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201 2% P4 PDE: Elliptic, Parabolic, Hyperbolic

MR TR (B TTRE):

2D/3D
spectral method {8 7. F- 45 #

I 5 R (DY BT 1E):

—




— B IR 3 T FE 53R

Auyy + 2BuUyy + Cuyy + Duy + Euy + Fu+ G = 0,
HHA, B,C,D,E,F,GHx,yHI K%L

#6[E (Elliptic): B% — AC < 0,
Laplace /T2 V2u = uy +uy, =0
Poisson 712 V2u = f(x,y)

¥ (Parabolic): B%* — AC = 0,
Diffusion /72 Uy = AU,y

XY i (Hyperbolic): B2 — AC > 0,
Wave T FE Upe = Clyy

- |

2 *u

Lu = i j—————
=1 e 83,—8%-

plus lower-order terms = (.

[

The classification depends upon the signature of the eigenvalues of the coefficient matrix a; ;.

1. Elliptic: The eigenvalues are all positive or all negative.
2. Parabolic : The eigenvalues are all positive or all negative, save one that is zero.

3. Hyperbolic: There is only one negative eigenvalue and all the rest are positive,
or there is only one positive eigenvalue and all the rest are negative.

4. Ultrahyperbolic: There is more than one positive eigenvalue and more than one negative eigenvalue
There is only a limited theory for ultra-hyperbolic equations (Courant and Hilbert, 1962).
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L FE T

uxxh2 = u(Xij+1) — 2u(x;) + u(xi—l)

Uyyh? = u(yiv1) — 2u(y;) + u(yi—1)

SR, IXAFE B VR4 B — f%ﬁﬂ?ﬁzﬁ—T e 21 A ]
B =0 AR . RHEREE, FEEE RN
A, 1 HU A R RER L, iilacobi/ii%, Gauss-
Seidel 775, Multi-grid 714555 . Z JLNumerical
recipes in C: the art of scientific computing, W.H.Press, S.
A. Teukolsky et.al.

T, BRAIEFEAN G Spectral 5k, BIEEMHZHk,
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He = %t A 4 BE 5 R A 38 EE 9 K 2L

T Y AKX EAS FHHE
a) ( REBETASWER 116024) b) ( BEHEHFEIR 610041 )
B ST e =0 R T PRI 1 — EE R O RSN, B A
14 B Code. % Code BA7 RIS RINHE, v TS FR ) R (A,
RERIA: = XA B, e FR B XRA
G255 0241.6; 0151, 21

WERMEAEOT 8 Ax=F, P
B, G 0 I;."{l A r’Fl b
ﬁl] BI 'GI -1-'_1 FI

"1- n— 2 Br:— 1 'ﬂrl— 1 -"{rl— 1 Fr:— 1
0 flu_] B" '-_‘1:" P 'A.F" &

Hoihe A BnG BN M XM B FIERE S BUERE) . Fo 9 M AS ke, i

=1,2, -

. .



ZD?EH:Q}jj‘i% Dirichletiilﬁ%ﬁ‘ u(x, O) — u(x, L) =0

FEy 7 [ A B e T
u(x,y) = ZU (x)sm(]ny/L)

v(x,y) = ) Vi(x)sin(jm y/L)

”MS

v R A A B 3 2 . HAEXIAI[0-L], sin(jmy/L)H4 58 84 IE A8 3

2 L
ZJ sin(jry/L)sin(kmy/L)dy = 6 j, k>0
0

2 . . 1 my . 1 my .
Zsm(]ny/L)sm(kny/L) = ZCOST(_] — k) — ZCOST(] + k)

2 L
;) = | uGnysingry/Ldy,
0

2 L
V() =1 | v singry/L)dy
0



ZD?EH:Q}jii% Dirichletiilﬁ%’ﬁ‘ u(x, 0) — u(x, L) =0

u(x,y) = ZUJ(’C)SinU”Y/L) 0°u(x,y) | 0%u(x,y)

AN oz T 3y7 = v(x,y)

j=1
v(x,y) = ) V;(sin(in y/L)
j=1

dZU](.X') jZT[Z ’
S U =V, L

BT S, FRATEE N R I 25w, Rlj=1, ...].
‘j‘ M2 T o > SWANE =7 = 5
RXARHTAEY T B TN E5r: y; =5 L/]. J‘|"J > ] —j

XFEE—AN, BATAT LLEXTT [ 2B 0 72 5y

Ui—1j— Q+j%k*)U; j + Uiy j = V; ;(6x)?



