresponds to the same physical process (sym-
metry breaking here) that only one of the three FE modes is
softened [Fig. 4(a)], i.e., C-T phase transition in bulk and
the QC-QT one in thin films. From bulk to thin films, the
finite film thickness cuts off long-distance correlations
along z of the in-plane polarizations so that an appreciable
finite-size rounding of critical-point singularities is to be
expected [11]. This forms the aforementioned basis of FSS
theory [7], and conventional scaling behavior is expected.
This situation, however, is different in SnTe where Tc

corresponds to different physical processes, as discussed.
The PE-FE transition is C-R in bulk and QC-QO in films.
The QC-QO transition in films corresponds to the C-O

transition in bulk, which does not appear spontaneously.
Utilizing the knowledge of BTO’s phase sequence, if C-O
exists, it should occur at a higher T. By convenience of our
simulations, we can verify this by constraining the FE mode
along z direction uz ¼ 0. This allows us to artificially
obtain the C-O transition sequence in bulk, as shown in
Fig. 4(b). When the PE-FE transition is forced to happen
between C and O phases, the Tc is substantially elevated.
Therefore, the elevated Tc in the films is related to this
omitted O phase in bulk. The FSS theory aims to describe
the scaling behavior between universality classes only
deviated in spatial dimensionality, which presumes the
same physical process, characterized by the same order
parameters and formulation of interactions upon scaling the
system size. This prerequisite is not fulfilled in SnTe. The
order parameters clearly change since the triply degenerate
FE modes cannot soften simultaneously in the films.
These different scaling behaviors can also be understood

by looking at the role played by EðdmÞ
corr in Eq. (2). In BTO,

the quantitative changes in electronic structure do not result
in a qualitative change of their relative positions upon going
from the films to bulk, while this is not the case in SnTe
[Figs. 2(a) and 2(c)]. In Refs. [7,54,55], when the scaling
law is deduced, a model Hamiltonian (e.g., the Ising model)
is chosen and the difference between the bulk and films is
characterized by geometric changes. Renormalization
group theory is used and the subtle but crucial changes
of the Hamiltonian upon going from bulk to films are
neglected. This assumption is violated seriously in SnTe.
To test this, we can choose the first two terms in Eq. (2),
which addressed the geometric changes but not the elec-
tronic structures, to perform the PE-FE phase transition
upon going from bulk to films. The scaling law becomes
valid again in both SnTe and BTO [olive curves in
Figs. 3(b) and 3(c)]. Therefore, when the changes of
electronic structures result in a qualitative change of the
Hamiltonian itself, the scaling law fails. One macroscopic
observable to characterize this abnormality is the order
parameters related to symmetry as we have discussed.
Using this picture, we now propose some promising low-

dimensional FE materials with higher Tc than their higher-
dimensional correspondences. The jumping transition
sequence in Figs. 4(d) and 4(e) could help. Intuitively,
this means highly degenerate FE modes, which can soften
simultaneously in the higher-dimensional systems. With
decreasing dimensionality, symmetry breaking eliminates
this simultaneous softening. Thereby, one can expect
different order parameters for bulk and films, and higher
Tc beyond the scaling law limit. In bulk, a C-T-O-R
sequence of phase transition might happen upon decreasing
T’s. This corresponds to a QC-QT-QO sequence in films,
and a QC-QT sequence in 1D systems. Upon going from
3D to 2D, Fig. 4(c) shows the case when nothing was
jumped in bulk, including BTO and Pb½ZrxTi1−x�O3 (PZT).
In SnTe, the T and O phases were jumped. Besides this,

Phase C
[000]

BTO

PZT

SnTe

X
1
 material

3D phase sequence

2D phase sequence

3D existing phase

2D existing phase

Phase T
[p00]

Phase O
[pp0]

Phase R
[ppp]

PPhase qC
[000]

Phase qT
[p ]

High T Low T

X
2
 material

X
4
 material

1D existing phase

1D phase sequence

(c)

(d)

(e)
Phase qC

[000]
Phase qT

[p0 ]
Phase qO

[pp ]

X
3
 material

(b)(a)

CR

C‘O’

FIG. 4. (a) The C-T-O-R transition sequence in bulk BTO.
(b) Top panel: the spontaneous C-R phase transition in bulk SnTe.
Bottom panel: the artificial C-O phase transition in bulk SnTe by
constraining uz ¼ 0. Schematic of the transition sequence for (c)
the conventional FE materials including BTO and PZT, (d) 2D
anomaly including SnTe, and (e) 1D anomaly based on the same
mechanism remaining to be explored. X1 to X4 label candidates
for robust low-dimensional FE devices.
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when the 3D PE-FE phase transition happens between C
and O, the T phase can be jumped [X1 in Fig. 4(d)]. This
picture might also apply to the 3D to 1D and 2D to 1D
transitions. Three possibilities are shown in Fig. 4(e). When
the 3D PE-FE transition happens between C and R (or C
and O), the T and O phases (T phase) are jumped in bulk,
labeled by X2 (X3). When the 2D PE-FE transition happens
between QC and QR, the QT phase is jumped in the films
[X4 in Fig. 4(e)]. These suggestions based on symmetry
provide a simple rule of thumb to seek systems in which the
low-dimensional systems can possess higher Tc than their
higher-dimensional correspondences. Accurate numerical
characterizations, however, need to resort to the first-
principles based finite-T simulations as reported above.
Considering the fundamental importance of FE size effect
and phase transition problems in condensed matter physics,
we hope this work can stimulate more experimental and
theoretical studies in this direction.
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