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SEERMS{E BT (Leonhard Euler , 17078 4815H~17838E9818H) , B1H5E. BYE#S% . 1707FR4H15HEE
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FEHFNSTRhTEENA MO E TS ENEE e, ATinEE. U kEhnme @y, 8iEs. nss%a.

Euler introduced and popularized several
notational conventions through his numerous
and widely circulated textbooks. Most notably,
he introduced the concept of a function and
was the first to write f(x) to denote the
function f applied to the argument x. He also
introduced the modern notation for

the trigonometric functions, the letter e for the
base of the natural logarithm (now also known

Iml

as Euler's number), the Greek letter X for
summations and the letter i to denote
the imaginary unit
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An ODE Example: dy/dt=-y, with y(0)=1. x:[0-10]

Explicit Method

Program main
IMPLICIT NONE
Real*8 nstep
Real*8 xfinal, xini
Real*8 xstep
Real*8 y(10000)
Integer i
character*50 file_name_out
file_name_out = 'plot.gnu’
open( unit=16, file=file_name_out,
access="sequential",
*  form='formatted’,
status="unknown")
10 format( E15.7,E15.7, E15.7)

nstep=50.

xfinal=10.

xini=0.

y(1)=1.0

xstep=(xfinal-xini)/nstep

write(unit=16, fmt=10) 0., y(1), y(1)

do i=2,nstep+1
y(i)=y(i-1)+(-1.)*xstep*y(i-1)
write(unit=16, fmt=10)(i-1.)*xstep, y(i),

y(1)*dexp(-(i-1.)*xstep)

enddo
close( unit=16)

end




do i=2,nstep+1

y(i)=y(i-1)/(1.+xstep)

write(unit=16, fmt=10)(i-1.)*xstep, y(i), y(1)*dexp(-(i-1.)*xstep)
enddo

y(2)=y(1)+(-1.*y(1))*xstep

write(unit=16, fmt=10) 0.*xstep, y(1), y(1)

write(unit=16, fmt=10) 1.*xstep, y(2), y(2)

do i=2,nstep

y(i+1)=y(i-1)-y(i)*2.0*xstep

write(unit=16, fmt=10) i*xstep, y(i+1), y(1)*dexp(-i*xstep)
enddo

do i=2,nstep+1
y(i)=y(i-1)+(-1.)*xstep*y(i-1)+xstep**2/2.0*y(i-1)
write(unit=16, fmt=10)(i-1.)*xstep, y(i), y(1)*dexp(-(i-1.)*xstep)
enddo
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Runge-Kutta& Developed around 1900 by the German
mathematicians C. Runge and M. W. Kutta.
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i 30 August 1856 — November 3, 1867 —
Up4+1 = Ug + hz Ciki 3 January 1927 December 25, 1944
i=1
where =
ki = f(tr, ug), i=1 ¢ =1,
i—1 i—1
= i Z bij = aj,
ki - f(tk + aih; U, + h bijkj): i=2,3,...n, j=1
j=1
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https://en.wikipedia.org/wiki/Carl_David_Tolm%C3%A9_Runge
https://en.wikipedia.org/wiki/Martin_Wilhelm_Kutta
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Runge-Kuttaidg‘ 511 An ODE Example: dy/dt=-y, with y(0)=1. x:[0-10]

Program main

nstep=20.
IMPLICIT NONE xfinal=10.
Real*8 nstep xini=0.
Real*8 xfinal, xini y(1)=1.0

Real*8 xstep xstep=(xfinal-xini)/nstep

Real*8 y(10000) write(unit=16, fmt=10) 0., y(1), y(1)
Real*8 k1,k2,k3,k4 do i=2,nstep+1

. k1=-y(i-1)

Integer i k2=-y(i-1)-xstep/2.0*k1

character*50 file_name_out k3=-y(i-1)-xstep/2.0¥k2

file_name_out = 'plot-rk.gnu' k4=-y(i-1)-xstep*k3

_ o y(i)=y(i-1)+xstep*(k1+2.0*k2+2.0*k3+k4)/6.0

operl( unit=16, f:|e=flle_name_out, write(unit=16, fmt=10)(i-1.)*xstep, y(i),
access="sequential", y(1)*dexp(-(i-1.)*xstep)

*  form='formatted', status="unknown" ) enddo

10 format( E15.7, E15.7, E15.7 ) close( unit=16 )

end




Runge-KuttaFg‘ i1 b RKO

An ODE Example: dy/dt=-y, {

_ char *out= "plot-rk.gnu";
with y(0)=1. x:[0-10]

FILE *fp2 = fopen(out,"w");

float nstep=20., xfinal=10., xini=0., y1=1.0;
float k, k1, k2, k3, k4;

float xstep=(xfinal-xini)/nstep;

float r=xini, a=y1;

unsigned i;

for(i=0;i<nstep+1;i++)

