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Abstract
The harmonics generated from the interaction of a strong laser field with atoms and molecules in
the gas phase can be applied as coherent light sources and detecting techniques for structures and
dynamics in matter. In the last three decades, the most prevailing experimental and theoretical
studies have been focused on the high-order harmonic generation due to its applications in
attosecond science. However, low-order harmonics near the ionization threshold of the target
have been less explored, partially because the spectrum in this region is more complicated from
both the theoretical and experimental point of view. After several pioneering investigations in the
mid 1990s, near threshold harmonics (NTHs) begun to draw a great attention again because of
the development of high repetition rate cavity enhanced harmonics about 10 years ago. Very
recently, NTHs have attracted a lot of experimental and theoretical studies due to their potential
applications as light sources and complicated mechanisms. In this topical review, we will
summarize the progress of NTHs, including the early and recent experimental measurements in
atoms and molecules, as well as the relevant theoretical explorations of these harmonics.

Keywords: near threshold harmonics, semiclassical methods, quantum path interference,
resonance effects
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1. Introduction

The interaction of atoms and molecules with strong laser
fields can lead to many interesting phenomena, such as above
threshold ionization [1–3], high-order harmonic gen-
eration(HHG) [4, 5], multiple ionization [6], dissociative
ionization and Coulomb explosion [7], and so on. These
phenomena can reveal the electronic and nuclear dynamics as
well as their correlation, which deepens our understandings of
the underlying mechanisms for the internal dynamics under
the manipulation of the strong laser field.

In particular, the process of HHG can not only serve as
spectroscopic imaging tools but also provide us with coherent
light sources in the extreme ultraviolet(XUV) range. On one

hand, high-order harmonics have been applied as a table top
light sources for those experiments which need large photon
energies, e.g., excitation of the electronic states of molecules.
On the other hand, the coherence of these harmonics allow us
to generate laser pulses with durations as short as tens of
attoseconds [8–10], which have pushed the investigations on
the ultrafast dynamics from the femtosecond(10−15 s) to the
attosecond(10−18 s) regime [11]. With the availability of
these attosecond pulses and the protocol of attosecond
streaking, an unprecedented time resolution has been
achieved in observing and controlling many ultrafast
dynamics inside atoms, molecules, and solids [11–14].

The investigation of HHG in the gas phase started from
the discovery of plateau regime in the late 1980s [4, 5],
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although a similar plateau structure was observed in the laser-
plasma interaction context at an earlier time [15, 16]. In the
very beginning when the laser intensity was weak, one thinks
that the harmonic yield drops exponentially with the increase
of the harmonic order due to the decreasing nonlinear sus-
ceptibility [17]. However, when the electric field strength of
the driving pulse became stronger, after the fast drop in the
yield of low-order harmonics, the experiments observed a
long plateau, where the harmonic yield does not change much
with the increase of the harmonic order. This plateau is fol-
lowed by a sharp cutoff of the photon energy. These highly
nonlinear phenomena suggest the inapplicability of the per-
turbation theory and a feasible way to synthesize a laser pulse
in the sub-femtosecond domain based on the broadband
spectra with comparable amplitudes [18–20].

After the discovery of the plateau in the harmonic gen-
eration, the major efforts in both the theoretical and the
experimental studies have been focused on the tabletop XUV
light sources and the generation of attosecond pulses [8–
10, 21]. Essentially, through the manipulation of the driving
laser pulses in one-color or multiple colors, the harmonic
emission process can be effectively controlled to select certain
harmonics, to enhance the harmonic conversion efficiency, to
generate a broad supercontinuum, or to extend the cutoff
energy. For example, with an optimization of a strong mid-
infrared driving laser, the cutoff energy of high-order har-
monics has been extended to the keV x-ray regime [22].

Unlike the prevailing investigations on the HHG for
more than 30 years, the low-order harmonics below or near
the ionization threshold of the target have attracted much less
attention. Initially, these low-order harmonics were thought to
be a perturbative response [17]. However, in the mid of
1990s, several experiments in the near threshold harmonics
(NTHs) were carried out in an elliptically polarized field and
an anomalous ellipticity dependence of the harmonic yield
was observed [23–25], which was partially beyond the
explanation of the strong field approximation(SFA) [26] that
has been routinely used to interpret the HHG process.

Ten years later, the potential applications as high repe-
tition light sources in the VUV range [27, 28] begun to arouse
revival interests in studying the below- or near-threshold
harmonics. When the harmonic generation process happens in
a cavity, the repetition rate can be quite high and the intensity
of the driving pulse is not very strong due to the reduction of
setups for the chirp pulse amplification. Thus, the generated
harmonics are mostly lying in the near-threshold regime. The
applications of these harmonics require the knowledge about
the coherence and other properties of these harmonics, which
have recently been investigated in experiments. In 2009, by
exposing Xe atoms in an intense 1070nm driving pulse, Yost
et al [29] observed the quantum path interference, shown as
step structures in the yield of the below threshold harmonics
as a function of the laser intensity. Soon after that, a negative
group velocity dispersion was observed in another experiment
in a scaled Keldysh system [30]. These two experimental
observations clearly revealed the failure of the perturbation
theory in this regime and suggested a classical trajectory
behavior in the generation of the low-order harmonics. Later

on, a detailed experimental investigation has been carried out
for NTHs from aligned molecules [31], which distinguished
different impacts for short and long trajectories. Very
recently, a carrier envelope phase(CEP) dependence of
NTHs was observed in a double optical gating(DOG) scheme
with a very short (about 1.3 fs) linear polarization window of
two circularly polarized lasers and its double frequency
component [32]. In addition, the CEP dependence of the low-
order harmonics has been applied to reveal the bound electron
dynamics in another experimental investigation [33]. They
used a short driving pulse to investigate the bound electron
dynamics and revealed a time delay of the electron’s response
to the applied field. Other properties of the low-order har-
monics has also been investigated in experiments, such as the
spatial distribution [34], the wavelength range of the emitted
harmonics [35], and so on. These investigations are necessary
in order to set a good foundation for the practical application
of low-order harmonics as a reliable light source.

Along with the above experimental work, theoretical
studies have been flourishing in the past few years in order to
understand the underlying mechanisms behind the rich phe-
nomena. The accurate theoretical description of the harmonic
generation process mainly relies on the numerical solution to
the time-dependent Schrödinger equation (TDSE) [36], in
which the harmonic spectra can be extracted by transforming
the time-dependent acceleration of the electron according to
the classical theory of radiation. With the help of SFA, a
transparent understanding of electron motion can be achieved
for high order harmonics. The underlying picture behind the
SFA is similar to that of the simple man’s model: between the
ionization and the recombination process, the electron’s
dynamics is assumed to be only governed by the laser field.
For the harmonics in the high-energy plateau regime, the
harmonic spectra calculated through the SFA [37] showed
excellent agreement with those computed by the numerical
solution to the TDSE. Through some modification to the
recombination dipole element, the quantitative rescattering
theory can achieve better agreement for the lower part of the
plateau [38–40]. However, these method cannot be directly
applied to describe the NTHs. These difficulties had been
encountered soon after the discovery of the simple man’s
model [41–43] when one tried to explain the experimental
observation of the abnormal ellipticity dependence of low-
order harmonics [23–25].

One usually thought that the low energy regime of har-
monic generation can be explained by the perturbation theory
and the high energy part can be described by a three-step
model. After the early experiments mentioned above, one
finds that it is difficult to give a solid theoretical description
for the low-order harmonics. On one hand, the perturbation
theory cannot be applied to these processes when the driving
laser is sufficiently intense [44]. On the other hand, due to the
important roles played by the Coulomb potential and the
bound states in the NTHs [45], methods(such as SFA) which
neglects the Coulomb potential cannot be directly used to
describe the NTHs as well. The quantum path interference
[29] has suggested some classical aspects in the generating
process. Therefore, the concept of the quantum trajectory may
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be modified to partially include the effect of the Coulomb
potential to reveal some insights into the NTHs. Indeed,
recent theoretical studies showed that the three-step model
still can be applied in this regime to discuss the trajectories of
electrons [46]. In the semi-classical description, the electrons
are treated classically after the tunneling ionization, the
Coulomb potential can be taken into account in the classical
Newton’s equation. It turned out that this kind of semi-
classical description has helped us to get a better under-
standing for NTHs, although it is not quantitatively accurate.
The classical description can be extended to the classical
trajectory Monte Carlo(CTMC) model to calculate the low-
order harmonic yields, which can have a rather good agree-
ment with the TDSE results in the tunneling deep regime [47].
In addition, it was found that the classical simulations can
also be compared to the time–frequency analysis of the TDSE
results to shed light on the electron dynamics below or near
the ionization potential [48, 49]. All these theoretical inves-
tigations have shown that both the quantum path interferences
and the resonance effects can both greatly impact the NTHs.

The purpose of the present topical review is to give an
account of the history and current status of the theoretical and
experimental studies on the NTHs, presenting a consistent
understanding of the rich phenomena. The rest of this paper is
organized as follows: in section 2, we will sketch the theor-
etical concepts of harmonic generation. Since the details of
these methods are basically the same as those for the calc-
ulation of HHG, we only introduce the concepts which are
useful in understanding the experimental and theoretical
results in NTHs. In section 3, we will survey the experimental
results in NTHs, including those experiments in early years
when an elliptically polarized driving pulse was applied. Then
in section 4, we will review the theoretical progresses in the
low-order harmonics, mainly focusing on the understandings
of the underlying physics in atoms and molecules. At last, we
will summarize in section 5.

2. Theoretical concepts of harmonic generation

In this section, we will introduce some theoretical methods
and concepts for the harmonic generation process, including
the numerical solution to the TDSE, the SFA, and the semi-
classical models. The goal of this section is mainly to present
a sketch of the relevant concepts with most of the details
neglected.

The quantum mechanical description of the strong field
phenomenon is based on the TDSE, to be numerically solved
exactly or analytically with some approximations. If one
defines = -  +H V rat

1

2
2 ( ), the corresponding TDSE is

then given by

¶F
¶

= + F
t

t
H H t

r
ri
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where the interaction Hamiltonian is expressed in the length
gauge as: = -H tr Eint

L · ( ).
The numerical solution to the TDSE on the temporal and

spatial grids can usually provide accurate results within the

single active electron (SAE) approximation, but the compu-
tation cost is relatively large and the underlying physics is not
transparent. Starting from the simple man’s model, the CTMC
method has been developed. The advantage of the CTMC is
the effect of the Coulomb potential can be partially included
in the electron’s propagation after its tunneling ionization.
Besides, several kinds of analytical solution to the TDSE have
achieved much success along the line of the simple man’s
picture, among which the SFA is widely used due to its
simplicity and transparent physical picture.

2.1. Numerical solution of TDSE

Here we only introduce the basic process of the numerical
solution of TDSE, interested readers can find more details in a
recent review [13] and references therein. To numerically
solve the TDSE, one should first discretize the wave function
in the space coordinates. The discretization scheme can be
either even spaced(e.g., finite difference) or uneven
spaced(e.g., finite element discrete variable representation).
After the spatial discretization, one has to evolute the wave
function in time, starting from the initial state(usually ground
state) wave function. There are many methods for the time
propagation of the wave function, such as the split-operator
[50, 51] and the Arnoldi method [52]. In principle, once one
has the time dependent wave function at any desired time
instant, one can extract any physical observable.

