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蒙卡方法初步  
 
蒙卡方法介绍：  
         粒子衰变    盒中粒子  

 
蒙卡积分：  
         中心极限定理,  Importance Sampling , 
         Vegas     
   

 MC模拟：   
          随机行走  
          Markov链   Metropolis  
 
 

 

高能物理事例产生子:  
      权重, Unweight,  直方图, Tree, bin,   error 
      拟合，Chi-2, Likelihood 



引言: 粒子衰变 

假设在初始时刻t=0，我们有N(0)个X核子， 该种核子会辐射衰变，单位时间
衰变几率为ω，则有 
 
 
          解为                                                          可定义平均寿命为 

假设 X核子辐射衰变到Y，Y也会衰变，则有 
 
 
  

可以取大量样本，每个样本包含多个粒子，模拟这些粒子的演进：                      
                          产生随机数 与 衰变几率  比较 

在很多物理问题中，可以直接模拟物理过程，而不
用写下比如描述系统的微分方程。唯一的要求是需
要知道几率分布函数。 



引言: 粒子衰变 

void mc_sampling(int initial_n_particles, int 
max_time, 
         double decay_probability, int *ncumulative) 
{ 
   int time, np, n_unstable, particle_limit; 
   n_unstable = initial_n_particles; 
// accumulate the number of particles per time 
step per trial 
   ncumulative[0] = initial_n_particles; 
// loop over each time step 
   for (time=1; time <= max_time; time++){ 
      particle_limit = n_unstable; 
      for ( np = 1; np <= particle_limit; np++) { 
        if( double(rand())/RAND_MAX <= 
decay_probability) { 
            n_unstable=n_unstable-1; 
         } 
      } // end of loop over particles 
      ncumulative[time] = n_unstable; 
   } // end of loop over time steps 
} // end mc_sampling function 



引言: 盒中粒子 在很多物理问题中，可以直接模拟物理过程，而不
用写下比如描述系统的微分方程。唯一的要求是需
要知道几率分布函数。 

单位时间内，左边粒子移动到 
右边的几率为 

/ln N



引言: 盒中粒子 

int main(int argc, char* argv[]) 
{ srand(unsigned(time(0)));  // seed the randomizer 
  int initial_n_particles, max_time; 
  int time, random_n, nleft; 
  ofstream ofile("PinBox.dat"); 
  cout << "Initial number of particles = " << endl ; 
  cin >> initial_n_particles; 
  nleft = initial_n_particles; 
  max_time = 2*initial_n_particles; 
  for( time=0; time <= max_time; time++){ 
     random_n = (int)(initial_n_particles 
*double(rand())/RAND_MAX); 
      if ( random_n <= nleft){ 
       nleft -= 1; 
     } 
     else { 
       nleft += 1; 
     } 
    ofile << setiosflags(ios::showpoint | ios::uppercase); 
    ofile << setw(15) << time; 
    ofile << setw(15) << nleft; 
   } 
  return 0; 
} // end main function 



MC积分 



MC积分 



投点法 



平均值法 
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中心极限定理 



//  int_0^1 4/(1+x^2) dx = pi 
#include <iostream> 
#include <cstdlib> 
#include <ctime> 
using namespace std; 
double func(double x); 
int main() 
{ srand(unsigned(time(0)));  // seed the randomizer 
   int i, n; 
   double crude_mc, x, sum_sigma, fx, variance; 
cin >> n; 
   crude_mc = sum_sigma=0. ; 
for ( i = 1; i <= n; i++){ 
      x=rand()/(double)RAND_MAX; 
       //cout<<x<<endl; 
      fx=func(x); 
      crude_mc += fx; 
      sum_sigma += fx*fx;  } 
   crude_mc = crude_mc/((double) n ); 
   sum_sigma = sum_sigma/((double) n ); 
   variance=sum_sigma-crude_mc*crude_mc; 
   cout << " variance= " << variance << " Integral = 
"<< crude_mc<< endl; 
} // end of main program 

