
⻆角动量量耦合和
Clebsch-Gordon系数



经典物理理中，两个物体的⻆角动量量是作⽤用在同⼀一空间中，
因此总⻆角动量量等于各⾃自⻆角动量量分量量之和

量量⼦子⼒力力学中，两个物体的⻆角动量量作⽤用在不不同的
希尔伯特空间
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总⻆角动量量为每个⼦子系统⻆角动量量的量量⼦子化提供参考⽅方向
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耦合基⽮矢和因⼦子化基⽮矢完全描述相同的希尔伯特空间             
                ——>   两者等价

(2j1 + 1)(2j2 + 1)维度：

下⾯面我们讨论在因⼦子化基⽮矢张开的⼦子空间中        
      和    的本征值和本征⽮矢量量形式，或者说，
讨论两种基⽮矢之间的转化关系。

Ĵz

|j1, j2, j,mji =
X

m1,m2

Cj,m
j1,m1,j2,m2

|j1,m1; j2,m2i

Cjm
j1m1j2m2

= hj1m1; j2,m2 |j1j2jmji

Clebsch-Gordon系数：两套基⽮矢之间的变换矩阵

~J 2



C-G系数

J± ⌘ Jx ± iJy = (J1x + J2x)± i(J1y + J2y)

= (J1x ± iJ1y)⌦ I2 + I1 ⌦ (J2x ± iJ2y)

= J1� ⌦ I2 + I1 ⌦ J2�

J� |j, ji = (J1� + J2�) |j1, j1i ⌦ |j2, j2i

因为耦合基⽮矢是      的本征态，⽽而且              ，所以⻆角动量量耦合的
总⻆角动量量的最⼤大值应该是       和       的最⼤大值之和。
总⻆角动量量在z⽅方向分量量最⼤大的态和因⼦子化基⽮矢之间具有如下关系：



J± |jmi =
p

(j ⌥m)(j ±m+ 1) |j,m± 1i

J� |j, ji = (J1� + J2�) |j1, j1i ⌦ |j2, j2i

J� |j, ji =
p

2j |j, j � 1i

|j, j � 1i =

s
j1
j
|j1, j1 � 1i |j2, j2i+

s
j2
j
|j1, j1i |j2, j2 � 1i

CG系数

利利⽤用

和

3X8 角动量耦合 ĜjfRRĜ

3X8XR *@: 系数

因为耦合基矢是 Jz 的本征态，而且 Jz ≤ J，所以角动量耦合的总角动量的最大值

应该是 J1z 和 J2z 的最大值之和。总角动量在 z 方向分量最大的态和因子化基矢之间

具有如下关系：

∣∣∣JMax, JMax
z

〉
≡ |j , j〉= |j1+ j2, j1+ j2

〉
= |j1, j1

〉⊗ |j2, j2
〉
. U3X8X3V

定义总角动量的升降算符是

J± ≡ Jx ± iJy = (J1x + J2x)± i(J1y + J2y)

= (J1x ± iJ1y)⊗ I2+ I1 ⊗ (J2x ± iJ2y) = J1− ⊗ I2+ I1 ⊗ J2−. U3X8XNV

角动量升降算符具有如下性质：

J± |jm
〉
=

√
(j ∓m)(j ±m+ 1) |j ,m± 1〉 , U3X8XRyV

将角动量降算符作用在态 |j , j〉 上，

J− |j , j
〉

= (J1−+ J2−) |j1, j1
〉⊗ |j2, j2

〉 U3X8XRRV

上式左方（耦合基矢）等于

J− |j , j
〉
=

√
2j |j , j − 1〉 , U3X8XRkV

右方等于

J1− |j1, j2
〉⊗ |j2, j2

〉
+ |j1, j1

〉⊗ J2− |j2, j2
〉

=
√
2j1 |j1, j1 − 1

〉 |j2, j2
〉
+

√
2j2 |j1, j1

〉 |j2, j2 − 1
〉
, U3X8XRjV

所以我们得到

|j , j − 1〉=
√

j1
j
|j1, j1 − 1

〉 |j2, j2
〉
+

√
j2
j
|j1, j1

〉 |j2, j2 − 1
〉
. U3X8XR9V

耦合基矢前面的系数就是所谓的Ǵ*H2#b+?@:Q`/QMǴ 系数。我们继续用角动量降算符作
用在上式两侧就可以得到 2j + 1 个态矢量

|j , j〉 J−−−→ |j , j − 1〉 J−−−→ |j , j − 2〉 · · · |j ,−j + 1
〉 J−−−→ |j ,−j〉 . U3X8XR8V

这些态矢量都是 Ĵ2 算符对应于同一本征值 j 的本征态矢，

Ĵ2 |j ,m〉
= j(j + 1)h̄2 |j ,m〉

. U3X8XReV

因为 j = j1+ j2，所以共有 (2j1+ 2j2+ 1) 个简并矢量。

Ĵ2 |j,mi = j(j + 1)~2 |j,mi (2j1 + 2j2 + 1)

J1� |j1, j1i ⌦ |j2, j2i+ |j1, j1i ⌦ J2� |j2, j2i

=
p

2j1 |j1, j1 � 1i |j2, j2i+
p
2j2 |j1, j1i |j2, j2 � 1i

有

故



Ĝ9fRRĜ

下一个子空间的最高态是 |j − 1, j − 1〉。因为

Ĵ2 |j − 1, j − 1〉= j(j − 1)h̄2 |j − 1, j − 1〉 , U3X8XRdV

即，|j − 1, j − 1〉和 |j , j − 1〉属于 Ĵ2 算符的不同本征值的本征矢，所以 |j − 1, j − 1〉和
|j , j − 1〉 正交。从此可得

|j − 1, j − 1〉=
√

j2
j1
|j1, j1 − 1

〉 |j2, j2
〉−

√
j1
j
|j1, j1

〉 |j2, j2 − 1
〉
. U3X8XR3V

可验证

〈
j , j − 1 |j − 1, j − 1〉=

√
j1j2
j2
−
√

j1j2
j2

= 0. U3X8XRNV

在利用角动量降算符 Ĵ−，

|j − 1, j − 1〉 J−−−→ |j − 1, j − 2〉 J−−−→ |j − 1, j − 3〉 · · · |j − 1,−j〉 J−−−→
∣∣∣j − 1,−(j − 1)〉 . U3X8XkyV

以此类推，我们可以构造与 |j − 1, j − 2〉 和 |j , j − 2〉 都正交的态 |j − 2, j − 2〉，再
利用角动量降算符就可以得到 j − 2 对应的全部本征态。持续上述操作，直到得到 Ĵ

算符本征值 |j1 − j2| 所对应的全部本征矢为止。
下面我们验证希尔伯特的独立基矢个数。因子化基矢的独立基矢个数是 (2j1 +

1)(2j2+ 1)，所以耦合基矢的对立基矢个数也一定是 (2j1+ 1)(2j2+ 1)。在耦合基矢

中，设 j1 > j2，我们发现总角动量取值和其独立基矢个数是

Ĵ本征值 独立基矢个数

j1+ j2, 2(j1+ j2) + 1

j1+ j2 − 1, 2(j1+ j2) + 1− 2
j1+ j2 − 2, 2(j1+ j2) + 1− 2× 2
...

...

j1 − j2, 2(j1+ j2) + 1− 2× (2j2) U3X8XkRV

上面共计 (2j2+ 1) 行，对所有独立基矢求和后看的 (2j1+ 1)(2j2+ 1)。例如

Ĵ本征值 独立基矢个数 颠倒独立基矢个数

j1+ j2, 2(j1+ j2) + 1 2(j1+ j2) + 1− 4j2
j1+ j2 − 1, 2(j1+ j2) + 1− 2 2(j1+ j2) + 1− 4j2+ 2

j1+ j2 − 2, 2(j1+ j2) + 1− 2× 2 2(j1+ j2) + 1− 4j2+ 4
...

...
...

j1 − j2, 2(j1+ j2) + 1− 2× (2j2) 2(j1+ j2) + 1 U3X8XkkV
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下面我们验证希尔伯特的独立基矢个数。因子化基矢的独立基矢个数是 (2j1 +

1)(2j2+ 1)，所以耦合基矢的对立基矢个数也一定是 (2j1+ 1)(2j2+ 1)。在耦合基矢

中，设 j1 > j2，我们发现总角动量取值和其独立基矢个数是

Ĵ本征值 独立基矢个数

j1+ j2, 2(j1+ j2) + 1

j1+ j2 − 1, 2(j1+ j2) + 1− 2
j1+ j2 − 2, 2(j1+ j2) + 1− 2× 2
...

...

j1 − j2, 2(j1+ j2) + 1− 2× (2j2) U3X8XkRV

上面共计 (2j2+ 1) 行，对所有独立基矢求和后看的 (2j1+ 1)(2j2+ 1)。例如

Ĵ本征值 独立基矢个数 颠倒独立基矢个数
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2j2 + 1

总计

⾏行行
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j1+ j2 − 2, 2(j1+ j2) + 1− 2× 2 2(j1+ j2) + 1− 4j2+ 4
...