2DVHIA HFE Dirichletii &4

u(x,0) =u(x,L) =0

Ui—,j — 2+ j?k*)U; j + Ui j = Vi j(6x)*

i=1,N,andj=1,]

Upj = Uj(x;), Vij =Vi(x;), and k = 6 x /L

-

XJ7 H 34
kN

o

~

qUj(a) + fo—o— = Tij)

dU(xh
anUj(xp) + B Zix ) = Ip, »

2 L
I = I f Yi(y)sin(jmy/L)dy
0

Upj =

UN+1,j —

_ Ljjox = iUy

a16X — ,81
Ihj6x — BpUy

ah5x - ﬂh

L

2
In; = Zfo Vh(y)Sin(]'”)’/L)y

BATBE] T J-11MUncoupled =X FFERE G TE !




2DEIFA 7772 Neumannii 4 f oury=0) _duxy=1)

dy dy

FEy T A fE B e T _
u(x,y) = ZUj(x)cos(jn y/L)
j=0

v(x,y) = ) Vi(cos(my/L)
j=0

y /7 [ I A B a2 . HAEIXTA[0-L], cos(jmy/L) M Riioe#% IR AT 2

2 L
Zj cos(jmy/L)cos(kmy/L)dy = & Jik=0
0

2 1 s 1 s
Zcos(iny/L)cos(kny/L) = ZcosTy(j — k) + ZcosTy(j + k)

2 L
U6 =7 | uCnycosGry/Ldy, ER, Xti=o0,
0
2 1

2 L
Vi(x) = Zjo v(x,y)cos(jry/L)dy L L



2DYHFA 52 Neumannil 5 & 44

ou(x,y=0) Odu(x,y=1L)
= =0
dy dy

Ui—,j — 2+ j?k*)U; j + Ui j = Vi j(6x)*

i=1,N,andj =0,]

Upj = Uj(x;), Vij =Vi(x;), and k = 6 x /L

4 N

dUJ(xl) _
s QUG+t —r— =1y
ot dU;(xp)

anpU;(xp) + Bn I = Ip,

) L
=1 | nOcosGmy/Lydy
0

L

o

2
Ihj = Zfo Vh(y)COS(]'TTY/L)y

BATB 2] T J+1Uncoupled =X A FEFEHTE !

U — I;6x — BiUy
» b=y
U ' _th(ix—ﬂhUN,j
VAL aybx — By

?E‘E?%:: ’ X{I‘j=0,

2 1

L L




#lnclude "TMath.h"

| void fourier()

I {

gRandom = new TRandom3(0);

int n=400;

double f[400], c[400];

double pi=TMath::ACos(-1.0);

double x1=0.0, xh=2*pi;

double x;

double dx=(xh-xl)/float(n);

for (inti=0;i<n;++i){
c[i]=0.0;

}

for (inti=0;i<n;++i){

double rr=gRandom->Uniform(-1,1);

x=xI+i*dx;

L

| f[i]=(TMath::Sin(10*x)+TMath::Sin(72*x)+TMat |
:h..S|n(141* x));

}
for (inti=0;i<n; ++i){
x=x|+i*dx;

for (intj=0;j<n; +4j) {

c[i]+=TMath::Sin(i*j*pi/float(n))*f[j]*2.0/float
n);

char *out= "plot.gnu";

FILE *fp = fopen(out,"w");

for (inti=0;i<n;++i){
fprintf(fp,"%15.7f %15.7f %15.7f \n",

|
|
|
|
|
|
|
|
|
|
|
|
} |
|
|
|
|
|
|
|
float(i)/2.0, 0.1*f[i], c[i]); |
|

|

|

|
|
|
|
|
|
|
|
|
|
|
: }
|
|
|
|
|
|
|
|
|

9 L
_j sin(jry/L)sin(kmy/L)dy = &
0

1 2T
= %j sin(jy/2)sin(ky/2)dy = §j
0
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A Fourier example

a.l.