// this function defines the function to integrate 
double func(double x) 
{  double value; 
   value = 4/(1.+x*x); 
   return value; 
} // end of function to evaluate 

Crude MC 
 
To compare with Vegas 



多重定积分 



多重定积分 



重要抽样法 



重要抽样法 



重要抽样法 (Importance Sampling) 



重要抽样法 



#include <iostream> 
#include <cstdlib> 
#include <ctime> 
#include <cmath> 
using namespace std; 
double func(double x); 
int main() 
{ srand(unsigned(time(0)));  // seed the randomizer 
   int i, n; 
   double crude_mc, x, sum_sigma, fx, variance; 
   cin >> n; 
   crude_mc = sum_sigma=0. ; 
   // a crude Monte-Carlo method 
   for ( i = 1; i <= n; i++){ 
      x=rand()/(double)RAND_MAX; 
      fx=func(x); 
      crude_mc += fx; 
      sum_sigma += fx*fx;   } 
   crude_mc = crude_mc/((double) n ); 
   sum_sigma = sum_sigma/((double) n ); 
   variance=sum_sigma-crude_mc*crude_mc; 
   variance=sqrt(variance)/double(n); } 
 
double func(double x) 
{ 
   double value; 
   value = exp(-x/2.0); 
   return value; 
} // end of function to evaluate 

//  int_0^1 exp(-x/2) dx =2(1-exp(-0.5)) 
//  importance sampling: g(x)=1-x/2.0 
#include <iostream> 
#include <cstdlib> 
#include <ctime> 
#include <cmath> 
using namespace std; 
double func(double x); 
int main() 
{ srand(unsigned(time(0)));  // seed the randomizer 
   int i, n; 
   double crude_mc, tx, x, sum_sigma, fx, variance; 
   cin >> n; 
   crude_mc = sum_sigma=0. ; 
   for ( i = 1; i <= n; i++){ 
   tx=3.0/4.0*rand()/(double)RAND_MAX; 
   //0=<tx<=3/4; 
    x=2.*(1-sqrt(1.0-tx)); 
    fx=3.0/4.0*func(x); 
    crude_mc += fx; 
    sum_sigma += fx*fx;  } 
   crude_mc = crude_mc/((double) n ); 
   sum_sigma = sum_sigma/((double) n ); 
   variance=sum_sigma-crude_mc*crude_mc; 
   variance=sqrt(variance)/double(n);} 
double func(double x) 
{ double value; 
   value = exp(-x/2.0)/(1.-x/2.0); 
   return value; 
} // end of function to evaluate 



int main() 
{ srand(unsigned(time(0)));  // seed the randomizer 
   int i, n; 
   double crude_mc, x, sum_sigma, fx, variance; 
    cin >> n; 
   crude_mc = sum_sigma=0. ; 
   for ( i = 1; i <= n; i++){ 
      x=rand()/(double)RAND_MAX; 
      x=200.*x; // 0-200 
      fx=func(x); 
      crude_mc += 200.*fx; 
      sum_sigma += 200.*200.*fx*fx; } 
   crude_mc = crude_mc/((double) n ); 
   sum_sigma = sum_sigma/((double) n ); 
   variance=sum_sigma-crude_mc*crude_mc; 
   variance=sqrt(variance)/double(n); 
   cout << " variance= " << variance << " Integral = " 
        << crude_mc<< endl; 
} // end of main program 
 