...
...

j1 − j2, 2(j1+ j2) + 1− 2× (2j2) 2(j1+ j2) + 1 U3X8XkkV

1

2
(4j1 + 2)(2j2 + 1) = (2j1 + 1)(2j2 + 1)

f =
2j0 + 1

(2j1 + 1)(2j2 + 1)

经典极限 j0

2j1j2j0 � 1 j1,2 � 1

独⽴立基⽮矢个数是



⻆角动量量耦合的经典极限

θ
J⃗2

J⃗1
J⃗ = J⃗1 + J⃗2

~J2 =
⇣
~J1 + ~J2

⌘2
= J2

1 + J2
2 + 2J1J2 cos ✓

总⻆角动量量出现在                
                               (图中所示⿊黑⾊色环形带)

范围内的⼏几率正⽐比于此环形带的⾯面积

✓ � ✓ + d✓

dP (✓) = A2⇡(J2 sin ✓)d✓

dP (✓) =
1

2
sin ✓d✓归⼀一化的⼏几率密度为

dP

dJ
=?

1 =

Z
dP (✓) = A2⇡J2(� cos ✓)

����
�1

+1

= A4⇡J2



⻆角动量量耦合的经典极限

θ
J⃗2

J⃗1
J⃗ = J⃗1 + J⃗2~J2 =

⇣
~J1 + ~J2

⌘2
= J2

1 + J2
2 + 2J1J2 cos ✓

dP (✓) =
1

2
sin ✓d✓

归⼀一化的⼏几率密度为

dJ2 = 2JdJ = �2J1J2 sin ✓d✓

JdJ = �J1J2 sin ✓d✓

总⻆角动量量在               范围内的⼏几率是(J, J + dJ)

dP =
J

2J1J2
dJ



⾃自旋1/2的两个粒⼦子的
 ⾃自旋⻆角动量量耦合
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对公式3X8Xk8求导数可得

dJ2 = 2JdJ = −2J1J2 sinθdθ, U3X8XkNV

即

JdJ = −J1J2 sinθdθ. U3X8XjyV

所以，总角动量在 (J , J + dJ) 范围内的几率是

dP =
J

2J1J2
dJ . U3X8XjRV

3X8Xk 示例：两个自旋 Rfk 粒子的自旋耦合

考虑两个自旋为 1/2 的粒子组成的系统（例如氢原子中的质子和电子或氦原子
中的双电子等）的自旋波函数。设总自旋角动量 S⃗ = S⃗1+ S⃗2。体系的希尔伯特空间是

H12 =H1
ext ⊗H1

spin ⊗H2
ext ⊗H2

spin. U3X8XjkV

定义自旋空间的张量积是

Hspin =H1
spin ⊗H1

spin. U3X8XjjV

因为每个自旋 1/2 粒子的自旋空间维度是 2，所以两个粒子的自旋空间维度是 4。因

子化基矢为

|σ1;σ2⟩ ≡ |σ1⟩ ⊗ |σ2⟩ , U3X8Xj9V

具体形式如下： {
|+;+⟩ , |+;−⟩ , |−;+⟩ , |−;−⟩

}
. U3X8Xj8V

在 σ1
z ⊗σ2

z 表象中，

|+;+⟩=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
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, |−;+⟩=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, |−;−⟩=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
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0

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8XjeV

一般波函数的混合表示为

∣∣∣ψ
〉

= ψ++(r⃗1, r⃗2) |+;+⟩ + ψ+−(r⃗1, r⃗2) |+;−⟩
+ ψ−+(r⃗1, r⃗2) |−;+⟩ + ψ−−(r⃗1, r⃗2) |−;−⟩ U3X8XjdV

在上述的因子化基矢中，自旋角动量算符的矩阵表示是

Ŝ1x =
h̄
2
σ̂x ⊗ Î2 =

h̄
2

⎛
⎜⎜⎜⎜⎜⎝
0 1

1 0

⎞
⎟⎟⎟⎟⎟⎠⊗ Î2 =

h̄
2

⎛
⎜⎜⎜⎜⎜⎝
0 Î

Î 0

⎞
⎟⎟⎟⎟⎟⎠=

h̄
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 1 0
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⎞
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,

|+;+i ⌘
����
1

2
,
1

2
;
1

2
,
1

2

�

因⼦子化基⽮矢

|�; +i ⌘
����
1

2
,�1

2
;
1

2
,
1

2

�

记号



两粒⼦子的总⾃自旋Ĝ3fRRĜ

选取力学量完备集是 { ˆ⃗S2, Ŝz}。令 |S ,M⟩ 是 ˆ⃗S2, Ŝz 的共同本征态，

ˆ⃗S2 |S ,M⟩ = S(S + 1)h̄2 |S ,M⟩
Ŝz |S ,M⟩ = Mh̄ |S ,M⟩ . U3X8X9yV

因为

Ŝz = Ŝ1z + Ŝ2z, U3X8X9RV

所以 Ŝz 算符的最大（最小）本征值和相应本征态是

Mmax = +
1
2
+

1
2
= +1, 本征态, |+;+⟩

Mmin = −
1
2
− 1
2
= −1, 本征态, |−;−⟩ U3X8X9kV

将
ˆ⃗S2 作用在 |+;+⟩ 上就可得到本征值 S -

ˆ⃗S2 |+;+⟩ =
(
Ŝ2
1 + Ŝ2

2 + 2S⃗1 · S⃗2
)
|+;+⟩

=

[
3
4
h̄2+

3
4
h̄2+ 2

h̄
2
h̄
2

(
σ̂1xσ̂2x + σ̂1yσ̂2y + σ̂1zσ̂2z

)]
|+;+⟩

=

[
3
2
h̄2+ 2

h̄
2
h̄
2

]
|+;+⟩

= 2h̄2 |+;+⟩ . U3X8X9jV

同理，
ˆ⃗S2 |−;−⟩= 2h̄2 |−;−⟩ , U3X8X99V

这说明，|+;+⟩ 和 |−;−⟩ 都是 ˆ⃗S2 算符的本征值 S = 1 的本征态。在耦合基矢中可以

表示为
∣∣∣∣∣
1
2
,
1
2
,1,1

〉

耦合基矢
=

∣∣∣∣∣
1
2
,
1
2
;
1
2
,
1
2

〉

因子化基矢
,

∣∣∣∣∣
1
2
,
1
2
,1,−1

〉

耦合基矢
=

∣∣∣∣∣
1
2
,−1

2
;
1
2
,−1

2

〉

因子化基矢
. U3X8X98V

上面的本征方程的矩阵表示是

Ŝ2 |+;+⟩ = h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 2h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

Ŝ2 |−;−⟩ = h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 2h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X9eV
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选取力学量完备集是 { ˆ⃗S2, Ŝz}。令 |S ,M⟩ 是 ˆ⃗S2, Ŝz 的共同本征态，

ˆ⃗S2 |S ,M⟩ = S(S + 1)h̄2 |S ,M⟩
Ŝz |S ,M⟩ = Mh̄ |S ,M⟩ . U3X8X9yV

因为

Ŝz = Ŝ1z + Ŝ2z, U3X8X9RV

所以 Ŝz 算符的最大（最小）本征值和相应本征态是

Mmax = +
1
2
+

1
2
= +1, 本征态, |+;+⟩

Mmin = −
1
2
− 1
2
= −1, 本征态, |−;−⟩ U3X8X9kV

将
ˆ⃗S2 作用在 |+;+⟩ 上就可得到本征值 S -

ˆ⃗S2 |+;+⟩ =
(
Ŝ2
1 + Ŝ2

2 + 2S⃗1 · S⃗2
)
|+;+⟩

=

[
3
4
h̄2+

3
4
h̄2+ 2

h̄
2
h̄
2

(
σ̂1xσ̂2x + σ̂1yσ̂2y + σ̂1zσ̂2z

)]
|+;+⟩

=

[
3
2
h̄2+ 2

h̄
2
h̄
2

]
|+;+⟩

= 2h̄2 |+;+⟩ . U3X8X9jV

同理，
ˆ⃗S2 |−;−⟩= 2h̄2 |−;−⟩ , U3X8X99V

这说明，|+;+⟩ 和 |−;−⟩ 都是 ˆ⃗S2 算符的本征值 S = 1 的本征态。在耦合基矢中可以

表示为
∣∣∣∣∣
1
2
,
1
2
,1,1

〉

耦合基矢
=

∣∣∣∣∣
1
2
,
1
2
;
1
2
,
1
2

〉

因子化基矢
,

∣∣∣∣∣
1
2
,
1
2
,1,−1

〉

耦合基矢
=

∣∣∣∣∣
1
2
,−1

2
;
1
2
,−1

2

〉

因子化基矢
. U3X8X98V

上面的本征方程的矩阵表示是

Ŝ2 |+;+⟩ = h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 2h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

Ŝ2 |−;−⟩ = h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 2h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X9eV

����
1

2
,
1

2
, 1, 0

�
=?

|j1, j2, J, Jzi
记号

|j1, j1z; j2, j2zi
记号
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1
0

◆

|�i =
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0
1
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0 1
1 0