1
_ f
; F
0.8 ¢
0.6
0.4
0.2 =k .

0
0.2 SE.
0.4 E

0 20 40 60 80 100 120 140 160 L9
w :

0.8

0.6 |

L 04

With al:

random 4

shift 068

2 L
=7 | £@)singry/L)

== Y fO)sinG yi/2)8y
— % > SOsingG * i = m/n)

A Fourier example

0 20 40 60 80 100 120 140 160 180 200

w



L
[¥
I

S RUE LA B

L S x:0 — 2m, t, = Znn/N n=0,1,..N-1
0 N
- ; - ikt
o) = z F(m)eim a(t,) = Nz Ak)elktn
m=0 N-1 =0 v
1 [k . :
F(n) = —j f(x)e "™ dx A, = Za(tn) e~ tn = a, o™
n=0 n=0
S Zf( m) —m.rm = Zf‘m —imnLi N
=0 Hr=0

Lin=3, BIN=n+1=4=224%, w'=-i
Ay = aoa)o + a1w° + aza)o + az;w?,
Ay = aow + alw + a,w? + azw3,
A, = agw® + ayw? + a,0* + azw°®,
Az = apw® + ¢, 0° + a,w® + azw?

Ao 00 00 w0 T /%

A1 | _|w® ! w? 3| ™ EEHITN? = 161kE
Ay | |o® 0?2 w* 0|\ 2 BUREMNINEEHE
Az w? W w® w’l\as
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Ap=Y (="ay = a0+ (=) 'ar + (=) ar + (=) as = a0 + (=)' a1 + (= 1)'ar +as

n=0

Ay = ag +a, + a, + as Ao (1 1 1 1 "

Ay =ag—iay —a, +ia;s A 1 —i -1 ! I

Azza{}—al‘l‘az_a}i A> i - 11 _1- %2
| . L I — —1

As =ag+ia; —ay —ias Az L 43 )

Bit-reversion

NIRRT E, "R TFHEAT

Ay = (ap+ay) + (a; + as)
Ay = (ap—ay) —i(a;, —as)
Ay = (ap+ ay) — (a, + as)

— ‘ i

As = (ap —ay) +i(a; —as) HERERTS IR EE
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tan

L%

The FFT algorithm decomposes the DI'T into log, N stages,

each of which consists of N/2 butterfly computations.

One Butterfly Operation:

p prog

q p—0q
—OL

Bit-reversion

J 0 1 2 3 4 5 6 7
n; 0 4 2 6 1 5 3 7
jbase2 | 000 001 010 011 100 101 110 111
n;ybase2 | 000 100 010 110 001 101 OI1 111
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w
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el

w4
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1

g

ay

as
ay
as
as

as

. Hf—"r

gmltiplying by the dense (no zeros) matrix
1s more expensive than multiplying by
the three sparse matrices on the bottom
\_ J
For N = 2", the factorization would
involve@matrices of size N x N,
each with 2 non- zero entries
i each row and column
1 o g
W .. 1 . ay
1 wo a>
wo . . 1w ag
1. w 1 w0 . ai
1 W= 1 . as
1 - 1wt as
1 W 1w ar




XFN=2", A RN B RO H 5 B I 28 e 55 RN/ 2443 B30
SESAE S N/ T HORZ A0 :

r=1, Aj- =d, +(_])'Ialﬂ
r=2, 4, =a, +(=1)a, +@’ (a, +(-1) a;),
r =23, A_;‘ =d, +(_])ja4+a)2j(az +(_])jaf3)

+@’ I:al +(=a; +o” (a; +(=1) a, ):I

LML Mag P, SR SURBTTFF R = 1, .., M) ERw?