#include <fstream>
#include <ostream>
#include <iostream>
#include "TMath.h"
#include "TFile.h" {

using namespace std; fprintf(fp2,"%15.7f %15.7f %15.7f \n", r, 3,

y1*exp(-float(i)*xstep));

float fa(float m, float n) k1=fa(r,a);

{ k2=fa(r+xstep/2.,a+xstep*k1/2.);
return(-n); k3=fa(r+xstep/2.,a+xstep*k2/2.);
| ’ kd=fa(r+xstep,a+xstep*k3);

k=xstep*(k1+2*k2+2*k3+k4)/6.0;
r=r+xstep; a=a+k;




Runge-Kuttayx: 42

dy/dx=x*sqrt(y),

with y(2)=4 float nstep=20., xfinal=3., xini=2., y1=4.0;
x: [2-3] float k, k1, k2, k3, k4;

float xstep=(xfinal-xini)/nstep;

float r=xini, a=y1;

#include <fstream>
#include <ostream>

_ _ unsigned i;
#!nclude <iostream> for(i=0:i<nstep+1;i++)
#include "TMath.h" {

#include "TFile.h"

_ fprintf(fp2,"%15.7f %15.7f %15.7f \n", r, a,
using namespace std;

y1*exp(-float(i)*xstep));
ki=fa(r,a);

float fa(float m, float n) k2=fa(r+xstep/2.,a+xstep*k1/2.);

{ k3=fa(r+xstep/2.,a+xstep*k2/2.);
return(m*sqrt(n)); k4=fa(r+xstep,a+xstep*k3);
i k=xstep*(k1+2*k2+2*k3+k4)/6.0;
_ r=r+xstep; a=a+k;
mainlb_RK() )
{ )

char *out= "plot-rk.gnu";

FILE *fp2 = fopen(out,"w");
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Program main

IMPLICIT NONE

Real*8 nstep

Real*8 xfinal, xini

Real*8 xstep, wg

Real*8 x(10000), y(10000), z(10000)
Real*8 vx(10000), vy(10000), vz(10000)

Integer i
character*50 file_name_out
file_name_out = 'plot.gnu’

open( unit=16, file=file_name_out, access="sequential",
*  form='formatted', status="unknown" )
10 format(E15.7, E15.7, E15.7)

nstep=10000.
xfinal=40.
Xini=0.

wg=1.
x(1)=0.0
y(1)=0.0
z(1)=0.0
vx(1)=0.0
vy(1)=2.
vz(1)=0.1

write(unit=16, fmt=10) x(1), y(1), z(1)

do i=2,nstep+1
X(i)=x(i-1)+xstep*vx(i-1)
y(i)=y(i-1)+xstep*vy(i-1)
z(i)=z(i-1)+xstep*vz(i-1)
vx(i)=vx(i-1)+wg*xstep*vy(i-1)
vy(i)=vy(i-1)-wg*xstep*vx(i-1)
vz(i)=vz(i-1)

write(unit=16, fmt=10) x(i), y(i), z(i)
enddo

close( unit=16)
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(dy)'=2*dy-ex+1
y'=dy

| Program main
IMPLICIT NONE I
Real*8 nstep |
I Real*8 xfinal, xini
| Real*8 xstep
Real*8 y(20000), dy(20000) !
Integer i :
character*50 file_name_out
I file_name_out = 'plot.gnu’

! open( unit=16, file=file_name_out, I
. access="sequential",

I *  form='Yformatted', status="unknown")
| 10 format( E15.7, E15.7, E15.7 ) !

y'-2y'=-eMx+1,
with y(0)=1, y'(0)=1/2 x:[0-10]
solution: y=e”x-x/2

nstep=20000.

xfinal=10.

xini=0.

y(1)=1.0

dy(1)=0.5
xstep=(xfinal-xini)/nstep

|

|

|

|

|

|

|

|

: write(unit=16, fmt=10) 0., y(1), 1.0

I do i=2,nstep+1

I dy(i)=dy(i-1)+xstep*(2.*dy(i-1)-dexp((i-
I 2.)*xstep)+1.0)

I y(i)=y(i-1)+xstep*dy(i-1)

: write(unit=16, fmt=10)(i-1.)*xstep, y(i),
| dexp((i-1.)*xstep)

1 & -((i-1.)*xstep)/2.0

I enddo

|
|
|
|

close( unit=16)
end



Program main

IMPLICIT NONE

Real*8 nstep

Real*8 xfinal, xini

Real*8 xstep

Real*8 y(50000)

Integer i

character*50 file_name_out
file_name_out = "plot2.gnu’

open( unit=16, file=file_name_out,
access="sequential",

*  form='formatted', status="unknown" )
10 format( E15.7, E15.7, E15.7)

nstep=20000.

xfinal=10.

xini=0.

