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Abstract By the application of the extended tanh method and the symbolic computation system Mathematica, new
soliton-like solutions are obtained for the combined KdV and mKdV (KdV-mKdV) equation.
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The KdV-mKdV equation

ut − 6uux + 6u2ux + uxxx = 0 , (1)

arise in a variety of applications, among which are
the solid-states physics, plasma physics, fluid dynamics,
and quantum field theory.[1−4] Equation (1) has been
payed much attention by many authors[1−11] and some
types of the soliton, multisoliton, periodic-wave solutions
have been obtained by means of the inverse scattering
transform method, Bäcklund transformation, Malfliet’s
method,[5] Jacobi elliptic function method, and so on. The
aim of this letter is to obtain the new soliton-like solutions
to Eq. (1). We seek a travelling wave solution of the fol-
lowing form

u(x, t) = u(ξ) , ξ = kx− ωt , (2)

where k and ω are the wave number and angular fre-
quency, respectively. Without loss of generality, we can
define k > 0. Substituting Eq. (2) into Eq. (1) and in-
tegrating it with respect to ξ and taking the integration

constant as zero yields

−ωu− 3ku2 + 2ku3 + k3 d2u

dξ2
= 0 . (3)

Recently, to obtain new soliton-like solutions for the non-
linear partial differential equations, some authors intro-
duced a further extension of the tanh method using a Ric-
cati equation,[12−14] or a generalized Riccati equation.[15]

Other extension of the tanh method has been made
by using another auxiliary ordinary differential equa-
tion instead of Riccati equation or generalized Riccati
equation.[16] In this paper, we will use the extended tanh
method[16] to investigate the KdV-mKdV equation. The
aim of this paper is to present other new soliton-like solu-
tions for Eq. (1). Then we introduce the following auxil-
iary ordinary equation:( dE

dξ

)2

= aE2(ξ) + bE3(ξ) + cE4(ξ) , (4)

where a, b, and c are constants. We shall seek the ex-
act solutions of Eq. (1) by using the following solutions of
Eq. (4),

E(ξ) =


−ab sech2(

√
a ξ/2)

b2 − ac(1− tanh(
√

a ξ/2))2
, a > 0

2a sech(
√

a ξ)√
b2 − ac− b sech(

√
a ξ)

, a > 0 , b2 − ac > 0 .

(5)

By balancing the highest order derivative term uxxx with
the highest power nonlinear term u2ux in Eq. (1) yields
n = 1. Therefore by the use of the extended tanh method
we may choose the solution of Eq. (3) in the form

u(ξ) = a0 + a1E(ξ) , (6)

where a0 and a1 are constants to be determined later.
Substituting Eqs. (6) and (4) into Eq. (3) and collecting
coefficients of polynomials of E(ξ) with the aid of Math-
ematica, then equating the coefficients of various powers
of E(ξ) to zero, we get a set of algebraic equations for a0,

a1, k, and ω.

E3 : 2ka1(a2
1 + k2c) = 0 ,

E2 : 3ka1

(bk2

2
− 2a0a1 − a1

)
= 0 ,

E1 : a1(k3a + 6ka2
0 − 6ka0 − ω) = 0 ,

E0 : a0(2ka2
0 − 3ka0 − ω) = 0 . (7)

Solving them consistently we obtain relations among the
parameters a0, a1, k, and ω. If any of the parameters
are left unspecified, they are regarded as being arbitrary
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constants. Making use of these relations we can find a
final expression for u(ξ), which leads to an expression for
the travelling wave solutions for Eq. (1). Therefore, equa-
tion (5) establishes an algebraic mapping relation between
the solution to Eq. (4) and that of Eq. (1). From the solu-
tion of Eqs. (7) under condition a1 6= 0, k 6= 0, and ω 6= 0,
the coefficients in Eq. (6) are determined

a0 = 0 , a1 = ±
√
−ck , k = ±2

b

√
−c , ω = k3a , (8)

which demands that c < 0. Substituting Eq. (8) into
Eq. (6) yields the following new soliton-like solution to
Eq. (1),

u(x, t) = ±
√
−c k

2a sech[
√

a (kx− ωt)]√
b2 − ac− b sech[

√
a (kx− ωt)]

,

a > 0 , c < 0 . (9)
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[12] Z.H. Lü and H.Q. Zhang, Phys. Lett. A307 (2003) 269.

[13] D.S. Li and H.Q. Zhang, Chaos, Solitons and Fractals 18
(2003) 193.
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