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#include <iostream>
#include <cmath>
#include <cstdlib>
#include <ctime>
using namespace std;
int main()
{
double mean=0.0;

double variance=0.0;

double chi2=0.0;

double f[10];

for(int i=0; i<10; i++) {

f[i]=0.;

}

srand(unsigned(time(0)));

for(int i=0; i<NN; i++) {
double fx=rand()/(double)RAND_ _MAX;

if(fx<0.1) {
f[0]+=1.0;
}
else if(fx<0.2) {
f[1]+=1.0;

else{
f[9]+=1.0;
}
mean+=fx;
variance+=fx*fx;
}
mean=mean/double(NN);
variance=sqrt(variance/double(NN)-mean*mean);
for(int i=0; i<10; i++) {
chi2+=(f[i]-double(NN)/10.0)*(f[i]-
double(NN)/10.0)/(double(NN)/10.0);
}
chi2=chi2/10.0;
cout<<"mean= "<<mean<<end|;
cout<<"variance= "<<variance<<endl;
cout<<"chi2= "<<chi2<<endl;

}
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1. From the original implementation in FORTRAN by Fred James as part of
CLHEP. The initialisation is carried out using a Multiplicative Congruential
generator using formula constants of L'Ecuyer as described in "F.James, Comp.
Phys. Comm. 60

(1990) 329-344".

https://root.cern.ch/doc/master/TRandom1 8cxx source.html

2. Random number generator class based on the maximally quidistributed
combined Tausworthe generator by L'Ecuyer. The period of the generator

is 2**88 (about 10**26) and it uses only 3 words for the state.
https://root.cern.ch/doc/master/classTRandom2.html

3. TRandom3, is based on the "Mersenne Twister generator", and is the
recommended one, since it has good random proprieties (period of about

10**6000 ) and it is fast
http://root.cern.ch/root/html/TRandom3.html

gRandom = new TRandom1/2/3(0);


https://root.cern.ch/doc/master/TRandom1_8cxx_source.html
https://root.cern.ch/doc/master/TRandom1_8cxx_source.html
https://root.cern.ch/doc/master/classTRandom2.html
https://root.cern.ch/doc/master/classTRandom2.html
http://root.cern.ch/root/html/TRandom3.html
http://root.cern.ch/root/html/TRandom3.html
http://root.cern.ch/root/html/TRandom3.html
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double ranO(long &idum)
{

constinta=16807, m =2147483647,
q=127773;

const int r = 2836, MASK = 123459876;

const double am = 1./m;

long k;

double ans;

idum A= MASK;

k =idum/q;

idum = a*(idum - k*q) - r*k;

// add m if negative difference

if(idum < 0) idum +=m;

ans=am™*(idum);

** The function ran0()

**is an "Minimal" random number generator
of Park and Miiller

** Set or reset the input value

** idum to any integer value (except the
unlikely value MASK)

** to initialize the sequence; idum must not be
altered between

** calls for successive deviates in a sequence.
** The function returns a uniform deviate
between 0.0 and 1.0.

o |
Id&cjm N = (ENERE) (ai_1)MOD(M) = (aNj_1 — [N _1/qIM)MOD(M),
return ans, M=aq+r,

} // End: function ran0() o opa | (M-MODON = M N/l + DM

(aNi_1)MOD(M) = (a(N_1 — [Ny_1/q)) — [N;_1/q]r)) MOD(M)

> (al;_1)MOD(M) = (a(N;_1MOD(q)) — [N;_1/g]r)) MOD(M)
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double ran2(long &idum)

{
const int IM1=2147483563;
const int IM2=2147483399;
const double AM = 1./IM1;
const double IMM1 = IM1-1;
const int IA1=40014;
const int IA2=40692;
const int 1Q1=53668,;
const int 1Q2=52774;
constint IR1=12211;
const int IR2=3791;
const int NTAB=32;
const int NDIV=1+IMM1/NTAB;
const double EPS=1.2e-7;
const double RNMX=1.0-EPS;

int i

long k;
static long idum2 = 123456789;
static long iy=0;
static long iv[NTAB];
double temp;

if(idum <= 0) {
if(-(idum) < 1) idum = 1;
else idum = -(idum);
idum2 = (idum);
for(j= NTAB+ 7;j>=0; j--) {
k = (idum)/1Q1;
idum = IA1*(idum - k*1Q1) - k*IR1;
if(idum < 0) idum += IM1;
if(j < NTAB) iv[j] =idum; }
iy=iv[0];
}
k = (idum)/1Q1;
idum = 1A1*(idum - k*I1Q1) - k*IR1;
if(idum < 0) idum +=IM1;
k =idum2/1Q2;
idum2 = 1A2*(idum2 - k*1Q2) - k*IR2;
if(idum2 < 0) idum2 +=IM2;

j =iy/NDIV;
iy =iv[j]-idum?2;
iv[j] = idum;

if(iy < 1) iy += IMM1;
if((temp = AM*iy) > RNMX) return RNMX;
else return temp;