y(1)=1.0
xstep=(xfinal-xini)/nstep
y(2)=y(1)+0.5*xstep

—MES
y"(i)=(y(i+1)-2*y(i)+y(i-1))/xstep**2
y'(i)=(y(i+1)-y(i-1))/2/xstep

write(unit=16, fmt=10) 0.*xstep, y(1), 1.0
write(unit=16, fmt=10) 1.*xstep, y(2),
dexp(xstep)-xstep/2.0

do i=2,nstep

y(i+1)=2.*y(i)-(xstep+1.)*y(i-1)+(1.-dexp((i-
1)*xstep))*xstep**2

y(i+1)=y(i+1)/(1.-xstep)

write(unit=16, fmt=10) i*xstep, y(i+1),
dexp(i*xstep)

& -(i*xstep)/2.0

enddo

close( unit=16)
end

1
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[m = = = o o = ———
#include <fstream> I

float nstep=50., xfinal=10., xini=0., y11=1.0, y21=0.5; |

.
I H#Hinclude <ostream>

I #include <iostream>
I #include "TMath.h"

I #include "TFile.h"

| Using namespace std;

|
| float fa(float m, float n1, float n0)

1{
| return(nl);

1}
| float fb(float m, float n1, float n0)

1{

I return(2.*nl-exp(m)+1);
1}

|

I main5_RK2()

I{

I char *out="plot-rk.gnu";

| FILE *fp2 = fopen(out,"w");

float k, k1, k2, k3, k4;

floatl, 11, 12, 13, 14;

float xstep=(xfinal-xini)/nstep;

float r=xini, a=y11, b=y21;

unsigned i;

for(i=0;i<nstep+1;i++)

{
fprintf(fp2,"%15.7f %15.7f %15.7f \n", r, a, b);
ki=fa(r,b,a);
11=fb(r,b,a);
k2=fa(r+xstep/2., b+xstep*11/2., a+xstep*k1/2.);
I12=fb(r+xstep/2., b+xstep*11/2., a+xstep*k1/2.);
k3=fa(r+xstep/2., b+xstep*12/2., a+xstep*k2/2.);
I13=fb(r+xstep/2., b+xstep*12/2., a+xstep*k2/2.);
kd=fa(r+xstep, b+xstep*I3, a+xstep*k3);
14=fb(r+xstep, b+xstep*I3, a+xstep*k3);
k=xstep*(k1+2*k2+2*k3+k4)/6.0;
I=xstep*(I11+2*12+2*I13+14)/6.0;
r=r+xstep; a=a+k; b=b+l;
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A 2nd order ODE Example:
y'-2y'+2y=exp(2x)sin(x)
with y(0)=-0.4, y'(0)=-0.6, x:[0-1]
RK4 Method
yl'=y2, y1(0)=-0.4
y2'=2y2-2yl+exp(2x)*sin(x), y2(0)=-0.6

#include <fstream>
#include <ostream>
#include <iostream>
#include "TMath.h"
#include "TFile.h"
using namespace std;

float fa(float m, float n1, float n0)
{

return(nl);

}

float fb(float m, float n1, float n0)
{

return(2.*n1-2.*n0+exp(2.*m)*sin(m));

}

mainlc_RK()
{

char *out= "plot-rk.gnu";

FILE *fp2 = fopen(out,"w");

float nstep=20., xfinal=1., xini=0., y11=-0.4, y21=-0.6;

float k, k1, k2, k3, k4;

floatl, 11, 12, 13, 14;

float xstep=(xfinal-xini)/nstep;

float r=xini, a=y11, b=y21;

unsigned i;

for(i=0;i<nstep+1;i++)

{

fprintf(fp2,"%15.7f %15.7f %15.7f \n", r, a, b);
k1=fa(r,b,a);
11=fb(r,b,a);
k2=fa(r+xstep/2., b+xstep*11/2., a+xstep*k1/2.);
12=fb(r+xstep/2., b+xstep*11/2., a+xstep*k1/2.);
k3=fa(r+xstep/2., b+xstep*12/2., a+xstep*k2/2.);
|3=fb(r+xstep/2., b+xstep*12/2., a+xstep*k2/2.);
k4=fa(r+xstep, b+xstep*13, a+xstep*k3);
l4=fb(r+xstep, b+xstep*I3, a+xstep™*k3);
k=xstep*(k1+2*k2+2*k3+k4)/6.0;
|=xstep*(I11+2*12+2*13+14)/6.0;
r=r+xstep; a=a+k; b=b+l;
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Program main

IMPLICIT NONE

Real*8 nstep

Real*8 xfinal, xini

Real*8 xstep, wg

Real*8 x(100000), y(100000), z(100000)

Real*8 beta, sigma, rho

Integer i

character*50 file_name_out

file_name_out = 'plot.gnu'

open( unit=16, file=file_name_out,
access="sequential",

*  form='formatted', status="unknown" )
10 format( E15.7, E15.7, E15.7)

nstep=100000.

xfinal=10.

xini=0.

beta=8./3.

rho=28.

sigma=10.