A, TR — AN E AR N/ 2R FN=2, XA
BUUES 1K, EREAARNRH2R.



Algorithms for the Ages — 142+ KRE

1946: The Metropolis Algorithm for Monte Carlo. Through the use of random processes,
this algorithm offers an efficient way to stumble toward answers to problems that are too
complicated to solve exactly.

1947: Simplex Method for Linear Programming. An elegant solution to a common problem
in planning and decision-making.

1950: Krylov Subspace Iteration Method. A technique for rapidly solving the linear
equations that abound in scientific computation.

1951: The Decompositional Approach to Matrix Computations. A suite of techniques for
numerical linear algebra.

1957: The Fortran Optimizing Compiler. Turns high-level code into efficient computer-
readable code.

1959: QR Algorithm for Computing Eigenvalues. Another crucial matrix operation made
swift and practical.

1962: Quicksort Algorithms for Sorting. For the efficient handling of large databases.
1965: Fast Fourier Transform. Perhaps the most ubiquitous algorithm in use today, it
breaks down waveforms (like sound) into periodic components.

1977: Integer Relation Detection. A fast method for spotting simple equations satisfied by
collections of seemingly unrelated numbers.

1987: Fast Multipole Method. A breakthrough in dealing with the complexity of n-body
calculations, applied in problems ranging from celestial mechanics to protein folding.
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@ [HIMTH5HL, FROtD)sEnl4Tm5E. HaE ST S HLEE Y H AL B
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R AN [2% 151 N.J. Higham. Accuracy and Stability of
Numerical Algorithms. SIAM, Philadelphia, PA, 1996.



R A EL - RR R

The Cooley-Tukey algorithm,
named after J.W. Cooley and John
Tukey, is the most common fast

Fourier transform (FFT) algorithm.

It re-expresses the discrete
Fourier transform (DFT) of an
arbitrary composite size N =
N1IN2 in terms of N1 smaller DFTs
of sizes N2, recursively, to reduce
the computation time to O(N log
N) for highly composite N
(smooth numbers). Because of
the algorithm's importance,
specific variants and
implementation styles have
become known by their own
names, as described below.

An Algorithm for the Machine Calculation of
Complex Fourier Series

By James W. Cooley and John W. Tukey

An efficient method for the calculation of the interactions of a 2™ factorial ex-
periment was introduced by Yates and is widely known by his name. The generaliza-
tion to 3™ was given by Box et al. [1]. Good [2] generalized these methods and gave
elegant algorithms for which one class of applications is the calculation of Fourier
series. In their full generality, Good’s methods are applicable to certain problems in
which one must multiply an N-vector by an N X N matrix which can be factored
into m sparse matrices, where m is proportional to log N. This results in.a procedure
requiring a number of operations proportional to N log N rather than N*. These
methods are applied here to the calculation of complex Fourier series. They are
useful in situations where the number of data points is, or can be chosen to be, a
highly composite number. The algorithm is here derived and presented in a rather
different form. Attention is given to the choice of N. It is also shown how special
advantage can be obtained in the use of a binary computer with N = 2™ and how
the entire calculation can be performed within the array of N data storage locations
used for the given Fourier coefficients.

An Algorithm for the Machine Caleulation of Complex Fourier Series
Author(s): Tames W. Cooley and John W. Tukey

Source: Mathematics of Computation, Vol. 19, No. 90 (Apr., 1965), pp. 297-301
Fublished by: American Mathematical Society

Stable URL: http:/fwww_ jstor.org/stable/2003354

Accessed: 11/11/2008 10:32




http://www.fftw.org/

FFTW is a C subroutine library for computing
the discrete Fourier transform (DFT) in one or
more dimensions, of arbitrary input size, and
of both real and complex data (as well as of
even/odd data, i.e. the discrete cosine/sine
transforms).

