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QED Lagrangian

The Lagrangian is

L = ψ̄ (iγµD
µ −m)ψ −

1

4
FµνF

µν, (1)

where iDµ = i∂µ − eAµ (charge of e−: e = −|e|) and

Fµν = ∂µAν − ∂νAµ.

The equation of motion are

• Dirac equation

(iγµDµ −m)ψ = 0, (2)

• Maxwell equation

∂µF
µν = eψ̄γνψ = ejν, (3)

where jν is current density.
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Gauge Theory

The Lagrangian is invariant under local gauge

transformation

ψ(x) → eiα(x)ψ(x), (4)

Aµ(x) → Aµ(x) −
1

e
∂µα(x), (5)

where α(x) depends on space-time x.

Under the above local transformation, we know

that

• Dµψ(x) → eiα(x)Dµψ(x),

• ψ̄(x) → ψ̄(x)e−iα(x),

• Fµν → Fµν.

Since ψ̄Dµψ, ψ̄ψ and FµνFµν are invariant, the

Lagrangian is invariant.
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Feynman Rules and Feynman Diagrams
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S-matrix and Cross Section

• Given L, one can obtain H, and then construct S-

matrix element, which is denoted as M(scattering

amplitude).

• The probability is given by taking M†M = |M|2.

Thus one can obtain the scattering cross section.

• We take e+e− → µ+µ− as an example to calculate

the scattering cross section.
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e+e− → µ+µ− scattering

e
−

e
+

γ
∗

µ
−

µ
+

p1

p2

p3

p4

p = p1 + p2 = p3 + p4

Following the QED Feynman Rules, the invariant amplitude
is

− iM =
h

ū(p3)
“

ieQγ
β

”

v(p4)
i −igαβ

p2 + iǫ

h

v̄(p2)
“

−ieγ
β

”

u(p1)
i

, (6)

where we take the muon charge as Q, and electron charge −1.
For an unpolarized e+ and e− beam, one needs to average the
initial spins and sum over the final spins. So the amplitude square
is

1

2

1

2

X

spin

|M|2 =
e4Q2

4p4

X

spin

h

v̄(p4)γ
β

u(p3)ū(p3)γ
α

v(p4)
i

h

ū(p1)γβv(p2)v̄(p2)γαu(p1)
i

=
8e4

p4

“

p1 · p4p2 · p3 + p1 · p3p2 · p4 + m
2
µp1 · p2

”

(7)
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e+e− → µ+µ− scattering (2)

Specialize to the center of mass frame,

e− e+

θ

µ−

µ+

|~k|

p1 = (E, 0, 0, E) (8)

p2 = (E, 0, 0,−E) (9)

p3 = (E, |~k| sin θ, 0, |~k| cos θ) (10)

p4 = (E,−|~k| sin θ, 0,−|~k| cos θ) (11)

p
2 = (p1 + p2)2 = (p3 + p4)2 = 4E

2 = s (12)
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e+e− → µ+µ− scattering (3)

The differential cross section is

dσ

dΩ
=

dσ

d cos θdφ
=

1

2s

|~p3|
32π2|~p1|

1

4

X

spin

|M|2

=
1

2s

k

32π2E

1

4

X

spin

|M|2 =
α2Q2β

4s

“

2 − β
2 + β

2 cos2 θ
”

, (13)

where α = e2

4π
and β =

q

1 − 4m2
µ

s
.

The total cross section is

σ =

Z

dσ

dΩ
dΩ =

4πα2Q2β

3s

3 − β2

2
. (14)

In the relativistic limit, mµ ≪ √
s, β → 1. The differential

cross section will be

dσ

dΩ
=

α2Q2

4s

“

1 + cos2 θ
”

, (15)

The total cross section will be

σ =
4πα2Q2

3s
. (16)
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