◆✓
1
0

◆
=

✓
0
1

◆
= |�i

�y |+i =
✓

0 �i
i 0

◆✓
1
0

◆
=

✓
0
i

◆
= i |�i

�z |+i =
✓

1 0
0 �1

◆✓
1
0

◆
=

✓
1
0

◆
= |+i
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✓

0 1
1 0
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0
1

◆
=

✓
1
0

◆
= |+i

�y |�i =
✓

0 �i
i 0

◆✓
0
1

◆
=

✓
�i
0

◆
= �i |+i

�z |�i =
✓

1 0
0 �1

◆✓
0
1

◆
=

✓
0
�1

◆
= � |�i
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⌃̂ |�;�i = |+;+i+ (i |+i1)(i |+i2) + |�;�i = |�;�i



3X8 角动量耦合 ĜNfRRĜ

因为总计有 2S+1= 3 个态，还有第 j 个态
∣∣∣∣∣
1
2
,
1
2
,1,0

〉
，我们可以通过降算符作用在

∣∣∣12,
1
2 ,1,1

〉
≡ |+;+⟩ 上得到。在耦合基矢中，

Ŝ−

∣∣∣∣∣
1
2
,
1
2
,1,1

〉
=
√
2
∣∣∣∣∣
1
2
,
1
2
,1,0

〉
, U3X8X9dV

而在因子化基矢中
(
Ŝ1−+ Ŝ2−

)
|+;+⟩=

(
Ŝ1−+ Ŝ2−

)
|1+⟩ ⊗ |2+⟩

= Ŝ1− |1+⟩ ⊗ |2+⟩+ |1+⟩ ⊗ Ŝ2− |2+⟩
= |1−⟩⊗ |2+⟩ + |1+⟩ ⊗ |2−⟩
= |−;+⟩ + |+;−⟩ . U3X8X93V

所以我们有

∣∣∣∣∣
1
2
,
1
2
,1,0

〉
=

1√
2

(
|−;+⟩ + |+;−⟩

)
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X9NV

上述降算符操作也可以用矩阵表示给出

Ŝ−

∣∣∣∣∣
1
2
,
1
2
,1,1

〉
=
√
2
∣∣∣∣∣
1
2
,
1
2
,1,0

〉
= Ŝ− |+;+⟩= h̄

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0

1 0 0 0

1 0 0 0

0 1 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= h̄

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

从而可得

∣∣∣∣∣
1
2
,
1
2
,1,0

〉
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8yV

最后一个态矢量 |?⟩ 可以利用和
∣∣∣12,

1
2 ,1,0

〉
的正交性得到

|?⟩= 1√
2

(
|−;+⟩ − |+;−⟩

)
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

−1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8RV

容易验证 |?⟩ 是 Ŝ2 和 Ŝz 算符的本征值 S = 0 和 Sz = 0 的本征态

Ŝ2 |?⟩ = h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

−1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 0,

最后⼀一个态⽮矢量量可以利利⽤用与              的正交性得到
����
1

2
,
1

2
, 1, 0

�

1p
2
(|+;�i � |�; +i)

S = 0, Sz = 0
����
1

2
,
1

2
, 0, 0

�

J± |jmi

=
p
(j ⌥m)(j ±m+ 1) |j,m± 1i

Ŝ�

����
1

2
,
1

2

�
=

r
1

2
⇥ 2

����
1

2
,�1

2

�

�� 1
2 ,

1
2 , 1, 0

↵
=

1p
2

⇣
|�; +i+ |+;�i

⌘

Ŝ�
�� 1
2 ,

1
2 , 1, 1

↵
=

p
2
�� 1
2 ,

1
2 , 1, 0

↵



三重态，粒⼦子1和2地位是对称的

单态，粒⼦子1和2的地位是反对称的

2⌦ 2 = 3� 1



矩阵表示



ĜefRRĜ

对公式3X8Xk8求导数可得

dJ2 = 2JdJ = −2J1J2 sinθdθ, U3X8XkNV

即

JdJ = −J1J2 sinθdθ. U3X8XjyV

所以，总角动量在 (J , J + dJ) 范围内的几率是

dP =
J

2J1J2
dJ . U3X8XjRV

3X8Xk 示例：两个自旋 Rfk 粒子的自旋耦合

考虑两个自旋为 1/2 的粒子组成的系统（例如氢原子中的质子和电子或氦原子
中的双电子等）的自旋波函数。设总自旋角动量 S⃗ = S⃗1+ S⃗2。体系的希尔伯特空间是

H12 =H1
ext ⊗H1

spin ⊗H2
ext ⊗H2

spin. U3X8XjkV

定义自旋空间的张量积是

Hspin =H1
spin ⊗H1

spin. U3X8XjjV

因为每个自旋 1/2 粒子的自旋空间维度是 2，所以两个粒子的自旋空间维度是 4。因

子化基矢为

|σ1;σ2⟩ ≡ |σ1⟩ ⊗ |σ2⟩ , U3X8Xj9V

具体形式如下： {
|+;+⟩ , |+;−⟩ , |−;+⟩ , |−;−⟩

}
. U3X8Xj8V

在 σ1
z ⊗σ2

z 表象中，

|+;+⟩=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, |+;−⟩=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, |−;+⟩=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, |−;−⟩=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8XjeV

一般波函数的混合表示为

∣∣∣ψ
〉

= ψ++(r⃗1, r⃗2) |+;+⟩ + ψ+−(r⃗1, r⃗2) |+;−⟩
+ ψ−+(r⃗1, r⃗2) |−;+⟩ + ψ−−(r⃗1, r⃗2) |−;−⟩ U3X8XjdV

在上述的因子化基矢中，自旋角动量算符的矩阵表示是

Ŝ1x =
h̄
2
σ̂x ⊗ Î2 =

h̄
2

⎛
⎜⎜⎜⎜⎜⎝
0 1

1 0

⎞
⎟⎟⎟⎟⎟⎠⊗ Î2 =

h̄
2

⎛
⎜⎜⎜⎜⎜⎝
0 Î

Î 0

⎞
⎟⎟⎟⎟⎟⎠=

h̄
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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Ŝ2x = Î2 ⊗
h̄
2
σ̂x =

⎛
⎜⎜⎜⎜⎜⎝
1 0

0 1
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h̄
2

⎛
⎜⎜⎜⎜⎜⎝
0 −i Î
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所以，总自旋角动量算符在 σ1
z ⊗σ2

z 表象中的矩阵表示是
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⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 1 0

1 0 0 1

1 0 0 1

0 1 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, Ŝy =
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明显，我们有两个 Sz = 0 的本征态。总角动量的升降算符 Ŝ± = Ŝx ± iŜy 是
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ĜefRRĜ

对公式3X8Xk8求导数可得

dJ2 = 2JdJ = −2J1J2 sinθdθ, U3X8XkNV

即

JdJ = −J1J2 sinθdθ. U3X8XjyV

所以，总角动量在 (J , J + dJ) 范围内的几率是

dP =
J

2J1J2
dJ . U3X8XjRV

3X8Xk 示例：两个自旋 Rfk 粒子的自旋耦合

考虑两个自旋为 1/2 的粒子组成的系统（例如氢原子中的质子和电子或氦原子
中的双电子等）的自旋波函数。设总自旋角动量 S⃗ = S⃗1+ S⃗2。体系的希尔伯特空间是

H12 =H1
ext ⊗H1

spin ⊗H2
ext ⊗H2

spin. U3X8XjkV

定义自旋空间的张量积是

Hspin =H1
spin ⊗H1

spin. U3X8XjjV

因为每个自旋 1/2 粒子的自旋空间维度是 2，所以两个粒子的自旋空间维度是 4。因

子化基矢为

|σ1;σ2⟩ ≡ |σ1⟩ ⊗ |σ2⟩ , U3X8Xj9V

具体形式如下： {
|+;+⟩ , |+;−⟩ , |−;+⟩ , |−;−⟩

}
. U3X8Xj8V

在 σ1
z ⊗σ2

z 表象中，
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⎛
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. U3X8XjeV

一般波函数的混合表示为

∣∣∣ψ
〉

= ψ++(r⃗1, r⃗2) |+;+⟩ + ψ+−(r⃗1, r⃗2) |+;−⟩
+ ψ−+(r⃗1, r⃗2) |−;+⟩ + ψ−−(r⃗1, r⃗2) |−;−⟩ U3X8XjdV

在上述的因子化基矢中，自旋角动量算符的矩阵表示是
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.