}// End: function ran2()

The function ran2() is a long period (> 2 x 10718) random number
generator of L'Ecuyer and Bays-Durham shuffle and added safeguards.
Call with idum a negative integer to initialize; thereafter, do not alter
idum between successive deviates in a sequence. RNMX should
approximate the largest floating point value that is less than 1. The
function returns a uniform deviate between 0.0 and 1.0
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Plot[(xA{n/2-1}+Exp[-x/2]/2A{n/2}/Gamma[n/2]) /. {n + 1}, {x, 0, 10}]

0.30 [

Plot[(xA{n/2-1}+Exp[-x/2]/2A{n/2}/Gamma[n/2]) /. {n = 10}, {x, 0, 30}]
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root [@] TMath::Prob(10.82,1

>
) t @E _I..*Ag{x (Double t)1.00409489093039703e-03
IS:@*)-L rém’ L2 VA A root [1] TMath::Prob(10.83,1)
(Double_t)9.98686379180259171e-04

root [2] TMath::Prob(3.84,1)
(Double t)5.00435212487051889%¢e-02

o IEE B 5 EI/KTERUN0.9980350.95. N 1 [e LI 5] 14 7 A0 B4
v, kETBUEAE R, BWRARKK, —BOERAKE, ZEFEENT
X 188 25 A~y B AL £ ot LR & i

Degrees of freedom (df) x° value!™
1 0004 002 006 015 046 107 (164 (271 [3684)|\ 664 | 1083
2 010 021 045 071 139 241 (322 460 | 599921 1382
3 035 (058 101 142|237 366 (464 625 7.62 |11.34 1627
4 071 (106 165 220|336 486 |599 | 778]| 949 1328 1847
D 114 161 234 300 435 606 729 924) 1107|1509 2052
6 163 |220 307|383 535|723 |8.56 ‘1[].5?# 12.59 1 16.81 | 22.46
7 217 | 283382 467|635 836 (980 1203 1407|1848 2432
(& 273 349 459553 734 952 1103 1339 155112009 2612
9 332 (417538 639634 1066 1224 | 1468 21.67 | 27.88
10 394 (487 618 727,934 1176 1344|1599 2321|2959

P value (Probability) 095 090 080 070 0530 030 020 0.10 0.01 0.001

the probability of observing a test statistic at least as
extreme in a chi-squared distribution
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A definition of probability

Consider a set S with subsets 4, B, ...

For all AcC S,P(A) >0

P(S)=1
Kolmogorov
If ANB=0,P(AuUB) = P(A) 4+ P(B) axioms (1933)

Also define conditional P(ANB)
P(A|B) =
probability of 4 given B: (41B) P(B)

Subsets 4, B independent if: P(ANB)= P(A)P(B)

P(A)P(B)

If A, B independent, P(A|B) = P(B)

— P(A)
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Interpretation of probability

[. Relative frequency
A, B, ... are outcomes of a repeatable experiment

times outcome is A

P(A) = lim

n—oco n

cf. quantum mechanics, particle scattering, radioactive decay...

[I. Subjective probability
A, B, ... are hypotheses (statements that are true or false)

P(A) = degree of belief that A is true

* Both interpretations consistent with Kolmogorov axioms.
* In particle physics frequency interpretation often most useful,
but subjective probability can provide more natural treatment of
non-repeatable phenomena:

systematic uncertainties, probability that Higgs boson exists,...



Bayes Theorem Whole space = ] n® = T
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P(AIB) = G P(B|A) = .
)
TACET e
P(A) < P(B|A) = . > ° = ° = P(A~B)
N @ [
o ]

P(B) =~ P(A|B) =

<>
> —
N - [

From the definition of conditional probability we have,

pAB) =" (P"*(;f ) and P(BJA) = Ef(gf)
but P(ANB) = P(BNA),so

P(B|A)P(A) Bayes’ theorem

P(AIB) = =7

First published (posthumously) by the
Reverend Thomas Bayes (1702—1761)

An essay towards solving a problem in the
doctrine of chances, Philos. Trans. R. Soc. 53
(1763) 370; reprinted in Biometrika, 45 (1958) 293.