In the numerical solution to the TDSE, the time-depen-
dent wave function is usually calculated every time step
during the whole interaction process of the atom with the laser
field. Therefore, to get the harmonic spectrum, one can
evaluate the expectation values of the acceleration of the
electron as a function of time. Because of the Ehrenfest’s
theorem [36], the dipole acceleration can be written as

= áF -  + F ñt t V t ta r r E r, , , 2( ) ( )∣ ( ) ( )∣ ( ) ( )

in which case one can assume the linearly polarized laser is
along the z-axis. According to the classical theory of the
electromagnetic radiation, one can obtain the harmonic
spectrum from the power spectrum by making a Fourier
transform of the time-dependent acceleration. One can also
get some time information of the photon emission by some
kind of time–frequency analysis [53–55].

2.2. Time frequency analysis for the emission time

The dipole acceleration is a time dependent function, the
time–frequency analysis of this dipole acceleration can reveal
the emission time of certain frequencies. The analysis can be a
Gabor transform or a wavelet transform in the following form
[53–55]:

òW = Wt t W t tA a, d , 3t0 ,0( ) ( ) ( ) ( )

where WW tt ,0 ( ) is a window function, WtA ,0
2∣ ( )∣ indicates the

intensity of harmonic whose energy is Ω and the emission
time is t0.

The power and reliability of the time–frequency analysis
has been demonstrated by comparisons with the trajectories in
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the semiclassical methods. The agreement between the time–
frequency analysis from the TDSE and the semiclassical
results is very good, especially for the cases of long wave-
lengths of the driving pulse [56]. Due to its success, the time–
frequency analysis has recently been applied to interpret the
low-order harmonics from a classical point of view [49].

2.3. Strong field approximation

The TDSE (1) can be solved analytically under the SFA. The
SFA has made a lot of success in explaining both the ionized
electron spectrum [2, 3] and the harmonic spectrum [37] in
the high-energy plateau region. However, the SFA method
can not be directly used to correctly describe the NTHs.
Nevertheless, we will see that some mathematical and phy-
sical concepts from the SFA may still be borrowed into this
low-energy region of the harmonics.

In the SFA method for the harmonic generation, one
normally assumes that the excited states of atoms do not get
involved in the electron ionization and photoemission pro-
cess. At the same time, one assumes that the continuum states
are not affected by the ionic potential and can thus be
approximated by the Volkov states. In addition, the depletion
of the ground state is ignored as well. Under these assump-
tions, the matrix element for the emission of a photon with a
frequency of Ω in the harmonic process is given by [37]

ò ò òW ~-

´
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and the phase term is explicitly written as
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with Ip being the ionization potential of the target atom.
The physical content that equation (4) conveys is very

clear: the electron makes a transition from the ground state
directly to the continuum at some time t0, then it propagates in
the continuum with the presence of the laser field, until a later
time t1 when it returns to the range of the binding potential
and recombines with the ionic core to emit a photon with a
frequency Ω.

To get the photon emission transition amplitude, the
computation effort is daunting if one tries to carry out the
multiple integrations in equation (4). However, in most of the
cases, the phase term (5) is usually a fast oscillating function,
which makes it eligible to use the saddle point method to
evaluate the integrations. It turns out that the saddle point
method is endowed with an intuitive picture of quantum
orbits [57, 58]. In the saddle point approximation, the trans-
ition amplitude equation (4) recasts in the form of a sum over

all the saddle points as follows

å= WM a e , 6
n

n
S ti n

s ( )( )

where an is an amplitude and tn
s is determined by a set of

saddle point equations, which turns out to be complex since
>I 0p . The real part of tn

s is referred to the time when the
electron reaches the tunnel exit. To be specific, the saddle
points for the harmonic process are given by the solutions to
the following equations:
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The above conditions physically means in turn the energy
conservation in the process of tunneling, the condition that the
electron returns to the ionization position, and the generation
of a harmonic photon with energy Ω by its recombination
with the core.

The saddle points tn
s define a class of quantum orbits, in

which the electron departs from the ionic core and returns to
the ionization point to recombine. Actually, the real parts of
these orbits are very closely related to the trajectories in the
simple man’s model and the imaginary part of the ionization
time is related to the probability of the corresponding tra-
jectory. The concept of quantum orbits establishes a bridge
between the quantum and the classical mechanics. In the high
photon energy regime, the ionization and recombination times
for different photon energies can be compared with those
extracted by the time–frequency analysis of the time-depen-
dent acceleration, as shown in equation (3).

The final harmonic spectrum from the SFA can be
expressed as coherent superpositions of contributions by
different trajectories. For instance, if one considers a simpli-
fied situation of equation (6) where only two shortest trajec-
tories are considered, then the transition matrix of the
photoemission is given by

W = +M a S a Sexp exp . 101 1 2 2( ) ( ) ( ) ( )

The final harmonic yield is modulated by the phase of the
contributing trajectories. Thus if one calculates the harmonic
yield in different laser parameters and examines the harmonic
yield WM 2∣ ( )∣ with a fixed Ω, one can observe the interference
structure contributed by different trajectories. This had been
observed just when the SFA was first proposed [37]. With the
change of the laser intensity, the phase difference between S1
and S2 changes accordingly. This kind of interference struc-
ture have been verified by both the TDSE calculations and the
experimental measurements [59].

2.4. Simple man’s model and CTMC

In the simple man’s model [41–43], the strong-field ionization
process is divided into several steps. In the first step, the
electron enters the continuum by the optical field ionization
through the distorted Coulomb potential suppressed by the
laser electric field. Once the electron appears at the tunnel
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exit(which is usually small and thus ignored in the simple
man’s model), the laser field will dominate the interaction and
drive the electron away from the ionic core. At the last step,
the electron can return to the core when the driving field
reverses its direction. If the electron recombines to the ionic
core, it can emit a photon with energyW = +E Ik p, where Ek

is the kinetic energy of free electron at the return and Ip is the
ionization potential of the atom. For the ionized electrons,
only a fraction of them can return to the core and the max-
imum energy of the returning electrons is U3.17 p, where

w=U I 4p 0
2 2 is the pondermotive energy with I0 being the

driving laser intensity and ω the driving laser frequency. This
maximum electron energy leads to a cutoff position in the
harmonic spectrum at W = +U I3.17 p p.

The simple man’s model cannot provide more insights
for the harmonic generation than the SFA. However, the
advantage of this model is that the simplicity and the sepa-
rated steps which allow one to accommodate the Coulomb
potential in the propagation step. The modified model,
including the impact of the Coulomb potential, can be used to
qualitatively describe the low-order harmonics. If one con-
siders the Coulomb potential in the propagation step, the final
photon energy can be written as

W = + +E I V r . 11k p ( ) ( )

The photon energy Ω can be less than Ip if Ek is small enough
since V r( ) is always negative [46].

Based on the above discussions, one can go one step
further to simulate the harmonic generation process using the
CTMC method, which has been successfully applied to dis-
cuss many strong field phenomena [60–65]. The CTMC
method simulates all possible electron trajectories with dif-
ferent initial conditions and accumulates their contributions in
the final harmonic yield. Specifically, an ensemble of elec-
trons are initialized, each of whose probability is weighted by
a quasi-static ionization rate at its ionization time [66]:
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determines the ionization rate with respect to the tunneling
time t0 and
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gives the initial lateral momentum distribution, where E t0( ) is
the laser electric field, v̂i is the randomly sampled initial
transverse momentum. It should be noted that the probability

^W t v,0
i( ) here is not the analytical rate for both t0 and v̂i . It is

an intuitive combination of the ionization rate at t0 from the
ADK theory and the normalized initial lateral momentum
distribution [64].

After the preparation of the initial conditions, these
electrons are propagated according to the Newton’s equation
in the combined field of the laser pulse and the ionic potential.

When the electron travels close enough to the core, one
assumes that this electron recombines and at the same time a
photon is recorded in the harmonic spectra. The corresp-
onding photon energy is the summation of the potential
energy and the electron’s kinetic energy. After the end of the
laser pulse, the final harmonic spectra is calculated by
counting the number of photons in each photon energy bin.

One should be careful about the description of the
recombination process in this model because the quantum
recombination process does not have a classical correspon-
dence. The most simplest choice is to judge the distance of the
electron to the core, one assumes the recombination happens
once it is smaller than a certain prescribed value. An alter-
native choice is to choose the recombination distance to be
the electron’s initial tunneling point [47], which is different
for different trajectories depending on the ionization time.
Xiong and coworkers [47] have compared the harmonic
spectrum calculated by this choice to the results calculated by
the simplest choice of the recombination distance at various
fixed distances from 1a.u. to 6a.u. They found that the
calculated harmonic spectra are essentially the same for dif-
ferent recombination distances. However, for the choice of
fixed distances, the short trajectories corresponding to the
ionization when the electric field is small can not be correctly
described because the electrons are ionized quite far away
from the core for these trajectories and the electric field
reverses its direction immediately after the ionization: these
electrons have a long distance to be accelerated toward the
core and get a high energy when it recombines, which is
actually incorrect as the electron energy should be small. Of
course, in practice, these trajectories do not affect the har-
monic spectrum very much since the ionization rate of these
trajectories are extremely small and cannot be directly
observed in the final spectrum [47]. The studies in [47]
showed that the alternative choice of the tunneling exit as the
recombination distance can avoid this problem and get a
better description of these trajectories since in this case those
electrons will recombine soon after their ionization.

3. Experimental observations in NTHs

As mentioned in the introduction, most of the investigations
on the harmonic generation were focused on the plateau
regime due to their promising applications as spectroscopic
imaging tools and as ways of generating attosecond pulses.
Therefore, the seemingly useless NTHs had been paid much
less attention. On the other hand, the experimental observa-
tions for NTHs were also restricted by both the driving field
and the photo-detection technology. In this section, we will
first review the early experimental results and its possible
explanation in low-order harmonics and then go to the more
recent experimental measurements.

In the early 1990s, low-order harmonics were experi-
mentally studied for an elliptically polarized driving pulse
with different ellipticities [23–25]. At that time, the three-step
model for the harmonic generation was just proposed, which

5

J. Phys. B: At. Mol. Opt. Phys. 50 (2017) 032001 Topical Review



was faithfully used to interpret the high-order harmonics in
the tunnelling regime. However, when used to predict the
ellipticity dependence of lower-order harmonic yield, the
three-step model gave a theoretical result which was different
from that measured experimentally. On the contrary, the
experimental and theoretical results coincided with each other
for the high-order harmonics.

A few years ago, much attention began to go back to
low-order harmonics due to the high repetition light source.
Many novel phenomena have been experimentally observed
and added our understanding to the NTHs, which have paved
the way for applications of these harmonics as a coherent light
source and a frequency comb both in the VUV regime [27–
30]. In addition, one can generate a very short driving field
with a wide range of frequency with a well controllable CEP
stabilized for a long time and one can detect the phase of the
emitted harmonics [32, 33]. Along with these studies, some
other properties of these low-order harmonics have been
experimentally explored [34, 35, 67, 68].

3.1. Ellipticity dependence of low-order harmonics in atoms
and molecules

In 1993, the simple man’s model was proposed, which was
subsequently used to successfully explain many strong field
phenomena. The simple man’s model has become one of the
powerful models in strong field physics, which can provide an
institutive picture. There are two features in the HHG which
can be predicted by the simple man’s model: the cutoff energy
and the ellipticity dependence of harmonic yield. The former
has been introduced in the previous section, here we mainly
focus on the prediction of the rapid drop of the harmonic yield
with the increase of the driving laser ellipticity.