// this function defines the function to integrate 
double func(double x) 
{ 
   double value; 
   double mk=10., gk=1.0; 
 value = sqrt(x)/((x-mk*mk)*(x-mk*mk)+mk*mk*gk*gk); 
   return value;} 

int main() 
{ srand(unsigned(time(0)));  // seed the randomizer 
   int i, n; 
   double crude_mc, x, sum_sigma, fx, variance; 
   cin >> n; 
   crude_mc = sum_sigma=0. ; 
   double pi=3.1415926535897; 
   for ( i = 1; i <= n; i++){ 
      x=rand()/(double)RAND_MAX; 
      x=-atan(10.)+2.*atan(10.)*x; // atan(-10) to atan(10) 
      fx=func(x); 
      crude_mc += 2.*atan(10.)*fx; 
      sum_sigma += 2.*atan(10.)*2.*atan(10.)*fx*fx; } 
   crude_mc = crude_mc/((double) n ); 
   sum_sigma = sum_sigma/((double) n ); 
   variance=sum_sigma-crude_mc*crude_mc; 
 variance=sqrt(variance)/double(n); 
cout << " variance= " << variance << " Integral = " 
        << crude_mc<< endl; 
} // end of main program 
 
double func(double x) 
{ 
   double value; 
   double mk=10., gk=1.0; 
   double ax=tan(x)*mk*gk+mk*mk; 
   value = sqrt(ax)/mk/gk; 
   return value; } // end of function to evaluate 

//  Breit-Wigner 
//   mk=10., gk=1.0; 
//   int_0^200 sqrt(x)/((x-mk*mk)*(x-mk*mk)+mk*mk*gk*gk); 
//   theta: atan(-10.) to atan(10.) 



Stratified抽样法 
The idea of stratified sampling is quite different from importance 
sampling,  by dividing volume V into sub-regions.  The optimal 
allocation is to have the number of points in each region j 
proportional to 𝜎𝑗 

Stratified后的方差总
是小于之前的 



VEGAS 



VEGAS 

c  int_0^1 exp(x/2)dx 
      include 'treefuc.f' 
      program main 
      implicit double precision (a-h,m,o-z) 
     common/bveg1/ ncall, itmx, nprn, ndev, 
xl(10), xu(10), acc 
      external fes 
      open(10, file='output.txt', status='replace') 
     read (*,*) ncall 
      write (10,*)'ncall=',ncall 
      nprn=-1 
      xl(1)=0.0d0 
      xu(1)=1.0d0 
      itmx=3 
      call vegas(1,fes,vfes,sd,chi2a) 
      write(10,*)vfes, sd, chi2a 
      close(10) 
      end 

     double precision function fes(xx,wgt) 
      implicit double precision (a-h,m,o-z) 
      dimension xx(10) 
      double precision xxx1 
      xxx1=xx(1) 
      fes=dexp(-xxx1/2.0) 
      return 
      end 

FFLAGS = -g -m64 -fno-automatic -ffixed-line-
length-none   
FC=gfortran 
OBJECTS =  vegas.o \ 
           main.o \ 
 
lq:  $(OBJECTS) 
 $(FC) $(FFLAGS) -o lq $(OBJECTS)  
 
f.o:  $(FC) -c -o $*.o  $(FFLAGS) $*.f 

makefile 



VEGAS https://pypi.org/project/vegas/ 
 

https://pypi.org/project/vegas/
https://pypi.org/project/vegas/




随机行走 



随机行走 



与扩散方程对比，得到： 





 for( int i = -number_walks; i <= number_walks; i++){ 
    double histogram = probability[i+number_walks]/norm; 
    probfile << setiosflags(ios::showpoint | ios::uppercase); 
    probfile << setw(6) << i; 
    probfile << setw(15) << setprecision(8) << histogram << endl;  } 

Walker: 10K 
TimeStep: 900 



Markov Chain 

马尔可夫链，因安德烈·马尔可夫（A.A.Markov，1856－1922）得名，是指数学中具

有马尔可夫性质的离散事件随机过程。该过程中，在给定当前知识或信息的情况下，
过去（即当前以前的历史状态）对于预测将来（即当前以后的未来状态）是无关的。 

在马尔可夫链的每一步，系统根据概率分布，
可以从一个状态变到另一个状态，也可以保
持当前状态。状态的改变叫做转移，与不同
的状态改变相关的概率叫做转移概率。随机
漫步就是马尔可夫链的例子 