所以，总自旋角动量算符在 σ1
z ⊗σ2

z 表象中的矩阵表示是

Ŝx =
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Ŝz = h̄

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8Xj3V

明显，我们有两个 Sz = 0 的本征态。总角动量的升降算符 Ŝ± = Ŝx ± iŜy 是

Ŝ+ = h̄
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U3X8XjNV
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⎛
⎜⎜⎜⎜⎜⎝
1 0

0 1

⎞
⎟⎟⎟⎟⎟⎠⊗

h̄
2
σ̂z =

h̄
2

⎛
⎜⎜⎜⎜⎜⎝
σ̂z 0

0 σ̂z

⎞
⎟⎟⎟⎟⎟⎠=

h̄
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

所以，总自旋角动量算符在 σ1
z ⊗σ2

z 表象中的矩阵表示是

Ŝx =
h̄
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 1 0

1 0 0 1

1 0 0 1

0 1 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, Ŝy =
h̄
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −i −i 0

i 0 0 −i
i 0 0 −i
0 i i 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Ŝz = h̄

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, Ŝ2 = h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8Xj3V

明显，我们有两个 Sz = 0 的本征态。总角动量的升降算符 Ŝ± = Ŝx ± iŜy 是

Ŝ+ = h̄

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 1 0

0 0 0 1

0 0 0 1

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, Ŝ− = h̄

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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1 0 0 0

1 0 0 0

0 1 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

U3X8XjNV
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0 0 0 1
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选取力学量完备集是 { ˆ⃗S2, Ŝz}。令 |S ,M⟩ 是 ˆ⃗S2, Ŝz 的共同本征态，

ˆ⃗S2 |S ,M⟩ = S(S + 1)h̄2 |S ,M⟩
Ŝz |S ,M⟩ = Mh̄ |S ,M⟩ . U3X8X9yV

因为

Ŝz = Ŝ1z + Ŝ2z, U3X8X9RV

所以 Ŝz 算符的最大（最小）本征值和相应本征态是

Mmax = +
1
2
+

1
2
= +1, 本征态, |+;+⟩

Mmin = −
1
2
− 1
2
= −1, 本征态, |−;−⟩ U3X8X9kV

将
ˆ⃗S2 作用在 |+;+⟩ 上就可得到本征值 S -

ˆ⃗S2 |+;+⟩ =
(
Ŝ2
1 + Ŝ2

2 + 2S⃗1 · S⃗2
)
|+;+⟩

=

[
3
4
h̄2+

3
4
h̄2+ 2

h̄
2
h̄
2

(
σ̂1xσ̂2x + σ̂1yσ̂2y + σ̂1zσ̂2z

)]
|+;+⟩

=

[
3
2
h̄2+ 2

h̄
2
h̄
2

]
|+;+⟩

= 2h̄2 |+;+⟩ . U3X8X9jV

同理，
ˆ⃗S2 |−;−⟩= 2h̄2 |−;−⟩ , U3X8X99V

这说明，|+;+⟩ 和 |−;−⟩ 都是 ˆ⃗S2 算符的本征值 S = 1 的本征态。在耦合基矢中可以

表示为
∣∣∣∣∣
1
2
,
1
2
,1,1

〉

耦合基矢
=

∣∣∣∣∣
1
2
,
1
2
;
1
2
,
1
2

〉

因子化基矢
,

∣∣∣∣∣
1
2
,
1
2
,1,−1

〉

耦合基矢
=

∣∣∣∣∣
1
2
,−1

2
;
1
2
,−1

2

〉

因子化基矢
. U3X8X98V

上面的本征方程的矩阵表示是

Ŝ2 |+;+⟩ = h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 2h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

Ŝ2 |−;−⟩ = h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 2h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X9eV
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因为总计有 2S+1= 3 个态，还有第 j 个态
∣∣∣∣∣
1
2
,
1
2
,1,0

〉
，我们可以通过降算符作用在

∣∣∣12,
1
2 ,1,1

〉
≡ |+;+⟩ 上得到。在耦合基矢中，

Ŝ−

∣∣∣∣∣
1
2
,
1
2
,1,1

〉
=
√
2
∣∣∣∣∣
1
2
,
1
2
,1,0

〉
, U3X8X9dV

而在因子化基矢中
(
Ŝ1−+ Ŝ2−

)
|+;+⟩=

(
Ŝ1−+ Ŝ2−

)
|1+⟩ ⊗ |2+⟩

= Ŝ1− |1+⟩ ⊗ |2+⟩+ |1+⟩ ⊗ Ŝ2− |2+⟩
= |1−⟩⊗ |2+⟩ + |1+⟩ ⊗ |2−⟩
= |−;+⟩ + |+;−⟩ . U3X8X93V

所以我们有

∣∣∣∣∣
1
2
,
1
2
,1,0

〉
=

1√
2

(
|−;+⟩ + |+;−⟩

)
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X9NV

上述降算符操作也可以用矩阵表示给出

Ŝ−

∣∣∣∣∣
1
2
,
1
2
,1,1

〉
=
√
2
∣∣∣∣∣
1
2
,
1
2
,1,0

〉
= Ŝ− |+;+⟩= h̄

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0

1 0 0 0

1 0 0 0

0 1 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= h̄

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

从而可得

∣∣∣∣∣
1
2
,
1
2
,1,0

〉
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8yV

最后一个态矢量 |?⟩ 可以利用和
∣∣∣12,

1
2 ,1,0

〉
的正交性得到

|?⟩= 1√
2

(
|−;+⟩ − |+;−⟩

)
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

−1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8RV

容易验证 |?⟩ 是 Ŝ2 和 Ŝz 算符的本征值 S = 0 和 Sz = 0 的本征态

Ŝ2 |?⟩ = h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

−1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 0,
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(
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上述降算符操作也可以用矩阵表示给出
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⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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⎛
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容易验证 |?⟩ 是 Ŝ2 和 Ŝz 算符的本征值 S = 0 和 Sz = 0 的本征态

Ŝ2 |?⟩ = h̄2
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⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

1√
2

⎛
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1
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0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 0,
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= Ŝ1− |1+⟩ ⊗ |2+⟩+ |1+⟩ ⊗ Ŝ2− |2+⟩
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,1,0

〉
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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1
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⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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最后一个态矢量 |?⟩ 可以利用和
∣∣∣12,

1
2 ,1,0

〉
的正交性得到

|?⟩= 1√
2

(
|−;+⟩ − |+;−⟩

)
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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容易验证 |?⟩ 是 Ŝ2 和 Ŝz 算符的本征值 S = 0 和 Sz = 0 的本征态

Ŝ2 |?⟩ = h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 0,
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因为总计有 2S+1= 3 个态，还有第 j 个态
∣∣∣∣∣
1
2
,
1
2
,1,0

〉
，我们可以通过降算符作用在

∣∣∣12,
1
2 ,1,1

〉
≡ |+;+⟩ 上得到。在耦合基矢中，

Ŝ−

∣∣∣∣∣
1
2
,
1
2
,1,1

〉
=
√
2
∣∣∣∣∣
1
2
,
1
2
,1,0

〉
, U3X8X9dV

而在因子化基矢中
(
Ŝ1−+ Ŝ2−

)
|+;+⟩=

(
Ŝ1−+ Ŝ2−

)
|1+⟩ ⊗ |2+⟩

= Ŝ1− |1+⟩ ⊗ |2+⟩+ |1+⟩ ⊗ Ŝ2− |2+⟩
= |1−⟩⊗ |2+⟩ + |1+⟩ ⊗ |2−⟩
= |−;+⟩ + |+;−⟩ . U3X8X93V

所以我们有

∣∣∣∣∣
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. U3X8X9NV

上述降算符操作也可以用矩阵表示给出

Ŝ−

∣∣∣∣∣
1
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〉
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2
∣∣∣∣∣
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〉
= Ŝ− |+;+⟩= h̄
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⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= h̄
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⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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,

从而可得

∣∣∣∣∣
1
2
,
1
2
,1,0

〉
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8yV

最后一个态矢量 |?⟩ 可以利用和
∣∣∣12,

1
2 ,1,0

〉
的正交性得到

|?⟩= 1√
2

(
|−;+⟩ − |+;−⟩

)
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

−1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8RV

容易验证 |?⟩ 是 Ŝ2 和 Ŝz 算符的本征值 S = 0 和 Sz = 0 的本征态

Ŝ2 |?⟩ = h̄2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1
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⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 0,
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Ŝz |?⟩ = h̄

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

1

−1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 0. U3X8X8kV

因此，

|?⟩=
∣∣∣∣∣
1
2
,
1
2
,0,0

〉
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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1
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0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8jV

综上所述，按照总角动量算符的本征值，我们可以将两个自旋 1
2 粒子的自旋角动

量耦合分为两部分

S = 1 :

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|+;+⟩
1√
2
(|+;−⟩+ |−;+⟩)

|−;−⟩

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

S = 0 :
1√
2
(|+;−⟩ − |−;+⟩) . U3X8X89V

注意：S = 1 对应一个三重态，其中粒子 R 和 k 的地位是对称的，而 S = 0 对应一个

单态，粒子 R 和 k 的地位是反对称。
由表象理论可知，

∣∣∣j1, j2, j ,mj

〉
=

∑

m1,m2

C
j ,m
j1,m1,j2,m2

|j1,m1; j2,m2
〉
, U3X8X88V

其中 *: 系数——C
jm
j1m1j2m2

——是两套基矢之间的变换矩阵。通过上面求解的耦合基

矢下总自旋角动量的本征函数可知，从耦合基矢到因子化基矢之间的变换矩阵是

S =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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0
1√
2