x(1)=12.0

y(1)=4.0

z(1)=0.0

c yl'=-b*y1+0*y2+y2*y3

c y2'=0*y1-s*y2+s*y3

c y3'=-y2*yl+r¥*y2-y3

c usually take s=10., r=28., b=8./3.

xstep=(xfinal-xini)/nstep

write(unit=16, fmt=10) x(1), y(1), z(1)

do i=2,nstep+1
X(i)=x(i-1)+xstep*(-beta*x(i-1)+y(i-1)*z(i-

=
—
—

y(i)=y(i-1)+xstep*(-sigma*y(i-
1)+sigma*z(i-1))

z(i)=z(i-1)+xstep*(-y(i-1)*x(i-1)+rho*y(i-1)-
z(i-1))

write(unit=16, fmt=10) x(i), y(i), z(i)

enddo

close( unit=16)
end
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Chaos: When the present determines the future,
but the approximate present does not approximately determine the future.

Chaos theory is a branch of mathematics
focused on the behavior of dynamical systems
that are highly sensitive to initial conditions.
'Chaos' is an interdisciplinary theory stating
“that within the apparent randomness of
chaotic complex systems, there are underlying
patterns, constant feedback loops, repetition,
“self-similarity, fractals, self-organization, and
reliance on programming at the initial point
known as sensitive dependence on initial
“conditions.

LogisticRsT st 5s. B4, HTSERARGTHN—NERER . LogisticBsT MLogisticEft , HEsE— M HAESMANRS: , AR FARRTREER
r(t+1) = pa(t)(1 - z(t))
HoP, UREREtE  WFES, o(t) € [0, 1], v TESE , »TRERSEHN (1 eEaF0.m , My ¢ [0, 4] STURRNSHUOHE , BSESRN

HARRIEIADFERTA (ISR | x(pIEReER ) | 85 R (IEE(NEERR—ME ) | BE (x(DSE21SEES M MESRBER  LUERETE @ x(DF7eE
EALEE  MeSHEERKXE ) .



https://github. com/StewartDouglas/

OS50 Figure1

1 1n range( !, ):
= rku¥( - u)

L in range(!, ):
= r*u*( - u)
list.append(r)

_list.append(u)

r+dr

u+eps

plt.pyplot.scatter(r list,u list, s=!, facecolor='blue
plt.pyplot.axis([' 0,4.0,5,1.0])
plt.pyplot.show()



https://github.com/StewartDouglas/

http://wiki.swarma.net/index.php/Logistic%E6%98 %A0%E5%B0%84
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ra — fl:’l'»l]'_.

xr = f[:Ig)
i, ﬁﬂ]iﬁif{r) = p:ﬂ:[l — I)., NSz, = f[::t‘,l)‘ﬁﬁ)x%:’i‘?‘jﬁ , Hb B AIEEES T REE

"= f(f(z") = fP(a") = pPz" — p (") = 1P (") + 26 (2" — ()]
B EE—M—mllRaE | Bl LRz EEEIEAEE
1 1 —3 — 2u + p? 1 1 —3 = 2u + p?
P NS Tl T Tl WO S YO THE VU ek Tl e iy
2 7 7 ' 2 T i ' ' T
HgE3 M ENREANEARR. BIHE | alF-EESEUAENAMR , B4 | —EtESEAEN2ZEER. B8R, TE5E
FAm. FRLL , BT eI E R AR, MEINE2 A ER8IER "o EEA. BefiInlLASEIE ¢

ry = f(ay), 23 = f(a3).
HTIEMEEEY, , LAREGRSTRIRTATO, 5923 — 2u + u° > 0, FEALUES :

j> 3EEN < —1
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FERMCY I R R, n RETD S HUWE FUxF RIS ) ROEEAHZAR R, filtn, (E5%
BRI B AN T AR EEANR], XS R s 3 5 R A I

y' = —999x — 1999y

x' =998x + 1998y
x(0)=1,y(0)=0

X(t) — ze—t _ e—lOOOt
y(t) = —et + e —1000t

e PRI, e Oy E.
R ERE: THRBE R EILFE .
T2 R, TFRAR KA X TE] .

HIRMER Bk, PR ERRET0, fmvEE R,
(ERABETTET, RAZ D B RN TRk 1 — € X
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&~ AY +B
dt
IR AEOEFEAR R IEES 95 Re(A) <0, i=12,...,n
H max|Re(4;)]
= > 1

>~ min|Re(4,)]

WIFRZ T RE N WIE o T RE 2, FRs ANITEEE .

—Mxs>105 AT LA I 5 RE AL 72 WIPE Y -

RIGHIBAE T VE— ROy m b b Mt 2 8k . RG22 5T I Gearikfa
FE VEBLS -

k-1
Yn+k = Zj=0 AjYn+j + hBy fr+k
He B # 0. EFEEHISEUE, kDPGear /7L PLEKI IS
g A =B Gear 2 3

Yn+2z = (4Vn41 — Yn + 2hfn4s )/3 )
Yn+3 = (18Yni2 — YYny1 + 2y + 6hf 43 )/11
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VYn+2 = (43’n+1 —Vn Tt 2hfn+2 )/3 )

4Yn1 = 4yn +4hfy + thf’n
2hfpio = 2h(fy + th,n) = 2hf, + 4h2f’n

4Yn41 — Yn + 2hfpnyo = 3y, + 6Rf, + 6h2f,n

!