In the simple man’s model, it requires the ionized elec-
tron return to the core to emit harmonics. For an elliptically
polarized pulse, the electron will return to the core with a
momentum drift in the perpendicular direction of the major
axis. The recombination process requires the overlap between
the returning continuum wavepackets and the ground state
wave function. When the ellipticity is relatively small, there
may be a significant overlap due to the spread of the con-
tinuum wavepackets. When the ellipticity becomes large, the
momentum drift gets large as well and the returning electron
may miss the ionic core. Therefore, the recombination prob-
ability as well as the harmonic yield decreases with the
increase of the ellipticity of the driving field. This feature was
experimentally verified at that time for the high-order har-
monics [23–25].

However, for the low-order harmonics near the threshold,
as we will see below, the early and recent experiments have
shown that the ellipticity dependence becomes much more
complicated in atoms and molecules, which is beyond the
intuitive explanation of the simple man’s model.

3.1.1. Early studies of ellipticity dependence for atoms. In the
1990s, the amplified Ti:sapphire lasers were used in most of
the experiments to generate harmonics. For these laser
parameters adopted, the atomic ionization happens in the

tunneling regime, in which case the simple man’s model
works rather well for the qualitative understanding of the
HHG. Many experiments were carried out to detect the HHG
yield of different atomic species at various driving laser
parameters. For an elliptically polarized pulse, these
observations showed that the yield in high-order harmonics
decreases when the ellipticity of the driving laser increases, as
the simple man’s model predicts. However, for several kinds
of atoms, the experimental observations showed that the yield
of low-order harmonics did not drop smoothly as the
ellipticity increases.

In 1995, Burnett et al [23] reported the observation of the
ellipticity dependence of harmonic generation of neon for a
754nm laser at an intensity of ´3 1015 Wcm−2. They found
that the 13th harmonic( W » =I 21.56p eV) has a peak
around  = 0.1 when  changes. The maximum harmonic
yield is increased by 5 times compared with the harmonic
yield at  = 0. This observation cannot be explained by the
simple man’s model and indicates some other mechanisms for
the harmonics near the ionization potential. They also claimed
that qualitatively similar behavior for the 13th harmonic yield
was also observed for helium( »I 24.59p eV).

Several months later in the same year, Miyazaki and
Takada [24] experimentally investigated this problem as well.
The laser conditions of their investigation were similar to
those used in [23]. They also observed a peak when change
the value of  for the 13th harmonic of neon. They found that
the 13th order increases with an increasing  and reaches the
peak at  = 0.3 0.4– . However, they never observed such an
anomalous  -dependence in helium, which was different from
the measurement in [23]. Based on their observations, they
attributed the observed differences to the different energy
structures of these two atomic species. Two years later, they
further performed another investigation on this topic in 1997
[25], which included a systematic measurement of ellipticity
dependent harmonic for four different atomic species, i.e., He,
Ne, Ar, and Kr. The experimental results of the ellipticity
dependence of harmonic yield in different atoms were
reproduced in figure 1. As one can see, the yield of low-
order harmonics drops slower than the high-order harmonics.
In particular, for some harmonic orders, the harmonic yield
from an elliptically polarized driving field can be significantly
larger than that in a linearly polarized field. The anomalous
ellipticity dependence can be observed at the 11th and 13th
harmonic for Ne and at the 7th and 9th harmonic for Ar and
Kr respectively. Besides, their experimental results also
showed that the harmonic yield measurement can also be
affected by the sensitivity of the detection in different
polarization direction. Since the detection has a higher
sensitivity for vertically polarized field, the phenomenon
can only be observed when the linear polarization starts from
the horizontally polarized case( = 0 corresponding to the
horizontally polarized fundamental field). In this experiment,
they did not observe the anomalous phenomenon in He as
well. To explain this anomalous phenomenon, they suggested
the phenomenon should be explained through the near
resonant multiwave mixing process presented in an earlier
investigation [69].
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In the 1990s, the theoretical interpretation of the HHG
relied on the perturbation theory, the simple man’s model, or
the SFA. The perturbation theory is more applicable in the
multiphoton regime and the simple man’s model or the SFA
works in the tunneling regime. The theoretical understanding
of the ellipticity dependence of the low-order harmonics lies
in taking the Coulomb potential into consideration within in
the theoretical framework. However, the accurate considera-
tion of the Coulomb potential in an analytical form is very
difficult and remains a challenge. Nevertheless, one year after
the experimental observation in [23], Ivanov et al [26]
performed a theoretical investigation on this topic. They
applied a quasiclassical approach to correct the electron’s
motion after the tunneling ionization in intense laser fields, in
the presence of the Coulomb potential. Their calculations
were in quite good agreement with experimental data in [23].
They offered a very intuitive explanation of the underlying
physical picture as the theoretical method is trajectory based.
They explained the different ellipticity behavior for the 13th
and 15th harmonic results as an interference effect. Their
theory has a transparently classical picture: the low order
harmonics are generated by electrons born close to the peak of

the electric field, which return to the parent ion with a low
kinetic energy. For those electrons, the sign of the electron
momentum and of the dipole moment is reversed during the
second return. The superposition of the first and the second
return leads to a destructive interference of the dipole
moment. The destructive interference can cause a suppression
of harmonic emission in the direction parallel to the main axis
of the laser field. Hence, for a pulse with small ellipticity, the
perpendicular component can dominate the harmonic emis-
sion and result in an increase of the total harmonic yield. In
fact, this kind of descriptions in classical trajectories has been
confirmed in recent investigations [29, 46] for linearly
polarized lasers. However, there was no further study on
the phase of these trajectories and their interference in the
ellipticity dependence situation.

To our knowledge, there is no more work on the
ellipticity dependence of the low-order harmonics in atoms
after the above investigations. However, one cannot definitely
conclude which explanation is the preferable one. The major
difference between the experiments in the two groups is
whether the abnormal phenomenon can be observed in
helium. If this phenomenon cannot be observed in helium,

Figure 1. The ellipticity dependence of near threshold harmonics, measured for different atomic species: (a) Ne, (b) Ar, and (c) Kr. The
driving field was a 785nm Ti:sapphire laser at the maximum laser intensity around ´3 1015 W cm−2 with a pulse duration about 150fs.
Reprinted figure with permission from [25]. Copyright 1997 by the American Physical Society.
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one wonders why the interference mechanism cannot explain
the atomic species dependence. It seems that both the
interference and the resonance mechanism play important
roles in the NTH generation, which has been verified by
recent investigations [45]. These two mechanisms can both
influence the harmonic yield in some specific situations.
Recently, the anomalous ellipticity dependence of harmonic
yield has also been observed in aligned molecules [31], which
will be briefly covered next.

3.1.2. Ellipticity dependence of NTHs in aligned molecules.
The investigation about the harmonic generation in the
elliptically polarized laser fields has continued every since the
mid 1990s, but most of the studied were focused on the high-
order harmonics. The ellipticity dependence of the HHG
usually has a Gaussian distribution, whose width is related to
the electric field strength at the ionization time of the
corresponding harmonic order.

Another interesting topic has been the ellipticity depend-
ence of the harmonic yield in aligned molecules. For randomly
oriented molecules, the overall harmonic generation spectra
appear essentially the same as that in atoms. However, for
aligned molecules, the asymmetry and multi-center interfer-
ences in the HHG of molecules can be observed [70–74]. If
one takes the simplest molecule +H2 as an example, the
returning electron can recombine to either of the two nuclear
cores. The interference of these two paths can be observed in
the harmonic spectrum which is a landmark feature for the
HHG in aligned molecules. This kind of destructive inter-
ferences can lead to a similar abnormal phenomenon of the
ellipticity dependence of the yield of HHG [75].

Things becomemore complicatedwhen it comes to NTHs in
molecules. Recently, under the interaction of elliptically polarized
pulses with molecules (N2 and O2) [31], the anomalous ellipticity
dependence is again observed in NTHs. Their results showed the
ellipticity dependence is is related to both the molecular species
and themolecular alignment. They identified two contributions of
the harmonic signal near the ionization threshold through a
classical electron trajectory analysis.

Their experimental results for O2 are reproduced in
figure 2, which shows the measured harmonic signal as a
function of the laser ellipticity. Different alignment angles of
0◦ and 90◦ are shown in the left and right panel respectively.
With the increase of the laser ellipticity, the harmonic yields
for all the long trajectories(bottom panels) decrease
smoothly, which agrees with the results of the simple man’s
model. But for the short trajectories, the abnormal ellipticity
dependence can be observed(upper panels) in some situation.
When the alignment angle is 0◦, the yield of the 9th and 11th
harmonics of O2 increases as a function of the ellipticity and
reaches a maximum when the ellipticity is around 0.2 and
0.15 respectively. A similar effect can be observed for an
alignment angle of 90◦, but only for the 9th harmonic. For
harmonics above the ionization threshold, all the short and
long trajectories are observed with a smooth decay.

They also performed experiments for N2 molecules, the
yield of all harmonic orders decreases smoothly with an

increasing laser ellipticity for both the short and the long
trajectories. Therefore, their results showed that all long
trajectories follow the expected ellipticity dependence as
predicted by the three-step model, while the responses of
near-threshold short trajectories depend on the molecular
species. Thus the observed enhancements for O2 is not caused
by the ground molecular orbital since its orbital is similar to
that of N2. Besides, these observations also cannot be related
to the interference processes at the time of recombination
[75], because this mechanism would affect both the short and
long trajectories. For the long trajectories, they performed
classical trajectory simulations and identified the electron’s
motion after its ionization.

In their studies, they observed two kinds of effects in
NTHs. The long electron trajectories belong to the three-step
model and encode the structural information in the same way
as in the conventional high harmonic spectroscopy. The
ellipticity dependence of these trajectories is the same as
predicted by the simple man’s model, which is not dependent
on species. They also suggested that the short trajectories are
generated from multiphoton-driven pathways, and can be used
to reveal information about the excited states of the molecule.
The observations in short trajectories may be related to the
anomalous ellipticity dependency observed earlier in atoms,
and the phenomenon is different for N2 and O2. After this
experiment, some theoretical investigations were performed on
the topic of the ellipticity dependence of molecular harmonic
yield. These investigations verified the multiphoton-driven
pathways and we will cover these works later.

3.2. Interference structures and negative group velocity
dispersion in BTHs

In 2005, the experimental investigations on the low-order
harmonics begun to attract revival interest, partially due to the

Figure 2. The experimentally measured ellipticity dependence of
harmonic yields(with orders indicated) for the molecule O2, at the
molecular alignment angle 0◦ (left) and 90◦ (right). The contribu-
tions from the short and the long trajectories were shown in the top
and bottom panel respectively. The driving field was an 800nm
laser with a peak intensity of ´1.5 1014 W cm−2 and a duration of
30fs. Reprinted figure with permission from [31]. Copyright 2010
by the American Physical Society.
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development of cavity enhanced harmonic generation [27]. In
the cavity setup, the low-order harmonics in the VUV range
can be generated with a high repetition rate. The intra-cavity
high harmonic generation were demonstrated in the XUV,
which promises to lead to another joint frontier of the preci-
sion spectroscopy and the ultrafast science. With a cavity to
enhance the driving laser, the chirp pulse amplification system
is not necessary for generation of harmonics. This not only
reduces the complexity of the setup for the generation of high
harmonics compared to a typical chirped pulse amplification
system but also increases the repetition rate of harmonic
conversion by several orders of magnitude, reaching more
than 100MHz. At such a high repetition rate, the frequency
comb from the fundamental laser will also be usable in the
VUV regime, so that the high resolution spectroscopy in the
VUV is available for various potential applications.