0
1√
2

0
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2

0 − 1√
2

0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8eV

所以，从因子化基矢到耦合基矢的变换矩阵为

S ′ = S† =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0
1√
2

1√
2

0

0 0 0 1

0
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2
− 1√

2
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8dV
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Ŝz |?⟩ = h̄

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0 0 0 0

0 0 0 0
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⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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2

⎛
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1

−1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 0. U3X8X8kV

因此，

|?⟩=
∣∣∣∣∣
1
2
,
1
2
,0,0

〉
=

1√
2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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1
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0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8jV

综上所述，按照总角动量算符的本征值，我们可以将两个自旋 1
2 粒子的自旋角动

量耦合分为两部分

S = 1 :

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|+;+⟩
1√
2
(|+;−⟩+ |−;+⟩)

|−;−⟩

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

S = 0 :
1√
2
(|+;−⟩ − |−;+⟩) . U3X8X89V

注意：S = 1 对应一个三重态，其中粒子 R 和 k 的地位是对称的，而 S = 0 对应一个

单态，粒子 R 和 k 的地位是反对称。
由表象理论可知，

∣∣∣j1, j2, j ,mj

〉
=

∑

m1,m2

C
j ,m
j1,m1,j2,m2

|j1,m1; j2,m2
〉
, U3X8X88V

其中 *: 系数——C
jm
j1m1j2m2

——是两套基矢之间的变换矩阵。通过上面求解的耦合基

矢下总自旋角动量的本征函数可知，从耦合基矢到因子化基矢之间的变换矩阵是

S =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0
1√
2

0
1√
2

0
1√
2

0 − 1√
2

0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8eV

所以，从因子化基矢到耦合基矢的变换矩阵为

S ′ = S† =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0
1√
2

1√
2

0
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0
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2
− 1√

2
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. U3X8X8dV



表象变换
从耦合基⽮矢到因⼦子化基⽮矢之间的变换矩阵是

S =

0

BBBBB@

1 0 0 0

0
1p
2

0
1p
2

0
1p
2

0 � 1p
2

0 0 1 0

1

CCCCCA

从因⼦子化基⽮矢到耦合基⽮矢的变换矩阵为

S 0 = S† =

0

BBBBB@

1 0 0 0

0
1p
2

1p
2

0

0 0 0 1

0
1p
2

� 1p
2

0

1

CCCCCA



总⾃自旋⻆角动量量算符在耦合基⽮矢空间的矩阵形式是

3X8 角动量耦合 ĜRRfRRĜ

因此总自旋角动量算符在耦合基矢空间的矩阵形式是

ˆ⃗S2
耦合基矢

= ⟨SM | ˆ⃗S2
∣∣∣S ′M ′

〉

= ⟨SM |s1z;s2z⟩
〈
s1z;s2z

∣∣∣ ˆ⃗S2
∣∣∣s′1z;s

′
2z

〉〈
s′1z;s

′
2z

∣∣∣S ′M ′
〉

= S ′ ˆ⃗S2
因子化基矢

S ′†

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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0 1√
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0
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2
− 1√

2
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⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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⎛
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⎞
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⎛
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= h̄2

⎛
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⎞
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并且

Ŝz =

⎛
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. U3X8X8NV
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因此总自旋角动量算符在耦合基矢空间的矩阵形式是
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耦合基矢

= ⟨SM | ˆ⃗S2
∣∣∣S ′M ′

〉
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2⌦ 2 = 3� 1

C-G系数定义了了⼀一个⺓⼳幺正变换，将⻆角动量量的

张量量积空间化简为不不可约化表示直和。



超精细结构——氢原⼦子的21cm线
氢原⼦子的原⼦子核和电⼦子之间的⾃自旋磁矩相互作⽤用
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manifestations of the number 2 had a common origin. The discovery of spin and of
the Pauli principle was truly one of the most difficult steps of quantum mechan-
ics. It was so difficult that it took some time for the physics community to really
appreciate the significance and importance of these notions. Pauli was awarded
the Nobel prize as late as 1945, whereas his contemporaries Heisenberg, Dirac and
Schrödinger had received the prize in the early 1930s. Note that a direct calculation
of the spin–orbit coupling, with the usual formulations of special relativity, gives
a value twice as large as (13.22), and therefore a fine-structure splitting twice too
large. This is why Pauli, at the end of 1925, did not believe in the idea of spin,
and called it a “Irrleher” in a letter to Niels Bohr. However, in March 1926, L.H.
Thomas remarked that the rest frame of the electron is not an inertial frame, and
that a correct calculation introduces a factor of 1/2 in the formula (the Thomas
precession2). This convinced Pauli of the validity of the spin-1/2 concept.

Finally, one can understand the origin of the name fine structure constant
for α, which governs the order of magnitude of fine structure effects. The name
was introduced in 1920 by Sommerfeld, who had calculated the fine structure
of hydrogen in the framework of the old quantum theory, by considering the
relativistic effects due to the eccentricity of the orbits. Sommerfeld’s calcula-
tion gave the correct result, but this was simply another awkward coincidence
due to the particular symmetries of the hydrogen problem and to the ensuing
degeneracies with respect to ℓ.
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An even smaller effect (a splitting of the order of 6×10−6 eV) has very impor-
tant practical applications. This effect comes from the magnetic interaction
between the spin magnetic moments of the electron and the proton:

µ̂e = γeŜe , γe = −q/me ; (13.24)
µ̂p = γpŜp , γp ≃ 2.79 q/mp . (13.25)

This interaction is called the spin–spin, or hyperfine, interaction. We shall
consider only its effect on the ground state of hydrogen, n = 1, ℓ = 0.

13.3.1 Interaction Energy

We neglect here effects due to the internal structure of the proton and treat
it as a point-like particle. The calculation of the magnetic field created at a
point r by a magnetic dipole µp located at the origin is a well-known problem
in magnetostatics.3 The result can be written

B(r) = − µ0

4πr3

(

µp −
3(µp · r) r

r2

)

+
2µ0

3
µp δ(r) . (13.26)

2 See, e. g., J.D. Jackson, Classical Electrodynamics, Sect. 11.8, Wiley, New York
(1975).

3 See, e. g., J.D. Jackson, Classical Electrodynamics, Sect. 5.6, Wiley, New York
(1975).

⾃自旋-⾃自旋相互作⽤用

将氢原⼦子核视作为点粒⼦子，则位于原点的质⼦子磁偶极矩产⽣生磁场为

13.3 Hyperfine Structure; the 21 cm Line of Hydrogen 261

manifestations of the number 2 had a common origin. The discovery of spin and of
the Pauli principle was truly one of the most difficult steps of quantum mechan-
ics. It was so difficult that it took some time for the physics community to really
appreciate the significance and importance of these notions. Pauli was awarded
the Nobel prize as late as 1945, whereas his contemporaries Heisenberg, Dirac and
Schrödinger had received the prize in the early 1930s. Note that a direct calculation
of the spin–orbit coupling, with the usual formulations of special relativity, gives
a value twice as large as (13.22), and therefore a fine-structure splitting twice too
large. This is why Pauli, at the end of 1925, did not believe in the idea of spin,
and called it a “Irrleher” in a letter to Niels Bohr. However, in March 1926, L.H.
Thomas remarked that the rest frame of the electron is not an inertial frame, and
that a correct calculation introduces a factor of 1/2 in the formula (the Thomas
precession2). This convinced Pauli of the validity of the spin-1/2 concept.

Finally, one can understand the origin of the name fine structure constant
for α, which governs the order of magnitude of fine structure effects. The name
was introduced in 1920 by Sommerfeld, who had calculated the fine structure
of hydrogen in the framework of the old quantum theory, by considering the
relativistic effects due to the eccentricity of the orbits. Sommerfeld’s calcula-
tion gave the correct result, but this was simply another awkward coincidence
due to the particular symmetries of the hydrogen problem and to the ensuing
degeneracies with respect to ℓ.

13.3 Hyperfine Structure; the 21 cm Line of Hydrogen

An even smaller effect (a splitting of the order of 6×10−6 eV) has very impor-
tant practical applications. This effect comes from the magnetic interaction
between the spin magnetic moments of the electron and the proton:
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电⼦子磁矩与磁场间的相互作⽤用为

262 13. Addition of Angular Momenta

The interaction Hamiltonian between the magnetic moment µe of the
electron and this magnetic field reads

Ŵ = −µ̂e · B̂ .

For r ̸= 0, Ŵ reduces to the usual dipole–dipole interaction:

r ̸= 0 , Ŵdip =
µ0

4πr̂3

(

µ̂e · µ̂p −
3(µ̂e · r̂)(µ̂p · r̂)

r̂2

)

.

This interaction will not contribute to our calculation, because of the follow-
ing mathematical property. For any function g(r), r = |r|, that is regular at
r = 0, an angular integration yields

∫

g(r) Wdip(r) d3r = 0 . (13.27)

At r = 0, the field (13.26) is singular because of the contribution of the term
proportional to δ(r). This leads to a contact interaction

Ŵcont = −2µ0

3
µ̂e · µ̂p δ(r̂) .