3Yn+2 = 3yn + 6hfy + 6h2f’n
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I // Strong dependence on nstep!!!
| #include <fstream>

I #include <ostream>

I #include <iostream>

: #include "TMath.h"

| #include "TFile.h"

I using namespace std;

|

: float fa(float m, float n1, float n0)
{
|

return(998.*n0+1998.*n1);

|
'}
| float fb(float m, float n1, float n0)
'

| return(-999.#n0-1999.*n1);
'}
I main8_RK()
I{
char *out= "plot-rk.gnu";
FILE *fp2 = fopen(out,"w");
float nstep=200., xfinal=0.02, xini=0., y11=1.0,
y21=0.0;
float k, k1, k2, k3, k4;
float |, 11, 12, 13, 14;

// A Stiff ODE Example

// RK4 Method

/] y'=-999x-1999y

// x'=998x+1998y

/] x(0)=1, y(0)=0

// Exact Solution: y(t)=-exp(-t)+exp(-1000t)
// Exact Solution: x(t)=2exp(-t)-exp(-1000t)

float xstep=(xfinal-xini)/nstep;

float r=xini, a=y11, b=y21;

unsigned i;

for(i=0;i<nstep+1;i++)

{
fprintf(fp2,"%15.7f %15.7f %15.7f \n", r, a, b);
k1=fa(r,b,a);
11=fb(r,b,a);
k2=fa(r+xstep/2., b+xstep*11/2., a+xstep*k1/2.);
12=fb(r+xstep/2., b+xstep*11/2., a+xstep*k1/2.);
k3=fa(r+xstep/2., b+xstep*12/2., a+xstep*k2/2.);
13=fb(r+xstep/2., b+xstep*12/2., a+xstep*k2/2.);
k4=fa(r+xstep, b+xstep*I3, a+xstep*k3);
l14=fb(r+xstep, b+xstep*I3, a+xstep*k3);
k=xstep*(k1+2*k2+2*k3+k4)/6.0;
|=xstep*(11+2*12+2*13+14)/6.0;
r=r+xstep; a=a+k; b=b+l;




) - // A Stiff ODE Example
ﬂ“lfiﬁﬁjj‘7§ // Gear Method
/] y'=-999x-1999y

Program main [/ x'=998x+1998y

|
IMPLICIT NONE ; // x(0)=1, y(0)=0
Real*8 nstep ! // Exact Solution: y(t)=-exp(-t)+exp(-1000t)
:
|

Real*8 xfinal, xini // Exact Solution: x(t)=2exp(-t)-exp(-1000t)

Real*8 xstep
Real*8 x(10000), y(10000)

|
write(unit=16, fmt=10) xini+(1.-1.)*xstep, x(1),

Real*8 a,b,c,d,e,f; y(1)
Integer i write(unit=16, fmt=10) xini+(2.-1.)*xstep, x(2),
character*50 file_name_out v(2)

file_name_out = 'plot.gnu’
open( unit=16, file=file_name_out,

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
! do i=3,nstep+1
|

! s In

| access="sequential",

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

a=3.+2.%1999.*xstep
b=2.%999.*xstep
c=4.*y(i-1)-y(i-2)

|
|
|
|
|
|
*  form='formatted’, status="unknown" ) I
I d=3.-2.*998.*xstep
|
|
|
|
|
|
|

|
|
|
|
|
|
|
|
|
|
|
|
|
|
10 format( E15.7, E15.7, E15.7 ) I
nstep=5000. :
|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

e=-2.*1998.*xstep

xfinal=0.02 f=4.*x(i-1)-x(i-2)
xini=0. X(i)=(c*e-a*f)/(b*e-a*d)
x(1)=1.0 y(i)=(c*d-b*f)/(a*d-b*e)
y(1)=0.0 write(unit=16, fmt=10) xini+(i-1.)*xstep, x(i),
xstep=(xfinal-xini)/nstep y(i)

: enddo
X(2)=x(1)+xstep™(998.*x(1)+1998.*y(1)) I close( unit=16)
y(2)=y(1)+xstep*(-999.*x(1)-1999.*y(1)) I end
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Stifft ODE

l ~Goar Method, N—=200
RK4, N=200 ------en---

/
/
[
i! | ‘

. ;

0 0.005 0.01 0.015 0.02
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y' ) =f(xyy)
{aoJ’(a) + boy'(a) =1y
a;y(b) + byy'(b) =1,