The generation of cavity enhanced harmonic generation
not only leads to the frequency comb in the VUV range, but
also draws much attention about the generation process itself,
i.e., low-order harmonic generation, whose theoretical
description is still unclear. The experimental investigation
revealed the coherence [29, 30], the CEP dependence
[32, 33], and some other properties of these harmonics
[34, 35, 67, 68]. In this subsection, we will review these

progresses and mainly focus on some of the representative
experiments.

In 2008, Yost et al [29] noticed the lack of under-
standings for low-order harmonics and performed an exper-
imental investigation on this topic. They presented a
quantitative study of the harmonics generated below and near
the ionization threshold in xenon gas with an intense 1070nm
driving field. In the experiment, they measured the harmonic
yield as a function of the peak intensity of the driving laser, as
shown in figure 3. As we can see, there are interference
structures for the 7th, 11th, and 13th harmonics, while they
are not obvious for the 9th order. This kind of interference
structure as a function of the laser intensity in the high-order
harmonics has been explained by the quantum path inter-
ference. Specifically, there are normally several quantum
trajectories contributing to a certain harmonic order, and the
phase of those trajectories changes with the laser intensity.
The superposition of these trajectories then leads to the
interference structures at different intensities. This phenom-
enon is similar to the intensity dependent structure in the
HHG as predicted by the SFA [37] which has been verified by
the experiment in 2008 [59].

The experimental observation of the interference struc-
ture indicates that the concept of trajectories in the simple

Figure 3. The yields of different orders of near threshold harmonics for Xe as a function of the peak intensity of a driven pulse at 1070nm.
The step and dip structures, clearly observable for the 7th, 11th, and 13th order, were caused by the quantum path interferences. The scaled
TDSE results(solid lines) are in great agreement with those of the experimental data(red filled circles). Reprinted by permission from
Macmillan Publishers Ltd: [29], copyright 2009.

9

J. Phys. B: At. Mol. Opt. Phys. 50 (2017) 032001 Topical Review



man’s model is still applicable for the description of BTH
generation. To explore the contributions by different quantum
paths, they analyzed the single-atom intensity dependent
dipole moment for each harmonic order in terms of its phase
through a transform:

òa = -a wd I d I W I I I, e d , 15q q
U I

0
i

0p( ) ( ) ( ) ( )( )

where I0 and I is the laser intensity, -W I I0( ) is a window
function, and dq(I) is the qth harmonic yield when the driving
laser intensity is I. The results can be interpreted using the
equation (10) where the phase a w=S U Ip ( ) . The calcu-
lated ad I,q 0( ) stands for the contribution of different trajec-
tory phases α(or S) at the laser intensity of I0. From the
simple man’s model, the two shortest trajectories are the usual
short trajectory and the long trajectory. Their corresponding
phases are a p» 0.21 and a p» 21 respectively.

Their theoretical results for NTHs are reproduced in
figure 4 from 7th to 13th harmonic. As one can see, all of the
harmonics show multiple quantum path contributions and the
two dominant ones have phase coefficients a » 01 and
a p p» 2.5 31 – . These calculations indicate that the concept of
quantum path can be extended to the low energy range: there
are short trajectories and long trajectories contributing to the

NTHs. Usually, the short trajectories indicate a multiphoton
excitation and recombination process while the long trajec-
tories can be described by the inclusion of the Coulomb
potential in the simple man’s model. We will come back to
the detailed theoretical interpretation of this kind of inter-
ference structure in the section 4.

Soon after the above work in [29], Power et al [30]
characterized the phase of NTHs in a Keldysh scaled system,
in which they observed a negative group velocity dispersion
in these harmonics. Their observations were explained as the
effects of long trajectories as well. Due to the limitation of the
characterization techniques, they chose a Keldysh scaled
system to measure the BTHs. Specifically, a mid-infrared
laser at 3600nm was used to produce harmonics from Cae-
sium atoms. The resultant BTH harmonics simultaneously lies
in the visible wavelength range and can be easily detected. In
their experiments, the authors were able to measure the
spectral amplitude and phase to reconstruct the harmonics.
They performed the temporal characterization of BTHs using
the sum frequency generation cross-correlation frequency
resolved optical gating, a technique sensitive to the relative
delay between different harmonic orders.

Figure 4. Theoretical quantum path distributions as a function of the laser peak intensity, calculated for harmonics from the 7th to the 13th.
The color scale has been normalized for each intensity and shows only relative strengths. Reprinted by permission from Macmillan
Publishers Ltd: [29], copyright 2009.
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Their experimental observations and theoretical calcula-
tions both indicated that the harmonics below Ip have a clear
non-perturbative negative group delay dispersion. In figure 5,
we show their experimentally measured spectra and recon-
structed temporal structures. As one can see, the harmonic
phase decreases from the 5th harmonic to the 13th harmonic.
To further examine this decreasing phase, the derivative
f¶ ¶q was shown in figure 6 together with the calculated

phase from the TDSE simulations.
In their explanation, the observed negative f¶ ¶q2 2

suggests a generation mechanism for BTHs similar to the
semi-classical rescattering process described by the simple
man’s model. As we know, in the simple man’s description,
the short trajectories have an increasing phase with an
increasing harmonic order and the long trajectories are the
other way around. The observed negative group delay dis-
persion is an evidence supporting that these low-order har-
monics are generated from the long trajectory electrons
[30, 76], which is consistent with the results in [69]. They also
observed a divergence angle at 15 mrad for the generated
harmonics which is in agreement with the large divergence
expected for the long trajectory harmonics. The above results
suggest that the simple man’s model is still qualitatively
appropriate: the long trajectory electron wave packets can
recombine with net negative energies, producing harmonics
with  W Ip with a decreasing phase. From the results of
this Keldysh-scaled system, one can infer that the NTHs from
the m0.8 m Argon system should also have a nonperturbative
mechanism.

These two experiments discussed above initialized the
pursuit to reveal the underlying mechanisms of NTHs. They
have shown that the simple man’s model can be extended to
the low-order harmonics with some modifications and
approximations. After this, several theoretical works pre-
sented an improved description for this process. Subsequent
experimental investigations begun to pay attention to the
bound electron dynamics making use of BTHs and other
properties of NTHs. We will review the experimental results
in the next subsection and the relevant theoretical investiga-
tions will be reviewed in the next section.

3.3. CEP dependence and bound electron dynamics in BTHs

The applications of NTHs are not limited as a light source and
the frequency comb in the VUV range, these harmonics can
also reveal the bound electron dynamics. As the BTHs are
generated by the electrons whose energy is less than Ip, the
study of these harmonics can provide information about these
bound electrons. Recently, the NTHs were investigated
through a driving pulse in the DOG scheme by Chini et al
[32]. In the DOG scheme, the driving field is composed of
two circularly polarized pulses with a different rotation
direction, together with their second harmonic. The overlap
part of the two circularly driving pulse forms a linear window
which can generate harmonics while the circularly polarized
part do not affect the harmonic generation significantly.
Through the control of the CEP of the linear window of this
pulse, they observed a CEP dependence of BTH generation.

Their experimental results are reproduced in figure 7. In
this experiment, the long trajectory contributions were not
observed due to the phase-matching conditions. As we can
see from figure 7(a), the observed resonance-enhanced
structures are emitted in a laser-like beam since their

Figure 5. Reconstructed harmonics of atomic caesium, driven by a
3600nm laser pulse at the peak intensity of 1.6 TW cm−2: (a) the
frequency spectrum and the corresponding phase; (b) synthesized
harmonics in the time domain from the 5th to the 13th(blue) and and
its Fourier transform limit(red). Reprinted by permission from
Macmillan Publishers Ltd: [30], copyright 2010.

Figure 6. The harmonic phase f qd d from the 5th to the 13th
harmonics, extracted from the experimental data(solid) and a one-
dimensional TDSE calculation(dashed trace). The inset shows the
phase for a configuration of LiF window at different thickness:
2mm(solid line), 3mm(dashed line), and 5mm (dotted line).
Reprinted by permission from Macmillan Publishers Ltd: [30],
copyright 2010.
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divergence angles are similar to the 11th harmonic. The
observed small divergence(4 mrad) is consistent with pre-
vious measurements of BTHs in a tight focusing geometry
[77]. The ellipticity dependence of the integrated yield of the
resonance-enhanced structures between 15 and 15.8eV and
the above-threshold 11th harmonic is shown in figure 7(b).
For both the harmonics, the observed dependence of the
integrated harmonic yield on the driving laser ellipticity drops
faster than predicted by the perturbative harmonic generation.
The observed harmonic efficiency is reduced by an order of
magnitude when the ellipticity is tuned to 0.2, while the
theoretical results indicate the ellipticity should be about 0.4
when the yield drops one order of magnitude. Such a strong
ellipticity dependence suggests the possibility of temporally
‘gating’ and manipulate BTHs by shaping the driving laser
polarization.

To further explore the power of the temporally ‘gating’
technique for BTHs, they investigated the CEP dependence of
the harmonic yield. Figure 7(c) shows the dependence of low-
order harmonic generation on the CEP of the driving laser
using the DOG technique, which produces an effective sub-
cycle gating with the linear polarization. The observed
modulation of the resonance-enhanced structure yield with a
p2 periodicity is consistent with the DOG field and indicates
the field control of the resonance-enhanced structure emis-
sion(usually the period is π for a short linear driving pulse).
They also performed an experiment with the linearly polar-
ized 5fs pulses, and they found the effects of the CEP on the
intensity of the resonance-enhanced structure are much

weaker than that observed in the DOG field. This experiment
indicated the possibility to manipulate the bound electron
dynamics in an attosecond time scale through the control of
the CEP of the driving field. A further theoretical invest-
igation indicated that the CEP dependence in the low-order
harmonics can also be partially explained by the semi-clas-
sical model [47].

The DOG scheme is not the only ‘gating’ technique to
get a short linear window of the driving pulse. The direct
compression of the driving pulse can restrict the harmonic in a
short window as well. This kind of gating technique is called
ionization gating in the generation process of attosecond
pulses. Very recently, the emission of BTHs has been applied
as a way to detect the dynamics of bound electrons [33] with
an optical attosecond pulse. The optical attosecond pulse is
compressed from a white light with a wide range of spectrum
and its pulse duration is in the attosecond time scale. In the
time domain, its pulse duration is less than one oscillation
cycle. The pulse with the duration about one optical cycle is
referred as the single cycle pulse. In the frequency domain,
the optical attosecond pulse has more high frequency com-
ponent(which can be understood from a Fourier transform).

In [33], the authors demonstrated that intense optical
attosecond pulses synthesized in the visible and nearby
spectral ranges allow a subfemtosecond control and metrol-
ogy of the bound-electron dynamics. They observed the VUV
spectra emanating from Krypton atoms interacting with
intense waveform-controlled optical attosecond pulses.
Through the analysis of the observed spectrum, they revealed

Figure 7. Field controlled features of the resonance-enhanced structures: (a) a narrow divergence angle of the resonance structures (A and B)
and the above-threshold 11th harmonics. (b) The ellipticity dependence of the coherent line emission. The measured ellipticity dependence is
much stronger than that predicted by the perturbative generation of the 9th harmonic(blue solid line), but agrees qualitatively with the
extrapolated ellipticity dependence of the 9th harmonic from [77](black dashed line). (c) A strong CEP dependence of resonance structures
when its generation was confined to a single half-cycle of the driving laser. Reprinted by permission from Macmillan Publishers Ltd: [32],
copyright 2014.
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a finite nonlinear response time of bound electrons of up to
115 attoseconds. The experimental results also showed that
the response time is sensitive to and controllable by the
intensity of the driving field.

