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Abstract In this paper, by applying the Jacobi elliptic function expansion method, the periodic solutions for three

nonlinear differential-difference equations are obtained.
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1 Introduction

Finding the exact solutions of nonlinear differential-
difference equations plays an important role in modern
physics. However, there only some soliton-like solutions
were derived.' =8 Recently, Zhu and Ma obtained the
periodic solutions for the discrete mKdV equation by
use of the extended Jacobi elliptic function method.!!
In this paper, by using the elliptic function expansion
method,'9~12] we obtain the periodic solutions for a class
of nonlinear differential-difference equations.

2 Periodic Solutions to the Hybrid Lattice
Equation

The hybrid lattice equation!®'3 reads
du
d7tn = (1 + au, + 6“721)(un—1 - un-i—l) ) (1)

where a and § are constants.
We seek the travelling wave solution of Eq. (1) in the
form

where a is a non-dimensional wave number, b is the angu-
lar frequency and &p is a constant.
Substituting Eq. (2) into Eq. (1) yields
du
bd—ﬁn = (14 aup + Bu) (Up_1 — Uny1) - (3)
By wusing the Jacobi elliptic function expansion
method,[10=12] 4, can be expressed as

Uy, = ag +agsné, (4)

with the modulus m (0 < m < 1, and sn ¢ is Jacobi elliptic
sine function.[15:16]
Notice that

Unt1 = ag+ar;sn(é +a),

Up—1 = ag +ajsn(€ —a),

_ 2arsnacngdnf 5
Yntl = Un-1 = 302 snZasn?¢’ (5)

where cn € and dn € are Jacobi elliptic cosine function and
Jacobi elliptic function of the third kind.[*5:16]

Up, = Un(§), E=an—bt - &, (2) Substituting Eq. (4) into Eq. (3) yields
b(1 —m?sn?asn?¢) = 2snal(1 + aap + Bal) + (a + 2Bag)ar sn € + fa? sn? €. (6)
From Eq. (6), we have
o« 7457042 27042746 9 o 9
aoff%, b77sna, aj Wm sn“a, (a®—48>0), (7)

where the second formula is the dispersion relation.

So, the periodic solution to the hybrid lattice equation (1) is given by

Va2 —4
o voerdfmsna gy,

2
= - - 4 .
=5 25 (0* ~45 > 0) (3)
When m — 1, equation (8) reduces to the following generalized solitary wave solution,
Va2 — 4 tanh 48 — o?
Up = 7% + Ve 25 anna tanh(an — bt — &) (a2 —48>0, b= 527; tanha) . 9)
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Similar to Eq. (4), we have
Up = by + by cn,

with 5 ) (48 2) s o
a 40 — a” sna 406 — a*)m~ sn“ a
bp = —— = —, = 24
0 2ﬁa Qﬁ dna’ 1 4ﬁ2 dngaa (a ﬂ<0)a
and
Up = co+c1dnég,
with 5 ) 5 -
o 408 — a“ sna 5 48 —a“sn“a 9
= —— = = —4 .
“ 283’ 2B8m? cna’ “ 482 cn?a’ (o f<0)

When m — 1, equations (10) and (12) reduce to the following generalized solitary wave solution

74ﬁ—a2

43 — o2 sinh
u,L;ﬁ:t\/T;;masech(anbtfo) (062*45<0a b

For the discrete mKdV equation,®:17]

du
d7tn = (@ —up)(Uun—1 = tUnt1),
where « is a constant.

We introduce the transformation

T=—-at,

then equation (15) can be rewritten as

du, 1
dr = (1 - aui)(un—l - un+1) .

Obviously, equation (17) is a special case of the hybrid lattice equation (1).

20

u, = £(my/asna)sn(an —bt — &), (b= —2asna, a>0),

un::tm\/—a(sin—acn(an—bt—&)), (b:—QQﬁ, a<0),
na

dna
and 5
un::l:\/faﬁdn(anfbtffo), (b:f%ﬁ, a<0>.
cna m? cna
When m — 1, equations (18), (19), and (20) reduce to
u, = +(v/atanha)tanh(an — bt — &), (b= —2atanha, a >0),
and
u, = £(v/—asinha)sech(an — bt — &), (b= —2asinha, «a<0).
respectively.