The origin of the singularity at r = 0 is the point-like nature of the proton that
we have assumed in our analysis. This implies that all field lines converge to the
same point. A calculation taking into account the finite size of the proton and
the corresponding modification to the field leads to essentially the same result,
because the size of the proton is very small compared with the size of the probability
distribution of the electron in the 1s state. Note that this point-like model is strictly
valid for positronium, which is an atom consisting of an electron and a positron,
both being point-like objects.

Here we have taken into account the magnetic interaction between the
proton and electron spins. There is also a contribution from the magnetic
interaction between the proton spin and the magnetic moment associated
with the current loop formed by the electron, which is proportional to its
orbital angular momentum L. In the following we are interested in the prop-
erties of the ground state, for which ℓ = 0, and this additional term does not
contribute.

13.3.2 Perturbation Theory

The observable Ŵ acts on space and spin variables. We consider the orbital
ground state of the hydrogen atom, which, owing to the spin variables, is a
four-state system. An arbitrary state of this four-dimensional subspace can
be written as

|ψ⟩ = ψ100(r) |Σ⟩ , (13.28)
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r 6= 0

对于r=0处⾮非奇异函数f(r)，对⻆角度积分后Wdip贡献为零。

点粒⼦子假设
适⽤用于质⼦子



超精细结构——氢原⼦子的21cm线
考虑处于基态的氢原⼦子，采⽤用微扰论计算
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where ψ100(r) is the ground-state wave function found in Chap. 11: ψ100(r) =
e−r/a1/

√

πa3
1. First-order perturbation theory requires that we diagonalize

the restriction of Ŵ to this subspace.
We shall proceed in two steps. First we treat the space variables, which

results in an operator acting only on spin variables, and then we diagonalize
this latter operator. Consider

Ĥ1 =
∫

ψ∗
100(r) Ŵ ψ100(r) d3r .

The probability density for the ground-state level |ψ100(r)|2 is isotropic. As
a consequence of (13.27), Ŵdip does not contribute to Ĥ1. The contact term
is readily evaluated as

Ĥ1 = −2µ0

3
µ̂e · µ̂p |ψ100(0)|2 . (13.29)

Ĥ1 is an operator which acts only on spin states. It can be cast into the form

Ĥ1 =
A

h̄2 Ŝe · Ŝp , (13.30)

where the constant A can be inferred from the values of γe, γp and ψ100(0):

A = −2
3

µ0

4π

4
a3
1

γeγph̄2 =
16
3

× 2.79
me

mp
α2EI .

One obtains

A ≃ 5.87 × 10−6 eV , ν =
A

h
≃ 1417 MHz , λ =

c

ν
≃ 21 cm .

(13.31)

13.3.3 Diagonalization of Ĥ1

The diagonalization of Ĥ1 in the Hilbert space of spin states is simple. Con-
sidering the total spin Ŝ = Ŝe + Ŝp, one has

Ŝe · Ŝp =
1
2

(

Ŝ2 − Ŝ2
e − Ŝ2

p

)

,

which is diagonal in the basis of the eigenstates |S, M⟩ of the total spin, with
the following eigenvalues:

h̄2

2
[S(S + 1) − 3/2] , where S = 0 or S = 1 .

The ground state E0 = −EI of the hydrogen atom is therefore split by the
hyperfine interaction into two sublevels corresponding to the triplet |1, M⟩
and singlet |0, 0⟩ states:

 100 =
1p
⇡a31

e�
r
a1
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H1算符仅作⽤用在⾃自旋波函数上 
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100(r) Ŵ ψ100(r) d3r .

The probability density for the ground-state level |ψ100(r)|2 is isotropic. As
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h̄2 Ŝe · Ŝp , (13.30)

where the constant A can be inferred from the values of γe, γp and ψ100(0):

A = −2
3

µ0

4π

4
a3
1

γeγph̄2 =
16
3

× 2.79
me

mp
α2EI .

One obtains

A ≃ 5.87 × 10−6 eV , ν =
A

h
≃ 1417 MHz , λ =

c

ν
≃ 21 cm .

(13.31)

13.3.3 Diagonalization of Ĥ1
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We shall proceed in two steps. First we treat the space variables, which

results in an operator acting only on spin variables, and then we diagonalize
this latter operator. Consider

Ĥ1 =
∫

ψ∗
100(r) Ŵ ψ100(r) d3r .

The probability density for the ground-state level |ψ100(r)|2 is isotropic. As
a consequence of (13.27), Ŵdip does not contribute to Ĥ1. The contact term
is readily evaluated as
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µ̂e · µ̂p |ψ100(0)|2 . (13.29)

Ĥ1 is an operator which acts only on spin states. It can be cast into the form
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where the constant A can be inferred from the values of γe, γp and ψ100(0):
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One obtains

A ≃ 5.87 × 10−6 eV , ν =
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≃ 1417 MHz , λ =
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13.3.3 Diagonalization of Ĥ1

The diagonalization of Ĥ1 in the Hilbert space of spin states is simple. Con-
sidering the total spin Ŝ = Ŝe + Ŝp, one has

Ŝe · Ŝp =
1
2

(

Ŝ2 − Ŝ2
e − Ŝ2

p

)

,

which is diagonal in the basis of the eigenstates |S, M⟩ of the total spin, with
the following eigenvalues:

h̄2

2
[S(S + 1) − 3/2] , where S = 0 or S = 1 .

The ground state E0 = −EI of the hydrogen atom is therefore split by the
hyperfine interaction into two sublevels corresponding to the triplet |1, M⟩
and singlet |0, 0⟩ states:
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h̄2 Ŝe · Ŝp , (13.30)

where the constant A can be inferred from the values of γe, γp and ψ100(0):

A = −2
3

µ0

4π

4
a3
1

γeγph̄2 =
16
3

× 2.79
me

mp
α2EI .

One obtains

A ≃ 5.87 × 10−6 eV , ν =
A

h
≃ 1417 MHz , λ =

c

ν
≃ 21 cm .

(13.31)

13.3.3 Diagonalization of Ĥ1
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E+ = E0+ A/4 ,
E− = E0− 3A/4 ,

triplet state |1, M⟩ ;
singlet state |0, 0⟩ .

(13.32)

The difference between these two energies is equal to A, i. e. 5.87 × 10−6eV;
it corresponds to the characteristic line of hydrogen at a wavelength λ ∼ 21
cm.

Remarks

(1) In its ground state, the hydrogen atom constitutes a four-level system
with two energy levels. By a method whose principle is similar to that dis-
cussed in Chap. 6, it is possible (but technically more complicated) to devise
a hydrogen maser.4Among other things, this allows one to measure the con-
stant A, or, equivalently, the frequency ν = A/h with an impressive accuracy:

ν = 14
︸︷︷︸

A

20
︸︷︷︸

B

40
︸︷︷︸

C

5751
︸︷︷︸

D

. 7684
︸︷︷︸

E

±0.0017 Hz .

In this result, we have labeled several groups of digits. The first two digits (A)
were obtained by Fermi in 1930; they correspond to the contact term considered
above. The following two digits (B) can be calculated using the Dirac equation
and the experimental value for the anomalous magnetic moment of the electron
(a deviation of the order of 10−3). Other corrections can account for the next
two digits (C): relativistic vacuum polarization corrections, the finite size of the
nucleus, polarization of the nucleus, etc. The set (D, E) is out of range for theorists
at present.

Such an accuracy has, in particular, provided a means to test the pre-
dictions of general relativity.5 A hydrogen maser was sent in a rocket to an
altitude of 10 000 km, and the variation of its frequency as the gravitational
field and the velocity varied was measured. Despite numerous difficulties, it
was possible to check the predictions of relativity with an accuracy of 7×10−5;
the result is still one of the most accurate verifications of the theory (more
precisely, of the equivalence principle).

(2) The hyperfine splitting of alkali atoms has the same origin as that of hy-
drogen, although it is more difficult to calculate theoretically. The frequencies
listed in Table 13.1 are observed. These splittings have been used in masers
and atomic clocks. One of the many applications is the definition of the time
standard on the basis of the hyperfine effect in the cesium-133 isotope in its
ground state (∆E ∼ 3.8 × 10−5eV). One second is defined as being equal
to 9 192 631 770 periods of the corresponding line. The relative accuracy of
the practical realization of this definition is 10−15. Such impressive preci-
sion has been made possible by the use of laser-cooled atoms, whose residual
temperature is of the order of only 1µK.
4 H.M. Goldenberg, D. Kleppner and N.F. Ramsey, Phys. Rev. Lett. 8, 361 (1960).
5 R. Vessot et al., Phys. Rev. Lett. 45, 2081 (1980).
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100(r) Ŵ ψ100(r) d3r .

The probability density for the ground-state level |ψ100(r)|2 is isotropic. As
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(a deviation of the order of 10−3). Other corrections can account for the next
two digits (C): relativistic vacuum polarization corrections, the finite size of the
nucleus, polarization of the nucleus, etc. The set (D, E) is out of range for theorists
at present.

Such an accuracy has, in particular, provided a means to test the pre-
dictions of general relativity.5 A hydrogen maser was sent in a rocket to an
altitude of 10 000 km, and the variation of its frequency as the gravitational
field and the velocity varied was measured. Despite numerous difficulties, it
was possible to check the predictions of relativity with an accuracy of 7×10−5;
the result is still one of the most accurate verifications of the theory (more
precisely, of the equivalence principle).