BRI KAM by=b, =1
BRIN AN ag=a, =1
HoAth 28 = JIB Al 4

ZIri5, A

V' (%) = Wis1 — 2y + ¥i—1)/h?
V' (%) = Wis1 — Yi—1)/(2h)
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T B ) T R ux)y" +v(x)y' + wx)y = f(x)
y(@) =«
y(b) =P

N Y'(xi) = Wier — 29i + Vi1 )/h?
Y' () = Wivr = ¥i-1)/(2H0)

= Hr
a;yi—1 + by +ciyiy1 = d;, i=23..,n-1 a; = u(x;) —hv(x;)/2,
=% b; = h2w(x;) — 2u(x;),
Yn =P c; =u(x;) + hv(x;)/2,
d. — h2f(x.)

had 4 ]\

by < Y1 dq i
a, b, ¢ Y2 d; A
= o bi=1, ¢;=0,d{ =aq,
-1 bp-1 cp-q [\ Yn-1 dn-1 Op=0: bp=1d,=p
an bn Yn dn

=XAEETEA: EBEE



HE =—-VURAV-E=£

&y

gE/ V-E=-V.(VU)=-—vVU=£
vy =-£ “o

o 7 /

1-D Problem with Dirichlet Boundary Conditions

d?u(x)

Tdl = v(x),
for x; < x < xy,, subject to the Dirichlet boundary conditions u(x;) = w; and
u(xn) = up.




d?u(x)
dx?
for x; < x < x3,, subject to the Dirichlet boundary conditions u(x;) = u; and
u(xn) = up.

= Vv(x),

X = x| + ‘{;“;1"”, 2 G, ey, 5oF L OFIN+1

Wiy — 2w + Uiy = v (8x)%,

for1 =1, N, where v; = v(x;). Furthermore, uy = w and un+; = uy.

Let u = (uy, wy, ---, uy) be the vector of the u-values, and let

w = [v1 (8%)° —wy, v2 (8%)°%, v3 (8x)%, - -+, w1 (8%)%, v (8x)% — ]



The matrix M takes the form

[ —

u:M_'w,

oo o o = e

=XAERETEA: BEE

for N = 6.



‘at x = xq, and

d
o u(x) + Pr % =Yh,

atx = xn. Here, o, 1, etc., are known constants.

up — U Uy —2u; + u, = v4(6x)?
g+ B ——— = i,
LU + P ™ Y1 N
UNL] — UN Uy—1 —2Uy + Uy41 = Uy (6X)?
oh UN+] + Ph S = Yh,
Bl b Bh
e — _2 _I_ :
% b . o dx — By’ N o 0x + P

Y1 0% 2 Y Ox
— O — :
o dx — Py W = (6) op O + Pr

wi =w (8x)? —



where

F2 LB

=v(x), intheregion( < x < 1, with v(x) =1 — 2x%,
. d
o u(x) + By l;:j —v,, atx=x;,and
dulx]
(o] LLIII] + E’h d{‘.ﬁi - =Yh, 4atx = Xp.
7 4
u[xj=g+hx+%—%,
g — Yilon + Prn) — Pulyn — (an + Bnl/3]
o on + o P — Puom ’
oo & [vn — (otn + Prl/3] — v 0

ot oty + 0 P — Prom



1AEJH IR T FE SEH

/) d°2u/ dx 2

// alpha 1 u + beta 1 du/dx =
// alpha h u + beta h du/dx =

= v for xlI

<= x <= xh
gamma | at x=x1
gamma h at x=xh

// Arrays u and v assumed to be of extent N+2.

* dx  1=0, N+1

ith elements of arrays correspond to

(xh — x1) / (N+1) is grid spacing.

// Now,
// x 1 =x1+1
// Here, dx =
ai Wit + biwg 4 ciuip = wy,
for 1 = 1, N. Let us search for a solution of the form
Wi+1 = Xi Wi + Y.
@i Wi+ biwg 4 ci(xiu 4+ ui) = wy,
fwhich can be rearranged to give
i Wi Wi — CilYi
L = — .
b; + cix; b; + cix;
aj
X1 = —7———,
: h'l + Ci X4
Uiy = Wi — Gl
- bi +cix;

axy Wy

bre’

lsince ¢y = 0. Furthermore,

EN—] = —
M

B Qi
bis + i Xig

X, —

ffor i1 =N — 2, 1. Finally;

Un—1 = ]:r_

Ui =

Wiz — G Yin
bis1 + i Xig

since a; = (.