3 Periodic Solutions to the Toda Lattice Equation

1,2,18] reads

d?r,
d¢#2

The Toda lattice equation!

— a(2 e_ﬁ"'n _ 6_67'71+1 _ e_ﬁ"'n—l) .

Set 5
e—ﬁ?“n =1+ = ’
[0

then the Toda lattice equation (23) can be rewritten as

d? Sn
@ hl(l + E) = ﬁ(8n+1 — 2871 =+ Snfl) .

Assuming that
Sn:5n(5)3 E=an—bt+ &,

(10)

(11)

(17)

Thus, we can obtain the periodic
solutions to the discrete mKdV equation directly from above results for the hybrid lattice equation (1), they are

(18)
(19)

(20)

(21)

(22)
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then equation (25) becomes
d2 Sn
bzd—gz ln(l + E) = ﬁ(sn+1 — 28n + Snfl) . (27)
By using the Jacobi elliptic function expansion method,['9='? s, can be written as
50(€) = ap +aysn€ +azsn? €, (28)
with the modulus m (0 < m < 1).
Notice that
Spp1=ao+arsn(é+a)+sn?(E+a), s,_1=ap+arsn(é —a)+sn’(—a),
cnadna
n — 25, n—1=2 ( - ]-)
Snt1 Sn + Sn-1 “@ 1 —m2sn?asn2¢ sn &
sn?a+ [—2(1 +m?)sn?a+m?sntalsn? € + (3m?sn?a)sn* € — (m*sna)snf ¢
—+ 2(12 (29)
1 —m2sn2asn2¢
and
d Sn apenédné 4 2assn Ecn £dné
—n(1+22) =
d¢ (a4 ag) +arsné +agsn¢
1 o) e € 2o g + (- )
ae - (ot ao) + arsn€ T azsn €7
n araz[—(1 +m?)sn3 € + 4m? sn® €] — 2az[az — 2(a + ag) (1 +m?)]sn? &
[(a+ ag) + a1 sn & + agsn? £]?
2as[(a + ag) + 3(a + ag)m? sn € + m?ag sn ¢] (30)
[(a+ ag) + a1 sn € + ag sn? ]2 '
Substituting Eq. (28) into Eq. (27) yields
a; = 0, (31)
and
2 (a+ ag) — [az + 2(1 + m?)(a + ag)] sn? & + 3m?(a + ag) sn* € + m2agsn® ¢
[(a+ ap) + ag sn? &]?
sn?a+ [-2(1 +m?)sn?a +m?sn*a]sn? € + (3m?sn? a)sn* € — (m*snt a) sn® ¢
=0 2 an2 g a2 : (32)
1 —m?sn?asn?¢
From Eq. (32), we have
m2b? b?
ag = — ﬁ y ao—foé+m. (33)
Thus we ob tain the periodic solution of Eq. (25), i.e.
b2 2b2 b2 1 2b2
Sn=—a+ Fena mﬁ sn?(an — bt + &) = —a — 7 (m2 - sn2a) + mﬂ en?(an — bt + &) . (34)
Taking
2o, 1
aiiﬁ(m 7sn2a)’ (35)
then we obtain the dispersion relation,
b= agPie (36)
- Tdn?a’
and -
b
Sp = mﬁ en?(an — bt + &) . (37)
Substituting Eq. (37) into Eq. (24) leads to
1 m2b?
w= I+ o en®(an — bt + &) 38
r ﬁn + Oéﬁcn(an + &o) (38)
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When m — 1, equations (37) and (38) reduce to
b2 . 2 2 : 2
Sp = 5 sinh“(an — bt + &), (b° =afsinh”a), (39)
and
1 b2 2 2 . 2
rn,=——=In [1 + —sech”(an — bt + 50)}, (b® = afsinh”a), (40)

g af

which is a solitary wave solution to the Toda lattice equation.

4 Conclusion

In this paper, we apply the Jacobi elliptic function expansion to solve three nonlinear differential-difference equa-

tions, and many periodic wave solutions and solitary wave solutions are derived. These solutions are helpful in under-
standing the problems in modern physics.
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