(2) The hyperfine splitting of alkali atoms has the same origin as that of hy-
drogen, although it is more difficult to calculate theoretically. The frequencies
listed in Table 13.1 are observed. These splittings have been used in masers
and atomic clocks. One of the many applications is the definition of the time
standard on the basis of the hyperfine effect in the cesium-133 isotope in its
ground state (∆E ∼ 3.8 × 10−5eV). One second is defined as being equal
to 9 192 631 770 periods of the corresponding line. The relative accuracy of
the practical realization of this definition is 10−15. Such impressive preci-
sion has been made possible by the use of laser-cooled atoms, whose residual
temperature is of the order of only 1µK.
4 H.M. Goldenberg, D. Kleppner and N.F. Ramsey, Phys. Rev. Lett. 8, 361 (1960).
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Fig. 13.3. Spiral structure of the Milky Way, reconstructed from radio-astronom-
ical observations at a wavelength of 21 cm (By courtesy of Mr. Frederic Zantonio)

every 1000 light-years along a line of sight) and its extension outside the
plane of the galaxy (roughly 1000 light-years).

Finally, this 21 cm line, which comes from the ground state of the simplest
and most abundant element in the universe, provides a coding procedure for
communicating with possible extraterrestrial civilizations, who, obviously, see
the same universe, with the same dominant element, whose ground state has
the same hyperfine structure. On the few space probes which have now left
the solar system, NASA scientists have put a plate which carries a message
from our civilization and which uses this key.

The plate on the Pioneer 10 space probe, represented in Fig. 13.4, is
an example. At the top, two atoms with parallel and antiparallel spins are
represented, meaning that the hyperfine transition of wavelength 21 cm takes
place between these two states. The transition is symbolized by a line between
the two atoms, which is used as a length unit (21 cm) and a time unit (the
inverse of the frequency). The length unit may be checked by comparing the
sketch of the Pioneer probe, which would be recovered with the plate. Two
human beings are represented on the same scale.

The spider-like diagram on the left gives the directions and frequencies of
the main known pulsars that can be observed from the earth at present. A
given configuration of this kind happens only at one time and at one location
in our galaxy. Knowing the history of pulsars, it is therefore possible to find
the few stars which were roughly in the right place at the right time. The
extraterrestrial beings (whom, by definition, we know nothing about, except
that if they exist they are intelligent) will therefore be able to localize both

银河系螺旋结构

半径50000光年年，
太阳系离银⼼心30000光年年
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Fig. 13.4. Plate on the Pioneer 10 space probe, aimed at some possible extrater-
restrial civilization. The message on this plate uses the 21 cm line of hydrogen as a
“Rosetta stone” in order to tell where and when the probe was launched

in space and time the people who sent the message (perhaps thousands of
years before). Fifty percent of the 300 scientists who had tested this message
understood practically all of its content. Unanimously, however, they agreed
that the sketches of the two human beings were totally incomprehensible.
Therefore, this was suppressed on the later space probes, Pioneer 11 and the
two Voyager spacecrafts.

Further Reading

• A.R. Edmonds, Angular Momentum in Quantum Mechanics, Princeton
University Press, Princeton (1950).

• For the fine structure of the hydrogen atom, one can read T.W. Hänsch,
A.L. Schawlow and G.W. Series, “The spectrum of the hydrogen atom”,
Sci. Am., March 1979.

• For developments in atomic clocks, see, for example, W. Itano and N.
Ramsey, “Accurate measurement of time”, Sci. Am., July 1993, p. 46.
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3.5 Addition of Angular Momenta

Using the example of n = 2 and m = 3, one can discuss the addition of
s = 1/2 and l = 1. V is two-dimensional, representing the spin 1/2, while
W is three-dimensional, representing the orbital angular momentum one. As
usual, the basis vectors are
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W is three-dimensional, representing the orbital angular momentum one. As
usual, the basis vectors are
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for l = 1. The matrix representations of the angular momentum operators
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The addition of angular momenta is done simply by adding these matrices,
J±,z = S±,z ⌦ I + I ⌦ L±,z,
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They satisfy J+|
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3
2i = 0. By using the general formula

J±|j, mi =
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J�|
3

2
,
3

2
i =

0

BBBBBBBB@

0
p

2
0
1
0
0

1

CCCCCCCCA

=
p

3|
3

2
,
1

2
i, J+|

3

2
,�

3

2
i =

0

BBBBBBBB@

0
0
1
0
p

2
0

1

CCCCCCCCA

=
p

3|
3

2
,�

1

2
i.

(38)
We normally write them without using column vectors,
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Their orthogonal linear combinations belong to the j = 1/2 representation,
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It is easy to verify J+|
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The addition of angular momenta is done simply by adding these matrices,
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Their orthogonal linear combinations belong to the j = 1/2 representation,
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The addition of angular momenta is done simply by adding these matrices,
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We normally write them without using column vectors,
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Their orthogonal linear combinations belong to the j = 1/2 representation,
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Their orthogonal linear combinations belong to the j = 1/2 representation,
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Now we can go to a new basis system by a unitary rotation

U =

0

BBBBBBBBBBB@

1 0 0 0 0 0

0
q

2
3 0 1p

3
0 0

0 0 1p
3

0
q

2
3 0

0 0 0 0 0 1

0 1p
3

0 �

q
2
3 0 0

0 0
q

2
3 0 �

1p
3

0

1

CCCCCCCCCCCA

. (42)
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They satisfy J+|
3
2 ,

3
2i = J�|

3
2 ,�

3
2i = 0. By using the general formula

J±|j, mi =
q

j(j + 1)�m(m ± 1)|j, m ± 1i, we find

J�|
3

2
,
3

2
i =

0

BBBBBBBB@

0
p

2
0
1
0
0

1

CCCCCCCCA

=
p

3|
3

2
,
1

2
i, J+|

3

2
,�

3

2
i =

0

BBBBBBBB@

0
0
1
0
p

2
0

1

CCCCCCCCA

=
p

3|
3

2
,�

1

2
i.

(38)
We normally write them without using column vectors,

J�|
3

2
,
3

2
i = J�|

1

2
,
1

2
i ⌦ |1, 1i

= |
1

2
,�

1

2
i ⌦ |1, 1i+

p

2|
1

2
,
1

2
i ⌦ |1, 0i =

p

3|
3

2
,
1

2
i, (39)

J+|
3

2
,�

3

2
i = J+|

1

2
,�

1

2
i ⌦ |1,�1i

= |
1

2
,
1

2
i ⌦ |1,�1i+

p

2|
1

2
,�

1

2
i ⌦ |1, 0i =

p

3|
3

2
,�

1

2
i. (40)

Their orthogonal linear combinations belong to the j = 1/2 representation,
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�
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1
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1
2 ,�

1
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U =

0
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1 0 0 0 0 0

0
q

2
3 0 1p

3
0 0

0 0 1p
3

0
q

2
3 0

0 0 0 0 0 1

0 1p
3

0 �

q
2
3 0 0

0 0
q

2
3 0 �

1p
3

0

1

CCCCCCCCCCCA
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They satisfy J+|
3
2 ,

3
2i = J�|

3
2 ,�

3
2i = 0. By using the general formula

J±|j, mi =
q

j(j + 1)�m(m ± 1)|j, m ± 1i, we find

J�|
3

2
,
3

2
i =

0

BBBBBBBB@

0
p

2
0
1
0
0

1

CCCCCCCCA

=
p

3|
3

2
,
1

2
i, J+|

3

2
,�

3

2
i =

0

BBBBBBBB@

0
0
1
0
p

2
0

1

CCCCCCCCA

=
p

3|
3

2
,�

1

2
i.

(38)
We normally write them without using column vectors,
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3
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2
,
1

2
i ⌦ |1, 1i

= |
1

2
,�

1

2
i ⌦ |1, 1i+

p

2|
1

2
,
1

2
i ⌦ |1, 0i =

p

3|
3

2
,
1

2
i, (39)
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2
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2
,�
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2
i ⌦ |1,�1i

= |
1

2
,
1

2
i ⌦ |1,�1i+

p

2|
1

2
,�

1

2
i ⌦ |1, 0i =

p

3|
3

2
,�

1

2
i. (40)

Their orthogonal linear combinations belong to the j = 1/2 representation,
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1
p

3

0

BBBBBBBB@

0
1
0

�
p

2
0
0

1

CCCCCCCCA

, |
1

2
,�

1

2
i =

1
p

3

0

BBBBBBBB@

0
0
p

2
0
�1
0

1

CCCCCCCCA

. (41)

It is easy to verify J+|
1
2 ,

1
2i = J�|

1
2 ,�

1
2i = 0, and J�|

1
2 ,

1
2i = |

1
2 ,�

1
2i.