xo = 0 y Wi — 0
N — 5 Y — 3 N
Tobitax
W) =Yg, since xp = 0, and
Wis) = XilWi + Ui

fori=1N—1.
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#include <blitz/array.h>
using namespace blitz;

void Tridiagonal (Array<double,1> a, Array<double,1> b, Array<double,1> c,
Array<double,1> w, Array<double,1>& u)
{
// Find N. Declare local arrays.
int N = a.extent(0) - 2;
Array<double,1> x(N), y(N);
// Scan up diagonal fromi=Nto 1
x(N-1) = - a(N) / b(N);
y(N-1) = w(N) / b(N);
for (inti=N-2;i>0;i--)
{
x(i) = - a(i+1) / (b(i+1) + c(i+1) * x(i+1));
y(i) = (w(i+1) - c(i+1) * y(i+1)) / (b(i+1) + c(i+1) * x(i+1));
}
x(0) =0,
y(0) = (w(1) - c(1) * y(1)) / (b(1) + c(1) * x(1));
// Scan down diagonal from i =0 to N-1
u(1) = y(0);
for (inti=1;i<N;i++)
u(i+1) = x(i) * u(i) + y(i);
}
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int main()
{
char *out="plot.gnu";
FILE *fp2 = fopen(out,"w");
double alpha_|, beta_|, gamma_|;
double alpha_h, beta_h, gamma_h;
double dx=0.001;
double xin=0.0;
int N = 1000;
alpha_|=1.0; beta_|=-1.0; gamma_|=1.0;
alpha_h=1.0; beta_h=1.0; gamma_h=1.0;

Array<double,1> u(N+2), v(N+2);
Array<double,1> a(N+2), b(N+2), c(N+2), w(N+2);

for (inti=1;i<=N;i++) v(i) = 1.-
2.%(xin+i*dx)*(xin+i*dx);

// Initialize tridiagonal matrix

for (inti=2;i<=N;i++)a(i)=1.;

for (inti=1;i<=N;i++) b(i) =-2,;

b(1) -= beta_| / (alpha_| * dx - beta_l);

b(N) += beta_h / (alpha_h * dx + beta_h);

for (inti=1;i<=N-1;i++) c(i) =1

for (inti=1;i<=N;i++)
wi(i) = v(i) * dx * dx;
w(1) -=gamma_| * dx / (alpha_| * dx - beta_l);
w(N) -=gamma_h * dx / (alpha_h * dx + beta_h);
Tridiagonal (a, b, ¢, w, u);
// Calculate i=0 and i=N+1 values
u(0) = (gamma_| * dx - beta_| * u(1)) /
(alpha_l| * dx - beta_I);
u(N+1) = (gamma_h * dx + beta_h * u(N)) /
(alpha_h * dx + beta_h);

for (int i=0; i<=N+1;i++) {

double xg=(gamma_|*(alpha_h+beta_h)-
beta_|*(gamma_h-
(alpha_h+beta_h)/3.0))/(alpha_l*alpha_h+alpha_I*b
eta_h-beta_|*alpha_h);

double xh=(alpha_|*(gamma_h-
(alpha_h+beta_h)/3.0)-
gamma_l*alpha_h)/(alpha_l*alpha_h+alpha_|*beta_
h-beta_|*alpha_h);

double xx=xin+i*dx;

fprintf(fp2,"%15.7f %15.7f %15.7f \n", xx, u(i),
Xg+Xh*XX+XX*XxX/2.0-xx*xx*xx*xx/6.0);

1}
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1D Poisson
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Xunlzlerical Methold
Exact Result - o
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alpha 1=1.0; beta 1=0.0; gamma 1=0.0;
alpha h=1.0; beta h=0.0; gamma h=0.0;

F. FLTAT

for (int 1 = 1; i <= N; i++) {
double xx=xinti*dx;
if (fabs (xx—0. 4) <dx) {
v(i) = 1.0/dx;}
else {
v(i)=0.0;
}
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DE R . FTERE
S T RR A 18 7] B P ) 1 1.
iR, YW=

y(b) =p
P FERENAEX = a5 —r S8y (@) = mq, MM REAE K
y'(x) =f(x,yy), y(a) = a, y'(a) =my

FAAIME 1A R T, BfRy(x),
WR |y, (b) — Bl < &, WA Ay, (x)BIATK;
HNEmM, = my B/y, (b), FEAEAIAE 7]
y'(x)=fl,yy), y(a) = a, y'(a) = m,

FAME R BKR R T, Bify. (x),
FIWr |y, (b) — Bl < e 5

Mg FEEE BT PSR 31 2& 3
mz—m,  mp—my s
B —y2(b) ya(b) —yi(b)
mz =my + [ — y2(b)I(my —my ) /[y, (b) — y1(b)]
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Mpy1 = My + [B — yn(B)I(my, — mpy_1)/[yn (D) — yn_1(b)], n =2

Bl Dy 1A IRAE N T A 5 5 Jm 72 BR B T 40m Y 25 B K, MR B A 4
HENZEZ K? (BRI SEERIEL, 7 R%080.00)

d?y y
—7=—98-001—
y(0)=0
y(5) =40

¢ Shooting Method:
c y''=-9.8-0.01*y'
c y(0)=0, y(5)=40 Guess=g*t=5*8=407

c (z)'=-9.8-0.01*z
cC y'=z




) jﬂ{a I‘E‘Iﬁ: j:]‘il_];& ........................................ :

Program main

IMPLICIT NONE

Real*8 nstep

Real*8 xfinal, xini

Real*8 xstep

Real*8 y(10000), dy(10000)