Steven G. Johnson joined the faculty of Applied
Mathematics at MIT in 2004. He received his Ph. D.
in 2001 from the Dept. of Physics at MIT, where
he also received undergraduate degrees in computer
science and mathematics. His recent work, besides
FFTW, has focused on the theory of photonic
crystals: electromagnetism in nano-structured media.
This has ranged from general research in semi-
analytical and numerical methods for electromag-
netism, to the design of integrated optical devices,
to the developement of optical fibers that guide light
within an air core to circumvent limits of solid materials. His Ph. D. thesis was
published as a book, Photonic Crystals: The Road from Theory to Practice,
in 2002,

Matteo Frigo received his Ph. D. in 1999 from
the Dept. of Electrical Engineering and Computer
Science at the Massachusetts Institute of Technology
(MIT). Besides FFTW, his research interests include
the theory and implementation of Cilk (a multi-
threaded system for parallel programming), cache-
oblivious algorithms, and software radios. In addi-
tion, he has implemented a gas analyzer that is used
for clinical tests on lungs.

Joint recipient, with Steven G. Johnson, of the
1999 J. H. Wilkinson Prize for Numerical Software,
in recognition of their work on FFTW.

http://www.fftw.org/fftw-paper-ieee.pdf
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R, X EIE A2,

Thus, for a sine transform we write:
f'.q_', = —f',,

=

Fi = —F;

forj =1,] — 1, in which case

S _ 9iF —
FP = 2iF; = —2Im(F;)

exp(—i %ﬂ') = Cos(%:r) — z’Sin(gfr)

exp(—i Sl )= COS(Eﬂ') +iSin(£;r)
J J

an(z Sk 7) = —Sin(%ir)

COS(2J— k k

)= Cos(; )

for a cosine transform we write:

fa—i = fj,
F"I—j = Fj,

forj =1,] — 1, in which case

Cc _
Ff = 2Re(F)
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/{ Calculates Fourier-cosine transform of array f in array F
void fft_forward_ces (Array<double,l> f, Array<double,l1>& F)
i

/f/ Find J. Declare local arrays.

int J = f.extent(0) - 1;

int N = 2 = J;

fitw_complex ff[N], FF[NI;

J/ Load and extend data
c_re (f£[01) = £(0); c_im (££[0])
c_re (f£[J1) = £(J); c_im (££[J])
for {(int j = 1; j < J; j+8)
{
c_ra (££[j1) = £(j); c_im (££[j1)} = O.;
Lre (FF[2%J—41) = £(j); c_im (ff[2%J-j1) = O.;
I

nn
[ ]
T

S Call fftw routine

fftw_plan p =_fitw _create plan (N, FFTW_FORWARD  FFTW_ESTIMATE);

fftw_one (p, ff, FF);
fftw_destroy_plan (p);

S/ Unload data
F(0) = c_re (FFI01); F(J) = c_re (FFLJ1);
for (int j=1; j < J; j++)
{
Fij) = 2.
}

* ¢ ro (FF[il1);

S/ Normalize data
F /= 2. = double (J);

Cos-18 B M35 #k

HHA5H vs Sin-/Cos-{& B H2S#

/{ Calculates inverse Fourier—cosine transform of array F in array £
void fit_backward_cos (Array<double,l> F, Array<double,l>% f)
i

/f Find J. Declare local arrays.

int J = f.extent(0) - 1;

int N 2 *x J;

fftu_complex ff[N], FFIN];

/f Load and extend data
c_re (FFL01)} = F(0); c_im (FF[0])
c_ra (FFLI1Y = F(I); c_im (FFLI1)
for (int j = 1; j < J; j++)
{
c_re (FF[i1) =F(j) / 2.; c_im (FF[jl1) = 0.;
FF[2%J-j] = FF[jl;
T

non
[T}
wa s

/f Call fftw routine

fftw_plan p = fftw_create_plan (N, FFTW_BACKWARD, FFTW_ESTIMATE};
fftw_one (p, FF, fI)};

fftw_destroy_plan (p);

// Unload data
£(0) = c_re (££[01); £(J) = c_re (££[J1);
for (int j = 1; j < J; j++)
i
£(j) = c_re (££[j1);