Now we can go to a new basis system by a unitary rotation

U =

0

BBBBBBBBBBB@

1 0 0 0 0 0

0
q

2
3 0 1p

3
0 0

0 0 1p
3

0
q

2
3 0

0 0 0 0 0 1

0 1p
3

0 �

q
2
3 0 0

0 0
q

2
3 0 �

1p
3

0

1

CCCCCCCCCCCA
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Sz ⌦ I =
h̄

2

0

BBBBBBBB@

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 �1 0 0
0 0 0 0 �1 0
0 0 0 0 0 �1

1

CCCCCCCCA

, I ⌦ Lz = h̄

0

BBBBBBBB@

1 0 0 0 0 0
0 0 0 0 0 0
0 0 �1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 �1

1

CCCCCCCCA

.

(35)

The addition of angular momenta is done simply by adding these matrices,
J±,z = S±,z ⌦ I + I ⌦ L±,z,

J+ = h̄

0

BBBBBBBBB@

0
p

2 0 1 0 0
0 0

p
2 0 1 0

0 0 0 0 0 1
0 0 0 0

p
2 0

0 0 0 0 0
p

2
0 0 0 0 0 0

1

CCCCCCCCCA

,

J� = h̄

0

BBBBBBBBB@

0 0 0 0 0 0
p

2 0 0 0 0 0
0

p
2 0 0 0 0

1 0 0 0 0 0
0 1 0

p
2 0 0

0 0 1 0
p

2 0

1

CCCCCCCCCA

,

Jz = h̄

0

BBBBBBBB@

3
2 0 0 0 0 0
0 1

2 0 0 0 0
0 0 �

1
2 0 0 0

0 0 0 1
2 0 0

0 0 0 0 �
1
2 0

0 0 0 0 0 �
3
2

1

CCCCCCCCA

. (36)

It is clear that

|
3

2
,
3

2
i =

0

BBBBBBBB@

1
0
0
0
0
0

1

CCCCCCCCA

, |
3

2
,�

3

2
i =

0

BBBBBBBB@

0
0
0
0
0
1

1

CCCCCCCCA

. (37)
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They satisfy J+|
3
2 ,

3
2i = J�|

3
2 ,�

3
2i = 0. By using the general formula

J±|j, mi =
q

j(j + 1)�m(m ± 1)|j, m ± 1i, we find

J�|
3

2
,
3

2
i =

0

BBBBBBBB@

0
p

2
0
1
0
0

1

CCCCCCCCA

=
p

3|
3

2
,
1

2
i, J+|

3

2
,�

3

2
i =

0

BBBBBBBB@

0
0
1
0
p

2
0

1

CCCCCCCCA

=
p

3|
3

2
,�

1

2
i.

(38)
We normally write them without using column vectors,

J�|
3

2
,
3

2
i = J�|

1

2
,
1

2
i ⌦ |1, 1i

= |
1

2
,�

1

2
i ⌦ |1, 1i+

p

2|
1

2
,
1

2
i ⌦ |1, 0i =

p

3|
3

2
,
1

2
i, (39)

J+|
3

2
,�

3

2
i = J+|

1

2
,�

1

2
i ⌦ |1,�1i

= |
1

2
,
1

2
i ⌦ |1,�1i+

p

2|
1

2
,�

1

2
i ⌦ |1, 0i =

p

3|
3

2
,�

1

2
i. (40)

Their orthogonal linear combinations belong to the j = 1/2 representation,

|
1

2
,
1

2
i =

1
p

3

0

BBBBBBBB@

0
1
0

�
p

2
0
0

1

CCCCCCCCA

, |
1

2
,�

1

2
i =

1
p

3

0

BBBBBBBB@

0
0
p

2
0
�1
0

1

CCCCCCCCA

. (41)

It is easy to verify J+|
1
2 ,

1
2i = J�|

1
2 ,�

1
2i = 0, and J�|

1
2 ,

1
2i = |

1
2 ,�

1
2i.

Now we can go to a new basis system by a unitary rotation

U =

0

BBBBBBBBBBB@

1 0 0 0 0 0

0
q

2
3 0 1p

3
0 0

0 0 1p
3

0
q

2
3 0

0 0 0 0 0 1

0 1p
3

0 �

q
2
3 0 0

0 0
q

2
3 0 �

1p
3

0

1

CCCCCCCCCCCA

. (42)
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Define a unitary rotation



This matrix puts transpose of vectors in successive rows so that the vectors
of definite j and m are mapped to simply each component of the vector,

U |
3

2
,
3

2
i =

0

BBBBBBBB@

1
0
0
0
0
0

1

CCCCCCCCA

, U |
3

2
,
1

2
i =

0

BBBBBBBB@

0
1
0
0
0
0

1

CCCCCCCCA

, U |
3

2
,�

1

2
i =

0

BBBBBBBB@

0
0
1
0
0
0

1

CCCCCCCCA

, U |
3

2
,�

3

2
i =

0

BBBBBBBB@

0
0
0
1
0
0

1

CCCCCCCCA

,

U |
1

2
,
1

2
i =

0

BBBBBBBB@

0
0
0
0
1
0

1

CCCCCCCCA

, U |
3

2
,
3

2
i =

0

BBBBBBBB@

0
0
0
0
0
1

1

CCCCCCCCA

. (43)

For the generators, we find

UJzU
† = h̄

0

BBBBBBBB@

3
2 0 0 0 0 0
0 1

2 0 0 0 0
0 0 �

1
2 0 0 0

0 0 0 �
3
2 0 0

0 0 0 0 1
2 0

0 0 0 0 0 �
1
2

1

CCCCCCCCA

, (44)

UJ+U
† = h̄

0

BBBBBBBB@

0
p

3 0 0 0 0
0 0 2 0 0 0
0 0 0

p
3 0 0

0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0

1

CCCCCCCCA

, (45)

UJ�U
† = h̄

0

BBBBBBBB@

0 0 0 0 0 0
p

3 0 0 0 0 0
0 2 0 0 0 0
0 0

p
3 0 0 0

0 0 0 0 0 0
0 0 0 0 1 0

1

CCCCCCCCA

. (46)

Here, the matrices are written in a block-diagonal form. What we see here
is that this space is actually a direct sum of two representations j = 3/2 and

13



This matrix puts transpose of vectors in successive rows so that the vectors
of definite j and m are mapped to simply each component of the vector,

U |
3

2
,
3

2
i =

0

BBBBBBBB@

1
0
0
0
0
0

1

CCCCCCCCA

, U |
3

2
,
1

2
i =

0

BBBBBBBB@

0
1
0
0
0
0

1

CCCCCCCCA

, U |
3

2
,�

1

2
i =

0

BBBBBBBB@

0
0
1
0
0
0

1

CCCCCCCCA

, U |
3

2
,�

3

2
i =

0

BBBBBBBB@

0
0
0
1
0
0

1

CCCCCCCCA

,

U |
1

2
,
1

2
i =

0

BBBBBBBB@

0
0
0
0
1
0

1

CCCCCCCCA

, U |
3

2
,
3

2
i =

0

BBBBBBBB@

0
0
0
0
0
1

1

CCCCCCCCA

. (43)

For the generators, we find

UJzU
† = h̄

0

BBBBBBBB@

3
2 0 0 0 0 0
0 1

2 0 0 0 0
0 0 �

1
2 0 0 0

0 0 0 �
3
2 0 0

0 0 0 0 1
2 0

0 0 0 0 0 �
1
2

1

CCCCCCCCA

, (44)

UJ+U
† = h̄

0

BBBBBBBB@

0
p

3 0 0 0 0
0 0 2 0 0 0
0 0 0

p
3 0 0

0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0

1

CCCCCCCCA

, (45)

UJ�U
† = h̄

0

BBBBBBBB@

0 0 0 0 0 0
p

3 0 0 0 0 0
0 2 0 0 0 0
0 0

p
3 0 0 0

0 0 0 0 0 0
0 0 0 0 1 0

1

CCCCCCCCA

. (46)

Here, the matrices are written in a block-diagonal form. What we see here
is that this space is actually a direct sum of two representations j = 3/2 and
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Generators
in new basis

j = 1/2. In other words,

V1/2 ⌦ V1 = V3/2 � V1/2. (47)

This is what we do with Clebsch–Gordan coe�cients. Namely that the
Clebsch–Gordan coe�cients define a unitary transformation that allow us
to decompose the tensor product space into a direct sum of irreducible rep-
resentations of the angular momentum. As a mnemonic, we often write it
as

2⌦ 3 = 4� 2. (48)

Here, the numbers refer to the dimensionality of each representation 2j + 1.
If I replace ⌦ by ⇥ and � by +, my eight-year old daughter can confirm that
this equation is true. The added meaning here is that the right-hand side
shows a specific way how the tensor product space decomposes to a direct
sum.
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C-G系数定义了了⼀一个⺓⼳幺正变换，
将⻆角动量量的张量量积空间化简为不不可约化表示直和。



纠缠态



可因⼦子化态和纠缠态
由两个粒⼦子组成的复合体系的量量⼦子态，如果能够
表示为每个粒⼦子的量量⼦子态的乘积，则称为分离态
（或可因⼦子化态）。反之，称为纠缠态。

因⼦子化基⽮矢：

都是单体算符

分离态

耦合基⽮矢

纠缠态

是两体算符
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