Their experimental results are shown in figure 8. Dif-
ferent results shown in figures 8(d) and (h) are respectively
produced by different driving pulses for optical attosecond
pulse(less than one optical cycle) and by a relatively long
single cycle pulse(about one optical cycle). Their corresp-
onding harmonic spectra are shown in figures 8(b) and (f)
respectively. As we can see, the optical attosecond pulse can
generate obvious low-order harmonics and the single cycle
pulse cannot generate much signal. This may be explained as
for the longer pulse, the high frequency components of the
driving pulse are filtered and the low energy photons cannot
excite the electron. From the harmonic spectrum in
figure 8(b), one can observe the CEP dependent harmonic
yield below the first excited state. The investigation of these
results reveals that it takes some finite time for the bound

electron to respond to the driving field. In their theoretical
model, the harmonic can be written as the superposition of the
3rd and 5th harmonic. To accurately describe the exper-
imental results, there needs to be a time delay between the 3rd
and 5th harmonic, which indicates the response time of the
bound electrons. This explanation were also been verified by
the time–frequency analysis from the TDSE calculations.

As mentioned before, the harmonic generation process
has drawn much attention because of either as light sources or
as the detection tools of the atomic and molecular systems. A
crucial point is how one interprets the experimental observed
harmonic spectrum and extracts useful information for the
detection of the interaction system. In the past investigations,
different studies demonstrated how to retrieve the molecular
structure, the cooper minimum, and the returning electron
wavepacket from the observed spectrum. The experiment in
[33] has shown us a new concept about the detection of bound
electron dynamics as the application of the BTHs. However,
in our opinion, the corresponding theoretical description is far

Figure 8. Attosecond control of dynamics in the bound electron of Kr. Spectrograms recorded from 5.5 to 15eV was shown for an optical
attosecond pulse in (b) and a single-cycle pulse in (f). Correspondingly, two special cases of both spectrograms for the global phase equal to
0(red line) and p 2 (black line) were respectively shown in (a) and in (e). Part (5.5–8 eV) of the spectrograms from (b) to (f) were shown in
(c) and (g). Representative driving waveforms for an optical attosecond pulse and a single-cycle pulse were respectively shown in (d) and (h).
Reprinted by permission from Macmillan Publishers Ltd: [33], copyright 2016.
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from being mature, some more deep investigations need to be
carried out in the future.

3.4. Other aspects in experimental studies of low-order
harmonics

The above experimental investigations revealed some physi-
cal insights into the harmonic generation near the ionization
threshold. Their studies indicated the role of long trajectories
in the simple man’s model can also influence low-order har-
monics and revealed the underlying electron dynamics during
this process. The experiments have triggered more exper-
imental studies for the harmonic generation process near the
ionization potential. These further observations paid attention
to other application features of these harmonics as light
sources, such as the spatial distribution, the harmonic fre-
quency range, the selection of harmonics, and the harmonic
intensity for NTHs. In this subsection, we will summarize
their experimental contributions in these aspects.

One of the important applications of the BTHs is as a
high repetition rate coherent light source in the VUV range.
The spatial distribution of the harmonic field is one of the
crucial features of a light source. The spatial distribution of
low-order harmonics has been investigated soon after these
early experimental studies introduced above. In 2011, Ham-
mond et al [34] studied the photon flux and the far-field
spatial profile for the NTHs, which were produced with a
femtosecond enhancement cavity-based XUV radiation
source. They explored the generation of NTHs produced from
Xe in a tightly focused geometry of a femtosecond
enhancement cavity near 800nm. In their experiment, short
trajectories and long trajectories were observed separately. In
their experiments, their observations showed that the 7th and
9th harmonic were dominated by short trajectories while the
11th and 13th harmonic were long trajectories dominated.

Along with the spatial profiles, the output frequency
range is also an important issue one concerns about in any
practical application. With different driving wavelengths, the
wavelength of output harmonics can be manipulated. How-
ever, the requirements of the experimental conditions are
different for different driving wavelengths. In 2012, low-order
harmonics from a cavity are investigated with a 518nm
driving laser [35] to generate short wavelength BTHs. The
driving field was generated by a frequency-doubled Yb-fiber
laser with a peak intensity of ´1.2 1013 Wcm−2. The
interaction area was in the femtosecond enhancement cavity
in the visible wavelength range. With this experimental set-
up, the harmonics of up to the 9th were generated with the Xe
gas jet. Their investigation showed that the power of these
BTHs can reach several milliwatts for the 3rd harmonic and
several microwatts for the 5th harmonic. This investigation
extended the wavelength range of cavity enhanced harmonics
and proved the potential of the BTHs as an efficient ultra-
violet frequency comb source for spectroscopic applications.

The selection of a single harmonic order is necessary in
some applications such as the seeding of the free electron
laser. In 2015, the selection of isolated harmonics were
investigated in the BTH regime [67] through experiments. In

this study, the contribution of the surrounding harmonics was
totally suppressed using the interferential filtering. Within this
scheme, they have analyzed and distinguished the behaviors
of the generation of a single selected even order harmo-
nic(the 6th harmonic obtained in a two-color setup) and of a
single selected odd order harmonic(5th harmonic in a single-
color setup). In their investigations, they found that the fun-
damental laser beam aberrations can cause the appearance of a
non-homogenous donut-shape in the spatial profile of the 6th
harmonic. However, this undesirable effects can be easily
controlled, indicating that the spatial quality of a selected
even harmonic can be as good as that in the usual odd har-
monic generation.

Apart from the above studies in various features of low-
order harmonics, the enhancement of the yield of high-order
harmonics has also been attempted experimentally, making
use of BTHs. In 2013, Brizuela et al [68] investigated a
scheme using the BTHs as a seed source to enhance the yield
in the HHG process. They introduced a scheme based on
using BTHs, generated in a ‘seeding cell’, to enhance the
HHG process in a ‘generation cell’, placed along the direction
of the driving field. By modifying the fundamental driving
field, the ionization step of the nonlinear HHG generation
process in the ‘generation cell’ can be manipulated by the
low-order harmonics generated in the ‘seeding cell’. The
purpose of this dual-cell scheme was to enhance the con-
version efficiency of HHG so that one can have a realization
of robust intense attosecond XUV sources. Their simulations
showed that the enhancement factor can be scaled far above
one order of magnitude by increasing the low-order harmonic
intensity. As the increase of yield of HHGs is a experimen-
tally challenging problem, the experimental scheme here
brought us a clue to solve this kind of problems in applica-
tions using nonlinearity of the HHG sources.

All these experimental work reviewed above have pro-
vided us with a lot of knowledge about NTHs from the basic
underlying physics to crucial properties as a light source. We
have gained much intuitive understandings about the har-
monic generation in this regime. As we mentioned, the
theoretical description of NTHs is quite complicated, due to
the important impact by the Coulomb potential and the
resonance effects of many bound states. There have been
many great advances in the theoretical understanding, we will
cover these comprehensive theoretical investigations in the
next section.

4. Theoretical investigations of NTH generation

Aroused by the recent experimental studies, there have been
many theoretical works using different kinds of methods. In
this section, we will review recent theoretical investigations
on NTH generation.

We will start from investigations with the perturbation
theory [44], which is applicable to describe the low-order
harmonics when the laser intensity is relatively weak. Then
we will review the theoretical progress which has been gained
by the TDSE calculations [45, 78]. The numerical solution to
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the TDSE is an accurate method for the description of NTHs
within the SAE approximation. By scanning and tuning many
parameters of the laser pulses, one can extract features of
NTHs from the TDSE calculations to identify the underlying
mechanisms such as the quantum path interferences and the
resonance effects.

As mentioned before, the concept of the quantum path
comes from the SFA. Investigations have verified that the
basic picture from this model can still help us understand
some features in the low-order harmonic generation process,
although the accuracy of the SFA is not guaranteed in this
region due to the strong impact of the Coulomb potential. In
addition, the semiclassical description of low-order harmonics
[46, 47, 79] has been well developed recently and has helped
us to intuitively clarify the underlying mechanisms for many
important phenomena in BTHs. Along with the time–fre-
quency analysis [48, 49], the classical methods can provide a
clear picture of this process. At the end of this section, we will
review recent theoretical investigations about the BTH gen-
eration in molecules [80–84]. As we can see, for molecules,
there are more degrees of freedom to be manipulated in the
process of BTHs.

When it comes to BTHs, the generation of attosecond
pulses from these harmonics is an interesting topic. Henkel
et al [85] investigated the VUV generation from a model neon
atom driven by a linearly polarized pulse and a polarization
gating pulse. They compared HHG in the linearly polarized
laser pulses to the method of polarization gating. They found
that attosecond pulses can be generated at the Fourier limit of
700as given by an indium filter, spectrally centered at 15 eV.
Their investigation verified the possibility to use the polar-
ization gating technique to generate attosecond pulses in the
low-order harmonics.

4.1. Breakdown of the perturbation theory

The perturbation theory was thought to be useful in
explaining the experimental observation of the low-order
harmonics. Recently, the transition from the perturbative
regime to the non-perturbative regime for NTHs is investi-
gated in [44].

They presented the results of accurate numerical calcu-
lations and perturbative calculations for the low-order har-
monics. By comparing the ab initio calculations and the
perturbative results, they found that the transition from the
perturbative to the nonperturbative interaction occurs around
the laser intensity of 1013Wcm−2 at the laser wavelength of
1600nm. These findings confirmed previous results that the
perturbative treatment needs to be replaced by a non-
perturbative treatment for the BTHs.

The integrated harmonic yield of 1st, 3rd and 5th har-
monic from the TDSE calculations and the perturbative power
law are shown in figure 9. In their investigations, the driving
laser intensity was increased from 1011 to 1014Wcm−2 at a
wavelength of 1600nm with a pulse duration of 10 cycles.
The power law says that for the nth harmonic, the harmonic
yield satisfies W µM I n

0( ) . The insets show the relative error
between the ab initio results and the power-law predictions.

As we can see, the higher the harmonic order, the sooner it
does not satisfy the power law. For the first harmonic, the
power law become inaccurate when laser intensity is larger
than 1013Wcm−2 while for the 5th harmonic, this critical
value is reduced to around 1012Wcm−2. Their results
showed that, for these laser parameters, the harmonic gen-
eration process gradually becomes non-perturbative for low-
order harmonics.

As expected, the perturbation theory cannot provide
accurate results for strong laser fields, which means that the
higher order perturbation is larger than the lower order per-
turbation when the driving laser intensity is strong. Never-
theless, the concept of multiphoton process can still be
generalized to the case of an intense field. For example, in a
usual harmonic spectrum one can observe separated odd
harmonics. To explain these harmonics, one can attribute this
phenomenon to the interference of electrons ionized at dif-
ferent half cycles, or one can interpret the phenomenon as a
N-photon transition, considering the symmetry of the atomic
system. This concept of the multiphoton transition is quite
useful in the low-order harmonic generation for resonance
effects or the bound electron response time [33], which will
be discussed later in this section.