} Cos-{H B IH Jx 2 #a



L IH 253k vs Sin-/Cos-{& B IH- 2 #t

// Calculates inverse Fourier-sine transform of array F in array f

// Calculates Fourier-sine transform of array f in array F
void fft_backward_sin (Array<double,1> F, Array<double,1>& f)

void fft_forward_sin (Array<double,1> f, Array<double,l>f& F)

{ i
// Find J. Declare local arrays. // Find J. Declare local arrays.
int J = f.extent(0) - 1; int J = f.extent(0) - 1;
int N =2 * J; int N =2 = J;
fftw_complex ff[N], FFIN]; fitw_complex ff[N], FF[N];
// Load and extend data // Load and extend data

c_ra (f£[0]1) = 0.; c_im (f£[0]1) = O.; c_re (FF[01} = 0.; c_im (FF[0]) = 0.;
c_ra (f£[J]1) = 0.; c_im (f£f[J]1) = O.; c_re (FF[J1} = 0.; c_im (FF[J]) = 0.;
for (int j = 1; j < J; j++)

i . . . .

c_re (f£[jl1) = £(j); c_im (£f£[jl1} = 0.; fﬂi (int j = 1; j < J; j+9)
If[2%]-] = - f{j}; c_i ff[2%J-j = 0.;
X c_re (fi[2+J-j1) (j); c_im (££[2%3-j1) c_re (FF[31) = 0.; c_im (FE[{]) = - F(1) / 2.;
c_re (FF[2#%J-jl1) = 0.; g im (FF[2%J-q]) =F({) J 2.;
I

J{ Call fftw routime

fftw_plan p = fffg craate plap (N, FETW FORNARD, FFTH ESTIMATELS
fftw_one (p, ff, FF);

fitw_destroy_plan (p);

J/f Call fftw routine

fftw_plan p = fftw_create_plan (N, FFTW_BACKWARD, FFTW_ESTIMATE);
fftw_one (p, FF, ff};

fftw_destroy_plan (p);

ff Unload data
F(0) = 0.; F(I) 0.

for (int j =1; j < J; j++)
I (0 = 0.; £(1) = 0.

F(j) = - 2. * c_im (FF[j1); for (imt j = 1; j < J; j+)

! ' £(3) = c_re (££[31); Sin'1§:$‘}l‘}i§ﬁ

T

S Unload data

ff Wormalize data

, F /= 2. % double (J); Sin'ﬁil}l—fﬁﬁ
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ﬁet us now use the techniques discussed above to solve Poisson’s equation in two \
dimensions. Suppose that the source term is

vix,y) =6xy/(l] —yj—2x3

for 0 < x < 1and 0 <y < 1. The boundary conditions at x = 0 are o = 1,
B, = 0, and v, = 0, whereas the boundary conditions at x = 1 are ar, = 1, B = 0,

and yn = y (1 —y), The simple Dirichlet boundary conditions w(x,0) = u(x,1) = (
are applied at y = 0 and y = 1. Of course, this problem can be solved analytically

\ u(x,y) =y (1 —y)x’. /

//d*"2u/dx*2+dr2u/dyr2 =vforxl<=x<=xhandO<=y<=L

// alphal u + betal du/dx = gammal(y) at x=xI

// alphaH u + betaH du/dx = gammaH(y) at x=xh

// In y-direction, either simple Dirichlet boundary conditions: #include <fftw/fftw.h>
// u(x,0) = u(x,L) =0

// Matrices u and v assumed to be of extent N+2, J+1.

// Arrays gammal, gammaH assumed to be of extent J+1.
// Now, (i,j)th elements of matrices correspond to

[/ x_i=xl+i*dxi=0,N+1

/ly_i=j*L/)j=0,]

// Here, dx = (xh - xI) / (N+1) is grid spacing in x-direction.

#include <blitz/array.h>
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a?d(x,y) N 3*d(x,y)
dx? oy?
where (xp,yp) are the coordinates of the wire. Here, we have conveniently nor-
malized our units such that the factor ¢, is absorbed into the normalization. As-
suming that the box is grounded, the potential is subject to the Dirichlet boundary
conditions = 0atx =0,x =1,y =0, and y = 1. We require the solution in
the region0 <x <land0 <y < 1.