随机行走 



随机行走 



随机行走 



随机行走 



随机行走 

收敛速度取决
于第二大的本
征值 



随机行走 



随机行走 



随机行走求解泊松微分方程 参见《计算物理学》马文淦， 科学出版社 

𝛤为求解区域D的边界，s为边界𝛤上的点 
 
等步长h正方形格点划分 

对区域D中任意内点O（其相邻节点1，2，3，4都在D内）， 

𝜙𝑂 =
1

4
𝜙1 + 𝜙2 + 𝜙3 + 𝜙4  

选取[0-1]均匀分布的随机数，根据其范围决定O游走
到哪一个邻点。依次游走，直到边界。 
反复从O点开始进行N次上述随机游走，得到N个𝜙𝑂的
估计值，取平均。 



Metropolis 方法 

Instead of choosing configurations randomly, then 
weighting them with exp(−E/kT), we choose 
configurations with a probability exp(−E/kT) and 
weight them evenly. 





Metropolis 方法 



平衡条件 



细致平衡 



𝑬𝒊 

𝑬𝒋 

A single spinflip 

玻尔兹曼分布，配分函数 



玻尔兹曼分布，配分函数 



Metropolis 模拟 



The Ising model was invented by the physicist Wilhelm Lenz (1920), who gave it as a 
problem to his student Ernst Ising. The one-dimensional Ising model has no phase 
transition and was solved by Ising (1925) himself in his 1924 thesis. The two-
dimensional square lattice Ising model is much harder, and was given an analytic 
description much later, by Lars Onsager (1944). It is usually solved by a transfer-
matrix method, although there exist different approaches, more related to quantum 
field theory.In dimensions greater than four, the phase transition of the Ising model 
is described by mean field theory. 

Ising模型 

𝑇𝑐 = 2 ln (1 + 2)~2.27,   for 𝐽 = 1, 𝑘 = 1 









Ising模型:  Metropolis 模拟 

do ipass = 0, npass  
      ! If ipass is greater than nequil (the number of 
equilibration steps), calculate the magnetization and 
energy:  

      if (ipass > nequil) then  
      output_count = output_count + 1  
      magnetization = 
sum(A(2:nrows+1,2:nrows+1))/(ncols*nrows*1.0)  
      magnetization_ave = magnetization_ave + 
magnetization  
      energy = 0.0  
      do i = 2, nrows + 1  
      do j = 2, ncols + 1  
      energy = energy - A(m,n)*(A(m-
1,n)+A(m+1,n)+A(m,n-1)+A(m,n+1))  
      enddo  
      enddo  
      ! Divide the energy by the total number of 
spins to get the ave  
      ! energy per spin, and divide by 2 to account 
for double counting. 
      energy = energy/(ncols*nrows*2.0)  
      energy_ave = energy_ave + energy  
      endif  

 ! Randomly choose a spin to change:  
      m = nint((nrows-1)*ran1(5) + 2) ! choose a 
random row  
      n = nint((ncols-1)*ran1(5) + 2) ! choose a 
random column  
      trial_spin = -A(m,n) ! trial spin value  
      ! Find change in energy (deltaU) due to trial 
move.  
      ! If exp(-beta*deltaU) > eta, where eta is 
random, accept move: 
      deltaU = -trial_spin*(A(m-
1,n)+A(m+1,n)+A(m,n-1)+A(m,n+1))*2  
      log_eta = dlog(ran1(5) + 1.0d-10) ! random 
number 0-1 (+ tiny offset)  
      if (-beta*deltaU > log_eta) then  
      A(m,n) = trial_spin  
      if (m == 2) A(nrows+2,n) = trial_spin  
      if (m == nrows+1) A(1,n) = trial_spin  
      if (n == 2) A(m,ncols+2) = trial_spin 
      if (n == ncols+1) A(m,1) = trial_spin  
      endif  
      enddo MC_passes  
  





   补充参考 



高能物理： 对撞机事例生成器 



Collider 



CMS Detector 

CALORIMETERS 

TRACKER 

MUON 
ENDCAPS 

Cathode Strip Chambers (CSC) 