Figure 9. Comparisons of the integrated harmonic yields as a
function of the peak laser intensity, for (a) 1st, (b) 3rd, (c) 5th order,
between the ab initio calculations(solid circles with solid lines) and
a perturbative I n power-law fit which was matched to the ab initio
results at the lowest intensity. The insets shows the relative error
between the two results. In all the calculations, a 1600nm laser
pulse with 10 optical cycles was adopted. Reprinted figure with
permission from [44]. Copyright 2015 by the American Physical
Society.
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4.2. Quantum path interferences and resonance effects
studied by TDSE

As one knows, the accurate theoretical method on the har-
monic generation is based on the numerical solution to the
TDSE. For instance, in the recent study on the interference
structure in the yield of BTHs [29], the comparisons between
the TDSE results and the experimental data are very good.
One of the advantages of the TDSE calculations is that, as
long as the stability and the convergence of the numerical
method is guaranteed, it can be applied to extract the har-
monic spectrum in any energy range at different laser para-
meters. In this way, one can identify many mechanisms
underlying the phenomena in NTHs with a large amount of
calculated spectra.

In this subsection, we are going to review several
theoretical studies based on the TDSE calculations. In part-
icular, we will focus on the quantum path interference and the
resonance effects in BTHs.

4.2.1. Quantum path interferences. In the experiment in
2008 [29], the intensity dependent quantum path interference
[59] was investigated and the phases of different trajectories
were calculated. As described before in equation (10), the
harmonic yield can be affected by the phase difference of S1
and S2. This phase is considered to be the phase that the
electron accumulates during its propagation in the driving
field and it can thus be influenced by both the peak intensity
and the wavelength of the driving laser.

The wavelength dependence of harmonic yield has been
extensively investigated when a mid-infrared pulse is applied
to extend the cutoff energy(3.17Up) of high-order harmonics
[56, 86–98]. These investigations indicated that when the
wavelength λ increases, the harmonic yield decreases as
lµ -5. Besides, the quantum path interference structure can

also be observed [88, 90] when one scans the harmonic yield
as a function of λ in a very small spacing. In experiments, the
driving laser intensity is easier to control continuously and the
interference structure looks like steps as the harmonic yield
increases rapidly with the increase of the laser intensity [29].
However, the fast increase of the harmonic yield and the
saturation effect forbids one to investigate this phenomenon
in a larger parameter range.

Comparably speaking, the interference structure can be
easier to be observed when one changes the wavelength, as
demonstrated in a recent study [45]. In this study, the
harmonic yields with different driving wavelengths were
calculated by the TDSE calculations for a 20-cycle pulse at a
peak intensity = ´I 6 100

12 Wcm−2. The wavelengths
varied from 702 to 1080nm with a small space dl = 1 nm.
Their results are shown in figure 10. As seen from this figure,
the spectra from the 5th to the 11th order oscillates with the
change of the wavelength and show complicated structures.
By detailed studies, they found that these structures are
contributed both by the quantum path interference and by the
resonance effect, which will be discussed below. In figure 10,
besides these structures changing with the wavelength, there
exist photon emissions at almost fixed photon energies for all

wavelengths, among which one of the most significant ones is
at photon energy of 0.375a.u.(corresponding to the transition
from the 2p to 1s state). These emissions are similar to
resonance structures recently observed in the DOG scheme
experiments [32]. Please note that, these emissions normally
can be understood when the resonance happens for a certain
photon energy. However, the authors showed that [45], for the
wavelengths whose photon energies do not satisfy the
resonance condition, the excitation mechanism can be a
quasi-static excitation since it is insensitive to the wavelength
and the laser ellipticity. The ellipticity insensitiveness of these
emissions, may be related to the observed abnormal ellipticity
dependence for a certain order of harmonics discussed earlier
[23–25].

In order to disentangle the two mechanisms contributing
the complicated structures in figure 10, the authors calculated
the integrated yields of the 5th, 7th, and 9th harmonic as a
function of the wavelength(from 702 to 820 nm) at various
laser intensities, as shown in figure 11. Immediately, one can
see that all the three harmonic orders have two series of peaks
marked as ‘A’ and ‘B’ respectively. It turns out that the
peak ‘B’ is mainly caused by the quantum path interference
while the peak ‘A’ is mainly contributed by the resonance
effects.

Here, we first look at the quantum path interference and
the resonance effects will be discussed later. In the
investigation on the dependence of the harmonic yield on
the wavelength, interference structures have the same
physical origin with that of the intensity dependent inter-
ference structures. Both of them can be explained by the
quantum path interference in the SFA as discussed before
with equation (10). In the description of SFA, one can go one
step further about the interference structures. It can be
deduced that the quantum path interference is related to the
channel closing number defined by =

w
+

R
U Ip p [88, 99].

Gentle interference peaks will emerge while R is a little
smaller than an integer if the ground state of the Coulomb
potential is used in the calculations. The harmonic yields in
BTHs cannot be accurately estimated by the SFA, while the
concept of quantum orbits can be generalized to understand
this phenomenon. For the case of BTHs, the contributing

Figure 10. The low-order harmonic harmonics of hydrogen atom,
driven by an intense laser pulse at a peak intensity of = ´I 6 100

12

W cm−2 at various wavelengths from 702 to 1080nm. Reprinted
figure with permission from [45]. Copyright 2014 by the American
Physical Society.
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electrons with the long quantum orbits will return to the core
after its excursion in the laser field for about one optical cycle.
From a simplified quantum path interference model, the
superposition of these long orbits and the short orbits with a
near zero phase can also lead to interference peaks spaced by
d »R 1. These interference peaks can be observed in the
harmonic spectrum. In their results shown in figure 11, the
position of peak ‘B’ at all laser intensities satisfy »R 8.8.
These observations suggest that these peaks are mainly
contributed by the interferences of generalized short and long
quantum orbits in the BTH region.

4.2.2. Resonance effects. We now come to discuss the
series of structures maked by peak ‘A’, which are mainly
contributed by the resonance effects. Actually, the resonance
effects had been investigated for the HHG soon after the
method of the numerical solution to the TDSE was developed.
In the resonance phenomenon, the harmonic yield can be
enhanced due to the existence of bound states. The bound
states act as an intermediate state when the electron gets
ionized or before its recombination. In 2000, through the
TDSE calculations, Gaarde et al [100] investigated the
resonant multiphoton population transfer in potassium
atoms. They found that the amount of electron population
transferred to the excited state as a function of wavelength
and intensity shows clear signatures of resonances. This
phenomenon was further investigated by using a chirped laser
pulse to temporally resolve the process. They concluded that
the resonant process competes strongly with the direct,
nonresonant ionization of the ground state. Later in 2001
[101], they continued to investigate the enhancement of many
high-order harmonics via a single multiphoton resonance.

They calculated the harmonics generated subjected to a long
mid-infrared radiation. They found that several harmonic
orders are enhanced through a single multiphoton resonance
over a wide range of intensities, and that the width of the
enhanced harmonics is governed by the lifetime of the
multiphoton resonance states. This investigation revealed that
it is possible to enhance neighboring harmonic orders via a
single resonance if the multiphoton transition matches the
energy difference between the ground state and an excited
state. After that, Maquet’s group performed systematical
study of the roles of resonances and recollisions in both the
above threshold ionization [102] and the high harmonic
generation [103].

In principle, the low-order harmonics are more easily to
be affected by the bound states of the atomic potential since
the photon energies involved are close to the energies of the
excited states [45] performed some detailed studies to
the resonance effects in BTHs. The authors found that the
resonances can happen both in the ionization step and the
recombination step. This means that the bound states can act
as intermediate states either in the ionization step or the
recombination step. The resonance in the ionization step
happens when wW = n matches the energy gap between the
ground state and a certain excited state. In this case, the
electron is easier to get excited to and ionized from
the excited state. This can be observed from the fact that
the harmonic yield can be enhanced for some certain
wavelengths. Peak ‘A’ shown in figure 11 is just one of
them, which can be identified as a 6-photon resonance with
the shifted = ñn 2∣ state. This is similar to the previous
investigations that several harmonics can be enhanced
through a single resonance. For a resonance in the
recombination step, it means that for the electrons with the
long trajectories, they can be trapped in Rydberg states before
their recombination. The trapping of these electrons may
influence the phase accumulated in the propagation step and
may smear out the interference structures for a certain
harmonic energy( W » Ip).

After this, some further investigations have been
performed for the resonance enhancement in He atom by
Camp and coworkers [78]. In their studies, the wavelength of
the driving field in the TDSE calculations varies from 425 to
500nm and the intensity changes from ´3 1013 to

´1.4 1014 Wcm−2. They identified that through the multi-
photon resonances between the ground state and the Stark-
shifted 1s2p, 1s3p, and 1s4p excited states, 7th, 9th, and 11th
harmonic are enhanced. Their numerical results for the
integrated 9th harmonic are shown in figure 12. For the 9th
harmonic, an Autler–Townes-like splitting of the enhance-
ment feature due to the 3p state can be clearly observed. The
splitting of this enhancement happens when the wavelength
and intensity of the driving field strongly couples the 3p state
to the nearby dark 2s state. They also performed a time–
frequency analysis of these emissions and the results showed
that both the short and the long quantum path are enhanced
through these resonances.

Figure 11. Two sets of resonance structures appear in the integrated
harmonic yield as a function of the wavelength at various peak
intensities, for: (a) 5th, (b) 7th, and (c) 9th harmonic. Reprinted
figure with permission from [45]. Copyright 2014 by the American
Physical Society.
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4.3. Various progresses made by semiclassical methods

We mentioned that the concepts of trajectories are still useful
in describing the harmonic generation near the ionization
threshold. Actually, recent studies showed that semiclassical
methods such as CTMC simulations can help us to understand
many interesting phenomena in low-order harmonics.

For the explanation of interference structures identified in
the experiment of [29], the authors already suggested the
contribution of the long trajectories to the BTHs. After that,
Hostetter et al [46] performed a classical simulation for the
electron trajectories to visualize these quantum paths. In their
model, they assumed the electron travels under the interaction
of both the laser field and the Coulomb potential. The electron
energy is calculated by the summation of the kinetic energy
and the potential energy. When the electron returns to the
core, it is possible for the electron to have a negative energy,
which corresponds to the emission of a photon energy less
than Ip if the electron recombines to the core. A typical
evolution of the electron trajectory and its energy as a func-
tion of time are shown in figure 13. As one can see, these
electrons are ionized at the peak of the driving field. When
they return to the core, the kinetic energy is rather small and
the total energy is negative due to the negative potential
energy. They found that these electrons can contribute to the
BTHs and their phase information agrees with the calcula-
tions in [29] and the performance of these long trajectories are
not sensitive to the choice of initial conditions of the
electrons.

After this classical model, the semiclassical description
for BTHs has been developed in two directions. On the one

hand, a more accurate semiclassical model(CTMC) has been
developed to calculate the final harmonic spectrum. On the
other hand, those classical trajectories have been compared
with the time–frequency results from the TDSE calculations
to reveal more reliable electron dynamics. Here we will
summarize these studies which have extended the semi-
classical model in the BTH regime.

4.3.1. Half-cycle cutoffs in below threshold harmonic
generation. The CTMC method has been introduced in
section 2. The advantage of this method lies in the description
of trajectories of low-energy electrons with the Coulomb
potential taken into consideration. The CEP dependence of
high-order harmonics is related to the ionization rate and the
classical trajectory. The CEP dependence in the high energy
part has been successfully explained within the classical
model [104, 105]. When it comes to BTHs, the CEP
dependence effect has also been experimentally observed in
a DOG setup [32]. Recently, Xiong and coworkers [47] have

Figure 12. The integrated yield of the 9th harmonic as a function of
both the wavelength and the peak intensity of the driving laser. The
white lines mark the photon energies of resonant enhancements due
to the 2p and 3p states, while the dashed black line highlights the
Autler–Townes splitting of the 3p state. Reprinted figure with
permission from [78]. Copyright 2015 by the American Physical
Society.