Real*8 guess, diff, epsi, yb

Real*8 guess2, guess3, dbl,db2

Integer i

character*50 file_name_out

character*50 file_name_out2

character*50 file_name_out3

file_name_out = 'plot.gnu’

open( unit=16, file=file_name_out, access="sequential",
*  form='formatted', status="unknown")
file_name_out2 = 'plot2.gnu’

open( unit=17, file=file_name_out2, access="sequential",
*  form='formatted', status="unknown")
file_name_out3 = "plot3.gnu’

open( unit=18, file=file_name_out3, access="sequential",
*  form='formatted', status="unknown")

10 format(E15.7, E15.7)

nstep=1000.

xfinal=5.

xini=0.

xstep=(xfinal-xini)/nstep

y(1)=0.0

write(unit=16, fmt=10) 0., y(1)

write(unit=17, fmt=10) 0., y(1)

write(unit=18, fmt=10) 0., y(1)

yb=40.
epsi=0.001
guess=30.
dy(1)=guess

do i=2,nstep+1
dy(i)=dy(i-1)+xstep*(-9.8-0.01*dy(i-1))
y(i)=y(i-1)+xstep*dy(i-1)

write(unit=16, fmt=10) (i-1.)*xstep, y(i)
enddo

close( unit=16)

dbl=y(nstep+1)

diff=abs(y(nstep+1)-yb)

if(diff>epsi) then
guess2=guess*yb/y(nstep+1)
dy(1)=guess2
do i=2,nstep+1
dy(i)=dy(i-1)+xstep*(-9.8-0.01*dy(i-1))
y(i)=y(i-1)+xstep*dy(i-1)
write(unit=17, fmt=10) (i-1.)*xstep, y(i)
enddo

endif

close( unit=17)

db2=y(nstep+1)

diff=abs(y(nstep+1)-yb)

if(diff>epsi) then
guess3=guess2+(yb-db2)*(guess2-guess)/(db2-db1)
dy(1)=guess3
do i=2,nstep+1
dy(i)=dy(i-1)+xstep*(-9.8-0.01*dy(i-1))
y(i)=y(i-1)+xstep*dy(i-1)
write(unit=18, fmt=10) (i-1.)*xstep, y(i)
enddo

endif

close( unit=18)

end
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#include <fstream> I
#include <ostream>
#include <iostream>
#include "TMath.h"
#include "TFile.h"
I using namespace std;

I
I
float fa(float m, float n1, float n0) I
I { return(nl); } I
| float fb(float m, float n1, float n0) I
{ float c1=26.2513;
float c2=1.43998; I
float E=-13.60829; I
return(-c1*(E+c2/m)*n0);}
main9 _RK_15() I
{ char *out="plot-rk-n1S.gnu"; I
FILE *fp2 = fopen(out,"w");
| float nstep=500., xfinal=0.5, xini=0.01, I
vy11=1.3606588, y21=110.304;
I float k, k1, k2, k3, k4; I
I float |, 11, 12, 13, 14; I
float a0=0.052918; // nm
float solution; I

|floatr =xini, a=y11, b=y21;

1 unsigned i;

I solution=2.*sqrt(1./a0/a0/a0)*exp(-r/a0)*r;

I fprintf(fp2,"%15.7f %15.7f %15.7f %15.7f %15.7f
\n", r, a, a*a, b, solution);

| for(i=0;i<nstep+1;i++)

1 { kl=fa(r,b,a);

1 11=fb(r,b,a);

I k2=fa(r+xstep/2., b+xstep*I1/2., a+xstep*k1/2.);
: I12=fb(r+xstep/2., b+xstep*11/2., a+xstep*k1/2.);
| k3=fa(r+xstep/2., b+xstep*I2/2., a+xstep*k2/2.);
1 13=fb(r+xstep/2., b+xstep*12/2., a+xstep*k2/2.);
I kd=fa(r+xstep, b+xstep*I3, a+xstep*k3);

: 14=fb(r+xstep, b+xstep*I3, a+xstep*k3);
|

|

|

|

|

|

|

|

k=xstep*(k1+2*k2+2*k3+k4)/6.0;

|=xstep*(11+2*12+2*[3+|4)/6.0;

r=r+xstep; a=a+k; b=b+l;

solution=2.*sqrt(1./a0/a0/a0)*exp(-r/a0)*r;

forintf(fp2,"%15.7f %15.7f %15.7f %15.7f
%15.7f\n", r, a, a*a, b, solution);
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1. P22: HBEEWMDHEHA , RKAKHE
w=1.; HIEEHrE (0,0, 0), VITEHEEE (0, 2, 0.1)

2. BERMB MRS TR

y'-2y'+2y=e?*sin(x), x:[0-1]
with y(0)=-0.4, y'(0)=-0.6

3. P31 WREWSIT, EREGR, H#F PHSEHED2HAFKL, p, oIGR

4. P58 HHBELER