Note that when discretizing the right-hand side becomes
1
vixiy;) =  dx &

on the grid-point closest to the wire, with v(x;,y;) = 0 on the remaining grid-
points. Here, dx and &y are the grid spacings in the x- and y- directions, respec-
tively.

=v(x,y) = —0(x —xp) &y — yo),
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void Tridiagonal (Array<double,1> 3,
Array<double,1> b, Array<double,1> c,
Array<double,1> w, Array<double,1>& u)

{...}

int main()
{
double alphal, betal;
double alphaH, betaH;
double dx; double kappa;
double x|, xh;
double L;
int Neumann;
int N=64;
int J=64;
xI=0.0; xh=1.0; L=1.0;
dx=(xh-xI)/(N+1);
kappa=Pi*dx/L;
alphal=1.0; betal=0.0;
alphaH=1.0; betaH=0.0;
Neumann=0;

void fft_forward_cos (Array<double,1> f,
Array<double,1>& F)

{..}

void fft_backward_cos (Array<double,1> F,
Array<double,1>& f)

{..}

void fft_forward_sin (Array<double,1> f,
Array<double,1>& F)

{...}

void fft_backward_sin (Array<double,1> F,
Array<double,1>& f)

{...}

Array<double,2> u(N+2, J+1), v(N+2, J+1);
Array<double,1> gammal(J+1), gammaH(J+1);

for (intj=0;j<=1J; j++) {
doubley j=j*L/J;
gammal(j)=0.0;
gammaH(j)=0.0;

}
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for (inti=0;i<=N+1;i++) {
for (intj=0;j<=1J; j++) {
double x_i=xl +i * dx;
doubley j=j*L/J;
v(i, j)=0.0;
if(fabs(x_i-0.4615)<0.001 && fabs(y_j-
0.25)<0.001)
{v(i,j)=-1.0/dx/(L/});}
if(fabs(x_i-0.6923)<0.001 && fabs(y_j-
0.5)<0.001)
{v(i,j)=-1.0/dx/(L/3);}
}
} //Souce

// Find N and J. Declare local arrays.
Array<double,2> V(N+2, J+1), U(N+2, J+1);
Array<double,1> Gammal(J+1), GammaH(J+1);
// Fourier transform boundary conditions
if (Neumann)
{
fft_forward_cos (gammal, Gammal);
fft_forward_cos (gammaH, GammaH);

}

else

{

fft_forward_sin (gammal, Gammal);
fft_forward_sin (gammaH, GammaH);
}

// Fourier transform source term

for (inti=1;i<=N;i++)

{

Array<double,1> In(J+1), Out(J+1);
for (intj=0;j<=1J; j++) In(j) = v(i, j);

if (Neumann)

fft_forward_cos (In, Out);

else

fft_forward_sin (In, Out);

for (intj=0; j <=1J; j++) V(i, j) = Out(j);
}
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// Solve tridiagonal matrix equations
if (Neumann)

{

for (intj=0;j<=1J; j++)

{

Array<double,1> a(N+2), b(N+2), c(N+2), w(N+2),
uu(N+2);

// Initialize tridiagonal matrix
for (inti=2;i<=N;i++)a(i)=1.;
for (inti=1;i<=N;i++)
b(i) = -2. - double (j * j) * kappa * kappa;
b(1) -= betal / (alphal * dx - betal);
b(N) += betaH / (alphaH * dx + betaH);
for (inti=1;i<=N-1;i++) c(i) =1
for (inti=1;i<=N;i++)
w(i) = V(i, j) * dx * dx;
w(1) -= Gammal(j) * dx / (alphal * dx - betal);
w(N) -= GammaH(j) * dx / (alphaH * dx + betaH);
// Invert tridiagonal matrix equation
Tridiagonal (a, b, ¢, w, uu);
for (inti=1;i<=N;i++) U(i, j) = uu(i);
}