Resistive Plate Chambers (RPC) Resistive Plate 

Chambers (RPC) 

Drift Tubes (DT) 

Pixels 

Silicon Strips 

ECAL Scintillating PbWO4 

Crystals 
HCAL Plastic scintillator 

Brass 
SOLENOID 
B = 3.8 T 

MUON BARREL 

weight: 12500 t 
overall diameter: 15 m 
overall length: 21.6 m 

JINST 3, S08004 (2008) 57 
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Tracker  
Detectors 

Calorimeters 

Magnet Coil 

Muon Chambers, Yoke 

 

CMS Detector in the Cavern, 
Cessy, France 

 



How to search for a Higgs particle? 

59 

Needles in a haystack 
In ATLAS, up to July 4, 2012: 

A million billion collisions 

4.2 billion events analyzed 

240,000 Higgs particles produced 

~350 diphoton Higgs events detected 

~8 four-lepton Higgs events detected 

Not so easy! 

~540k 
~900 
~21 
 



Main production processes 

ggH VBF VH ttH 

Pp collisions 

SM ggF, ttH, bbH theory uncertainty: ~10%  
VBF, VH, ZH: 2-3% 





July 4th , 2012 



Discovery of a new boson.  

Combined significance 5.0σ for CMS and 5.9σ for ATLAS 

 

125.3+-0.4+-0.5GeV 
0.87+-0.23 

126.0+-0.4+-0.4GeV 
1.4+-0.3 
 

63 



5.9sigma 
Phys.Lett. B716 (2012) 1-29 

5.0sigma 
Phys. Lett. B 716 (2012) 30 

2012.07    Big Discovery  

64 



Anatomy of a LHC Collision 

QCD Machine 

 

Factorization 

 

Multi-level 

Factorization Theorem: 
Separate Short Distance 
Physics from Soft one 



Hard Scattering: 
LO, NLO, NNLO QCD, QED.. Hard Scattering: 

LO: Born term 



Hard Scattering: Phase Space 

3n-4+2 =3n-2 dimension 

An example of Phase space factorization 

 

            ->  Recursive  in numerical 



MC Technique 



Unweighting  

We often want events without weights as mother Nature produce 

1. Monte Carlo integration and scanning are performed:  

       N points are picked randomly 

2.  The phase-space point which give the maximum weight,      

       Wmax is stored 



Les Houches Event File  hep-ph/0609017 



Example:  MG_aMC@NLO 

PP > Z  LO & NLO 



Example:  PP > Z  LO & NLO 



Example:  PP > Z  LO & NLO 



Example:  PP > Z  LO & NLO 

You can choose QCD or QED vertex number 



Example:  PP > Z  LO & NLO 

Output 

Launch 

You can choose pythia run 

Or not 



Example:  PP > Z  LO & NLO 

Parameter Card 



Example:  PP > Z  LO & NLO 

Run Card 



Example:  PP > Z  LO & NLO 



Example:  PP > Z  LO & NLO 



Example:  PP > Z  LO & NLO 

PP  to Photon to mumubar  



Example:  PP > Z  LO & NLO 

NLO PDF for NLO,  LO PDF for LO 

ME +  PS,  to be mentioned later 



Example:  PP > Z  LO & NLO 

Real emission 

One Loop virtual 



Example:  PP > Z  LO & NLO 

K Facor:   1824/1508 ~ 1.21 

2.056*(0.94-0.06)=1.81 



Example:  PP > Z  LO & NLO 

NLO/LO  1824/1508 ~ 1.21 

NNLO/NLO  2008.4/1824 ~ 1.1     NLO EWK also included 



Example:  PP > Z  LO & NLO 

NLO events:   additional parton in the final state 



Example:  PP > Z  LO & NLO 

NLO events:   negative weight 



Example:  PP > Z  LO & NLO 

hep file is after Parton Shower,  huge size 



Example:   LO vs NLO vs Matching 