Figure 13. Trajectory-based analysis in the generalized semiclassical
model by including the Coulomb potential. (a) the position of the
electron as a function of time. The dashed(red) line represents the
force from the laser field. (b) the electron energies for the same
trajectory shown in (a). The laser intensity is 1014 W cm−2 and the
return energy is about −0.25 a.u. Reprinted figure with permission
from [46]. Copyright 2010 by the American Physical Society.
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used the CTMC method to explain the CEP dependence in the
low-order harmonics. In the tunneling regime, they found that
the CEP dependence of low-energy harmonics can be well
explained through a CTMC model. The agreement between
TDSE and CTMC model is rather good even for the low-
order harmonics.

In figure 14, their harmonic spectra [47] are shown for a
model He with the model potential

= - + + -V r r r r1 1 27 16 exp 27 8 . 16( ) [ ( ) ( )] ( )

The driving field is at 1800nm with a peak intensity of
´7 1014 Wcm−2 and has a pulse duration of 2.3-cycle full

width in a sin-square pulse shape. Please note that, the
choices of the laser parameters and the atomic helium ensures
the ionization happen in the deep tunneling region so that the
ionization probabilities can be correctly assigned in the
classical simulation. In addition, the selection of He atom
with a large ionization potential can effectively avoid the
significant bound–bound transition [45]. These are crucial to
make the CTMC method applicable so that one can discuss
the classical trajectory effects on the BTHs.

As can be seen from figure 14, the whole spectrum
calculated by the CTMC method agrees well with that from
the TDSE. If one looks at the high energy part, the well
understood high-energy half-cycle cutoffs can be clearly
observed in both methods. At the energy range around the
ionization potential about 0.9a.u., some CEP-dependent
structures can also be seen in both figures 14(a) and (b).
From these two figures, one can observe that with the
decreasing harmonic energy, the harmonic yield has a sudden
drop near the ionization potential, this sudden drop can be
identified as a low-energy cutoff structure. when the CEP f
increases from 0 to about 1.6 rad, the position of this low
energy cutoff moves toward a lower energy. When f is

further increased, the spectrum becomes complicated due to
the multiple return trajectories. This investigation showed that
the low energy cutoff have the same classical origin as the
high energy cutoff. The returning electrons have a minimum
recombination energy for short driving pulses and this
minimum energy is dependent on the CEP.

Through a careful study of the low-energy cutoff, this
investigation further identified the roles of the multiple-return
trajectories and the effects of the ionic potential. Although the
impacts of these two were usually difficult to be directly
observed in the harmonic spectrum, both of them can be
explicitly demonstrated with the reference of the low-energy
cutoff structure. In addition, they found that the CEP
dependence of BTHs is very sensitive to the driving pulse
duration. This observation was in agreement with the DOG
setup [32] experiment where the CEP dependence of the
harmonic yield disappears for a 5.5fs linear driving pulse.

4.3.2. Correspondence between NTHs and the frustrated
tunneling ionization. Along with the ionization process and
harmonic generation process, the creation of Rydberg states is
another important phenomena when atoms or molecules are
subjected to an intense laser field. The latter has been dubbed
the name of frustrated ionization in 2008 [106]. Later on,
Landsman and coworkers [107] carried out a detailed study
about the similarities and differences between the HHG and
the creation of the Rydberg atoms through the laser ellipticity
dependence. They found that the two processes involve
electrons tunneling at different time: the HHG electrons
tunnel out after the peak of the electric field and then
recombine with the core, while the dominant FTI electrons
tunnel before the peak and do not come back to the core. In
addition, it has been showed by Liu et al [108] that FTI is
related to the partial atomic stabilization observed in strong
infrared fields. From a detailed semiclassical analysis, they
found that there are actually two different types of orbits
contributing to the creation of Rydberg atoms: directly
launched into the elliptical orbits(type 1) or ejected after
collisions with the core(type 2).

In a recent theoretical work, Xiong et al [79] bridged the
two processes of the BTH generation and the creation of low-
lying Rydberg atoms(mainly via type 2 orbits) through the
frustrated tunneling ionization. In this work, an underlying
correspondence relationship is identified between these two
processes with the CTMC and TDSE calculations. The yield
of BTHs and the population of low-lying Rydberg atoms can
be simultaneously manipulated by the control of the CEP of
the laser pulse. The electrons that generate the BTHs and the
Rydberg atoms are both low energy electrons, they are both
ionized around the peak of the driving field. In the theoretical
calculations, these two phenomenon have a similar CEP
dependence. Some further semiclassical investigations
showed that they share a similar bunch of electron
trajectories.

In figure 15, the yields of BTHs(left column) and the
population of Rydberg states(right column) are shown as a
function of the electron energy at different CEPs of the pulse

Figure 14. The harmonic spectra(in the log scale) from a SAE
helium driven by an intense mid-infrared pulse, calculated by TDSE
in(a) and by CTMC in(b) respectively, at various CEP f. For the
case of f p= 2, A, B, marks the low energy cutoffs and C marks
the high energy cutoff. Reprinted from [47] under a Creative
Commons Attribution 3.0 Unported (CC-BY) license.
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calculated by the TDSE and the CTMC respectively in the
work of [79]. The laser parameters are the same as those in
the figure 14. Each harmonic energy was subtracted by the
value of the ionization potential Ip, which makes the
horizontal axis of figures 15(a) and (c) the return electron
energy at its recombination instead of the photon energy.
Besides, as the Rydberg states calculated by TDSE in
figure 15(b) are represented by blocks in the energy axis
because bound-state energies are discrete. For example, the
energy of the = ñn 2∣ state is −0.158a.u. and the energy of
the = ñn 3∣ state is −0.064a.u. These energy differences are
chosen to be the center of the energy blocks we use here in
this figure. The same energy block was used for the harmonic
spectrum in other figures of figure 15 for a better comparison.
As one can see, the results from the CTMC simulation-
s(lower) agree quite well with those of the TDSE
calculations(upper). The striking features are that the CEP-
dependence of BTHs and Rydberg population is very similar,
both dominated in f p pÎ 0.5 , 0.7( ). Some further investiga-
tions revealed that the electrons which generate the BTHs and
which are trapped in Rydberg states share similar initial
conditions. When the CEP changes, these electron trajectories
change in a similar way, which leads to the similar CEP
dependence of the BTHs and the Rydberg state populations.
This investigation indicates the classical description is
qualitatively correct for both the low-energy harmonics and
the Rydberg atom creation when the lower excited states are
not closely coupled with the ground state via multiphoton
resonances.

4.4. Time–frequency analysis for NTHs

As mentioned above, the classical trajectories have been
compared with the time–frequency results from the TDSE
calculations in the BTH regime. The time–frequency analysis
is a well developed tool in the numerical solution to the TDSE
to extract the emission time of in high-order harmonics
[53–55]. The recombination time from semiclassical models

can have rather good agreement when compared with the
time–frequency analysis from the direct solution to the TDSE.
For low-order harmonics, due to the small photon energy, the
time resolution of the time–frequency analysis is rather lim-
ited. However, recent studies [48] showed that the time–fre-
quency analysis through a synchrosqueezed transform(SST)
can have some agreement with the classical trajectories and
the agreement provides the dynamics of these low energy
electrons. Previously, we have mentioned the application of
time-frequency to the role of resonance and the electron
response to the driving field. Here we will review some
results using time–frequency analysis to identify the classical
trajectories for low-order harmonics.

In 2014, Li et al [48] presented an ab initio investigation
on the BTH generation of He atoms in few-cycle infrared
laser fields by accurately solving the TDSE and Maxwell’s
equation simultaneously. They found that the enhancement of
the BTH generation only occurs to near the resonance
structure of He. With the help of the quantum and semi-
classical trajectories analysis, as well as the SST of the har-
monic signal, they revealed that the contribution of several
multirescattering trajectories to the resonance-enhanced BTH
generation. Figure 16(a) shows the time–frequency analysis
of the harmonic spectra of He by the Gabor transform, along
with the corresponding semiclassical result. However, from
figure 16(a) it is difficult to recognize the contributions of the
individual rescattering and multirescattering trajectories in the
near- and below-threshold regions due to the limitation of the
time resolution of the Gabor transform and several time–
frequency profiles with different ionization peaks are super-
posed. Figure 16(b) shows the SST time–frequency analysis
of the same spectra. As one can see, the results from SST are
clearer than that from the Gabor transform. By comparing
with the classical calculations, the multirescattering trajec-
tories, mentioned before [47], can be clearly seen in the
figure. These trajectories are marked by the yellow arrow and
have strong contributions to the NTH and BTH whose

Figure 15. The BTH spectra and the low-lying Rydberg state population as a function of the return electron energy. Comparisons are made
between the results by TDSE in(a), (b) and by CTMC in(c) and (d), for different CEP f of a 2.3-cycle sin2 pulse with a wavelength of
1800nm and a peak intensity of ´7 1014 W cm−2. Reprinted figure with permission from [79]. Copyright 2016 by the American Physical
Society.
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corresponding harmonic orders are from 13th to 15th. The
good agreement between semiclassical result and SST result
means that the SST is capable of revealing the characteristic
behaviors of harmonic spectra below the ionization threshold.
In the time–frequency or the semiclassical model, the concept
of multirescattering trajectories can be defined and their
contribution can be observed. However, in a realistic exper-
imental measurement, we do not have the time resolution as
the time frequency analysis to observe the contribution of
harmonics emitted at different times. Thus, the multi-
rescattering trajectories cannot be directly observed in the
harmonic spectrum. But as recently discussed [47], the effects
of these multirescattering trajectories in the harmonic spec-
trum may be observed with the help of low-energy cutoff
structure for a very short laser pulse.

The above investigations demonstrated that one can
already observe the dynamics of the low energy electron with
the help of time–frequency analysis and the classical model.
In 2015, a further study [49] investigated electron dynamics
from the NTH and BTH generation of Cs with the SST
method and classical model. They performed a TDSE calc-
ulation of the NTH and BTH generation of Cs atoms in an
intense 3600nm mid-infrared laser field. Combining the SST

spectrum and a semiclassical analysis, they were able to
clarify the electron dynamics during this harmonic generation
process.

We reproduce their main results in figure 17. The time–
frequency representation in figure 17(a) shows the recombi-
nation time of short and long trajectories. As we can see in the
time–frequency calculations, the main contribution to the
high-order harmonics is due to the short trajectories.
Figure 17(b) is a enlarged view of the low order harmonics. In
this figure, the trajectories between the 9th and 13th harmonic
suggest the contribution of multiple return trajectories, and
the prominent trajectory located near the vicinity of the 7th
harmonic may be caused by the resonance effects.

The semiclassical results are presented in figures 17(c)
and (d). The short trajectories 1, long trajectories 2 and the
multiple return trajectories 3 (second return) from the classical
model can be clearly observed for high-order harmonics. For
BTHs, the trajectories that released late and return early are
regarded as the below-threshold short trajectories 4, and those
released early and return late are labeled as the below-
threshold long trajectories 5. The trajectories marked by 6 are
the resonant trajectories. These trajectories are released and
almost immediately return. They can only contribute to the
near resonance 7th harmonic.

The combination of the time–frequency analysis and the
classical trajectories further verified the classical description
for the BTHs. Although the accurate calculation of these
harmonics through a semiclassical model is difficult at the
present, the basic concepts has been widely accepted.