else
{
for(intj=1;j<]J;j++)
{
Array<double,1> a(N+2), b(N+2), c(N+2), w(N+2),
uu(N+2);
// Initialize tridiagonal matrix
for (inti=2;i<=N;i++)a(i)=1.;
for (inti=1;i<=N;i++)
b(i) = -2. - double (j * j) * kappa * kappa;
b(1) -= betal / (alphal * dx - betal);
b(N) += betaH / (alphaH * dx + betaH);
for (inti=1;i<=N-1;i++) c(i) =1,
for (inti=1;i<=N;i++)
w(i) = V(i, j) * dx * dx;
w(1) -= Gammal(j) * dx / (alphal * dx - betal);
w(N) -= GammaH(j) * dx / (alphaH * dx + betaH);
// Invert tridiagonal matrix equation
Tridiagonal (a, b, ¢, w, uu);
for (inti=1;i<=N;i++) U(i, j) = uu(i);
}
for (inti=1;i<=N;i++)
{
U(i, 0)=0.; U(i,J) =0,
}
}
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// Reconstruct solution via inverse Fourier
transform
for (inti=1;i<=N;i++)
{
Array<double,1> In(J+1), Out(J+1);
for (intj=0;j<=1J; j++) In(j) = U(i, j);
if (Neumann)
fft_backward_cos (In, Out);
else
fft_backward_sin (In, Out);
for (intj=0;j<=1J; j++) u(i, j) = Out(j);
}
// Calculate i=0 and i=N+1 values
for (intj=0;j<=1J; j++)
{
u(o, j) = (gammalL(j) * dx - betal * u(1, j)) /
(alphal * dx - betal);
u(N+1, j) = (gammaH(j) * dx + betaH * u(N, j)) /
(alphaH * dx + betaH);
}

N
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! set pm3datb |
! set pm3d

I'set isosample 30,30
I set xyplane 1.0
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// Function to evolve diffusion equation in 2-d:

//dT /dt=Dd*"2T/dx"2+D d*2 T/ dy”2

// alphal T + betal dT/dx = gammal(y) at x=xl

// alphaH T + betaH dT/dx = gammaH(y) at x=xh

// forxl<=x<=xh and0<=y<=1

// In y-direction, either simple Dirichlet boundary conditions:
// T(x,0)=T(x,L)=0

// or simple Neumann boundary conditions:

// dT/dy(x,0) = dT/dy(x,L) =0

// Matrix T assumed to be of extent N+2, J+1.

// Arrays gammal, gammaH assumed to be of extent J+1.

// Now, (i,j)th elements of matrices correspond to

[/ x_i=xl+i*dxi=0,N+1

/lyJ=j*L/)j=0,)

// Here, dx = (xh - xI) / (N+1) is grid spacing in x-direction.

// Now, C =D dt / dx"2, and kappa =pi * dx /L

// Finally, Neumann=0/1 selects Dirichlet/Neumann bcs in y-direction.
// Uses Crank-Nicholson scheme.
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double alphal, betal;

double alphaH, betaH;
double dx; double kappa;
double xI, xh;

double L;

int Neumann;

int N=128;

int J=128;

x1=0.0; xh=1.0; L=1.0;
dx=(xh-x!)/(N+1);

double dt;

double C;

dt=0.0001;

C=1.0*dt/dx/dx;
kappa=Pi*dx/L;

alphal=1.0; betal=0.0;
alphaH=1.0; betaH=0.0;
Neumann=0;
Array<double,2> T(N+2, J+1);
Array<double,1> gammal(J+1), gammaH(J+1);

for (intj=0;j<=1J; j++) {
doubley j=j*L/J;
gammal(j)=0.0;
gammaH(j)=0.0;

}

for (inti=0;i<=N+1;i++) {

for (intj=0;j<=1J; j++) {

double x_i=xl+i * dx;

doubley j=j*L/J;

T(i, j)=0.0;

if(fabs(x_i-0.5)<0.1 && fabs(y j-0.5)<0.1)
{T(i,j)=1.0;}
}

}
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