4.5. NTHs in molecules

The investigations for low-order harmonic generation process
have recently been extended to molecules. As the molecules
have more complex structure and more degrees of freedom,
many additional interesting phenomena can be observed. For
example, the abnormal ellipticity dependence in molecules is
also influenced by the alignment angle of the molecular axis
with respect to the laser polarization. Besides, the studied
phenomena in molecular HHG can also be observed in NTHs,
such as the ellipticity of the harmonic emission, the odd
harmonics, the interference structures, and so on. In this
subsection, we will first review the abnormal ellipticity
dependence in molecules and then summarize the extension
of some molecular HHG phenomena to NTHs.

Different from atoms, molecules have multiple centers
and their alignment angle can be manipulated. As has been
discussed in [30], the ellipticity dependence of harmonic yield
in molecules is influenced by the alignment angle. After the
experimental observation in [30], a theoretical work based on
the time dependent density function theory(TDDFT) [80]
also found a similar abnormal harmonic spectrum in mole-
cules. But the physical mechanism of these abnormal ellip-
ticity dependence is still not fully understood yet. They
investigated the ellipticity dependence of the NTHs of aligned
H2 molecules using TDDFT. The abnormal ellipticity
dependence of the harmonic yield was observed in the cal-
culated results. They suggested the anomalous maximum for

Figure 16. (a) The analysis of the harmonic spectra of He by the
usual Gabor transform. (b) the time–frequency analysis by the SST
for the same spectra. The laser intensity is ´9 1013 W cm−2 and the
wavelength is 760nm. The green dashed line indicates the
corresponding semiclassical result and the yellow solid line indicates
the ionization potential Ip. Reprinted figure with permission from
[48]. Copyright 2014 by the American Physical Society.
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the NTHs in H2 can be attributed to multiphoton effects of the
orthogonally polarized component of the elliptically polarized
laser field. Their calculations also showed that the structure of
the molecules, such as molecular orientations and bond
length, can be reflected on the ellipticity dependence of
the NTHs.

In figure 18, we show their calculated spectrum of the
generated harmonics for H2 molecules. Each harmonic is
normalized to the harmonic intensity at  = 0. The anomalous
maxima can be clearly observed in the NTHs. For the
perpendicular alignment(figure 18(a)), the 5th as well as the
7th harmonic reaches its maximum intensity at  » 0.2. For
the parallel alignment(figure 18(b)), an anomalous maximum
appears at  » 0.1 for the 11th harmonic. For the harmonics
well above the threshold, they also observed smooth decay of
the yields. Instead, due to the initial velocity of the tunneling

process, these harmonics exhibit a nearly Gaussian ellipticity
dependence as explained by the simple man’s model. Their
further calculations suggested that the ellipticity dependence
of the low-order harmonics can be influenced by both the
alignment angle and the bond length. These results indicated
for these low-order harmonics, multiphoton effects may also
play an important role.

Very recently, Avanaki et al [109] further investigated
this problem theoretically. With the help of their numerical
solution to the TDSE, they revealed the origin of this
phenomenon as the near threshold resonance with the
π-symmetry molecule orbit. Although this abnormal
phenomenon in atoms is not wide investigated in theory, we
can safely conclude from the above investigations that the
drop of harmonic yield with an increasing ellipticity is not
smooth when some excited states of atoms are involved.

Figure 17. (a) A time–frequency analysis by the SST to the HHG spectra from Cs atom driven by an intense mid-infrared at the intensity of
´1.4 1012 W cm−2 and wavelength of 3600nm. The green curves(both solid lines and dots) and the red dashed lines indicate the

semiclassical trajectories of the first return and second return, respectively. (b) An enlarged view of the SST time–frequency profiles in the
near- and below-threshold regions (marked by the yellow window in (a)). (c) Semiclassical return energy as a function of ionization time
(blue lines) and return time (green lines and red dashed lines). (d) Same as (c), except that the electron’s initial velocity is released against the
electronic-field force. Reprinted from [49] under a Creative Commons CC-BY license.
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The above investigations demonstrated the abnormal
ellipticity dependence in molecules, which is an extension of
atom BTH phenomenon in molecules. Another investigation
area of the molecular BTH lies in the extension of the well
studied molecular HHG to the BTH regime. Recently, the
generation of circularly polarized harmonics is demonstrated
in experiments with two color counter-rotating driving laser
pulses [110]. Another way to generate harmonics with some
degree of ellipticity is the interaction of the strong driving
pulse with molecules [111]. Ellipticity of generated harmo-
nics can also be observed in BTHs of molecules. The polar-
ization properties of BTHs from +H2 were investigated
recently [82, 83]. The authors found the ellipticity of BTHs
depends strongly on the orientation angle and differs sig-
nificantly for different harmonic orders [82]. They studied the
polarization properties of BTHs from aligned molecules in
linearly polarized laser fields numerically and analytically.
Their results indicate that the ellipticity of low-order harmo-
nics is closely associated with resonance effects and the
symmetry axis of the molecule.

In a further investigation [83], a broad plateau for NTHs
was observed in the calculated harmonic spectrum. This
plateau is several orders of magnitude higher than that for
high-order harmonics and shows high ellipticity at small and
intermediate orientation angles. Their analysis revealed that
the main contributions to the NTH plateau come from the
transition of the electron from the continuum states to these
two lowest bound states of the system, which are strongly
coupled together by the laser field. Besides the continuum
states, highly excited states also play important roles in the
NTH plateau, resulting in a large phase difference between
parallel and perpendicular harmonics and accordingly leads to
a high ellipticity of the plateau.

Another feature of molecular harmonics is the generation
of even order harmonics, which can also be observed in the
NTH region. Avanaki et al [112] examined the harmonic

generation from +H2 driven by an elliptically polarized pulse
at both its equilibrium internuclear distance R=2a.u. and a
stretched distance at R=7a.u. They observed the decrease
of the harmonic yield with the increase of the ellipticity and a
weaker even BTH for stretched molecules. To further explore
the mechanism of the below threshold even harmonic gen-
eration in +H2 [81], they calculated the harmonic spectra at
different internuclear distances and found that the even order
harmonics are mostly observed for R=5a.u. to R=9a.u.,
which can be explained in the framework of Floquet theory.

On the one hand, the complicated structures of molecules
can bring new features in NTHs; on the other hand, the
manipulation of the molecules can reveal further under-
standing inside the harmonic generation process. Two years
ago, Riviŕe et al [84] investigated the emission time of NTHs
making use of the probing attosecond dynamics by chirp
encoded recollisions (PACER) technique. The PACER tech-
nique was previously applied in molecules to detect the
nuclear motion during the HHG process [113, 114].

Taking advantage of this method, the authors in [84]
showed that the emission times of BTHs and NTHs can be
reconstructed with +H2 molecular ion and its isotopes. The key
idea of this study was that the recombination step responsible
for the harmonic emission conquers the Coulomb explosion at
different times, depending on the final vibrational states of the
molecule. As a consequence, interferences between different
vibrational channels can be observed, enabling an enhanced
temporal resolution in the harmonic spectrum. In their
investigations, the reconstruction of the emission times of
BTHs showed that these emission times are associated with
the short trajectories and the role of long trajectories cannot
be clearly observed.

In figure 19, we show their calculated harmonics for
different isotopes of +H2 molecular ion. The differences
observed for different isotopes in the cutoff region have been
explained by Lein [113]: since the recombination step of

Figure 18. The normalized harmonic yields of H2 from the 3rd to the 29th order as a function of the ellipticity for: (a) perpendicular and (b)
parallel alignment, at the bond length of 2.2 a.u. Taken from [80] with permission.
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harmonic emission requires the system to return to its initial
state, the harmonic intensity is proportional to the auto-
correlation function between the wavepackets in the
initial electronic and the continuum electronic states.
The autocorrelation function decays faster due to the faster
motion of the nuclei for the light nuclei. The fast decay
suppresses the contributions of the long trajectories in the
cutoff region.

However, the harmonic yield seems different in the NTH
region. In this region, one can see two minima in the intensity
of the harmonic peaks for the three isotopes. For +H2 , the
minima are located at the 3rd harmonic and the 13th to the
15th harmonic; for +D2 at the 3rd harmonic and the 17th
harmonic; and for the heaviest isotope +T2 at the 3rd harmonic
and the 17th to the 19th harmonic. The position of the
minimum around the 3rd harmonic does not depend on the
nuclear mass and can be explained by the fast variation of the
tunneling ionization probability.

The minima at the higher harmonic orders are more
pronounced than that for the 3rd harmonic. The positions of
this minimum around Ip depend on the nuclear mass. This
minimum can be explained by the destructive interferences
between these wave packets during the recombination step
and can be used to extract the emission times of the
corresponding harmonics and identify the physical process
responsible for the emission. For the heavy isotopes, the
nuclear moves slower than the light isotopes and thus it takes
longer time to form the interference minimum. The results
here indicate that the heavy isotopes get the interference
minimum for higher harmonic order, which means it takes a
longer time for higher harmonics to recombine. This result
agrees with the short trajectories in the simple man’s model.
This investigation indicated that the short trajectories dom-
inate the low-order harmonics, while several previous studies
in atoms stressed the role of long trajectories [29, 30].

5. Conclusions

The recent theoretical and experimental investigations on
NTHs revealed that the features of these harmonics have
some similarities to and drastic differences from the high-
order harmonics. Due to the potential applications to use these
harmonics as high repetition rate light sources and spectro-
scopic tools, one needs to get a more comprehensive under-
standing of the underlying mechanisms of NTHs, both on a
single atom level and on their features after the consideration
of the macroscopic effects.

The experimental studies have investigated their prop-
erties as light sources, such as the coherence, spatial dis-
tributions and wavelength range etc. The experimental
investigations revealed that the quality of the low-order har-
monics is as good as HHG and suggested the quantum path
picture can be extended to this region. In experiments, the
short and long trajectories can be separated in the far field.
Further investigations indicated that the long trajectories
follow the simple man’s model and the short trajectories are
more affected by the resonances.

The theoretical investigations have mostly focused on the
underlying physics of the harmonic generation process, which
reveals the electron dynamic during the interaction with
strong laser fields. With the help of semi-classical methods
and the time–frequency analysis, the semiclassical inter-
pretations for the low-order harmonics have been gradually
accepted. These investigations have clarified the NTH gen-
eration process in atoms as well as molecules in some degree.
Since molecules have more complicated structures and
degrees of freedom, the NTHs in molecules have begun to
reveal more interesting features and underlying physics.

The investigation on the NTHs has also gone beyond the
properties as light sources. The attention has now been
focused on the dynamics of the bound electrons and the
nuclear dynamics in molecules which remains an interesting
topic in the strong field community. Despite of these inspiring
progresses that have been made, there remain many con-
troversial issues and unexplored topics in the low-order har-
monics. The incomplete understanding is largely due to the
important impacts of the Coulomb potential and the bound-
state dynamics. In addition, how these new phenomena in
NTHs will react to the macroscopic propagation in the med-
ium is another important topic to be further addressed.

Acknowledgments

We cordially thank the Referees and the Member from the
Editorial Board for all the kind suggestions for structuring and
presenting this Topical Review during all the reviewing
processes. This work is supported by National Natural Sci-
ence Foundation of China (NSFC) under Grants No.
11322437 and No. 11574010 and by the National Program on
Key Basic Research Project of China (973 Program) under
Grant No. 2013CB922402.
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W cm−2. The part near the ionization threshold is zoomed in the
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