An example using Bayes’ theorem
Suppose the probability (for anyone) to have a disease D is:

P(D) = 0.001 « prior probabilities, i.c.,
P(noD) = 0.999 before any test carried out

Consider a test for the disease: result is + or —

P(+|D) = 098 « probabilities to (in)correctly

P(-D) = 0.02 identify a person with the disease

P(+lpo D) = 003 «— probabilities to (in)correctly
P(~jnoD) = 0.97 identify a healthy person

Suppose your result is +. How worried should you be?

The probability to have the disease given a + result is

P(+D)P(D)
P(+D)P(D) + P(+|no D)P(no D)

p(D[+) =

0.98 x 0.001
0.98 x 0.001 4 0.03 x 0.999

— 0.032 <« posterior probability

1.e. you're probably OK!
Your viewpoint: my degree of belief that I have the disease is 3.2%.
Your doctor’s viewpoint: 3.2% of people like this have the disease.



Probability density functions

Often a measurement of some observable quantity results in a
continuous random variable. We can consider intervals in the possible
values as subsets of the total sample space, and derive the probability
that the measurement is included in them

— P(X,0qs iN [X, X+dX[) = f(x) dx

— Of course this has no meaning unless P(x in S)=1

If x is single-dimensional, we realize that a
set of probability values as the one

defined above can be effectively drawnas s |

a histogram, if we define the width of the v (o — 68.3%
bins to be dx. 0352 M2c — 95.5%
By letting dx go to zero, we obtain the 0255

continuous function f(x). This is called i

"probability density function" of x (PDF). 0.




The cumulative distribution

* For any single-dimensional PDF f(x) it is We will use it'
straightforward to define the cumulative f(x) When we define
distribution F(x) as A "tail probabilities'

F(x) =j f(x"dx'

* The meaning of F(x) is that of the
probability to observe x' with a value
smaller or equal to x

* This leads to the concept of quantile x,,
defined as value of x such that F(x,)=a.
— The special quantile with a name is the
median, X .
— Other important quantiles: X4 s, X5 g5,

Xo.162 X0.84*

* The median, like the mean (see later)
but unlike the mode [the most probable
value of the distribution f(x)], can be a
value not belonging to S




|

K2 E[.]: the Mean

The probability density function (pdf) f(x) of a random variable x is a normalized
function which describes the probability to find x in a given range: as already
written before,
P(x,x+dx) = f(x)dx
— This is defined for continuous variables. For discrete ones, e.g. P(n|u)=e’
hu"/n! , P is a probability tout-court.
The expectation value of the random variable x is then defined as

a function of the

E[X] = ij (X)dX = u parameters of

the model

E[x], also called population mean, or simply mean, of x, thus depends on the
distribution f(x). Note that E[x] is not a function of x, but it is rather a fixed
guantity dependent on the form of the PDF f(x).

The formulation of the expectation value is useful to define other properties of
the PDF, as shown in the following.



i .
The variance

e Of crucial importance to determine the property of a
distribution is the “second central moment” of x,

E[(x—E[X])*1= [ (x=2)* f (X)dx=V[x]

also called variance. The variance describes the "spread" of
the PDF around its expectation value. It enjoys the property
that

E[(x-E[x])?] = E[x*]-p?,
as it is trivial to show. 7

* Also well-known is the standard deviation o = sqrt(V[x]).



‘% W.PDF: Binomial

Consider N independent experiments (Bernoulli trials):
outcome of each 1s “success’ or ‘failure’,
probability of success on any given trial 1s p.

Define discrete r.v. n = number of successes (0 <n < N).

Probability of a specific outcome (in order), e.g. ‘ssfsf” is
pp(1 —p)p(1 —p) =p"(1 —p)" "
N

n!(N —n)!

But order not important; there are

ways (permutations) to get » successes in N trials, total
probability for » is sum of probabilities for each permutation.



The binomial distribution is therefore
NI

‘% W.PDF: Binomial

;N, — T 1 . N—n
?n .p\) ' (INV —n)!p ( P)
random parameters
variable

For the expectation value and variance we find:

N
E[n] = > nf(n;N,p) = Np
n=0
Vin] = E[n?] — (£[n]D? = Np(1 — p)

Binomial distribution for several values of the parameters:

= 04 = 04
= N=5 = N=20
s 02 N H p=05 | 2 o2} N N p=01 |
0 il ” Hﬂ 0 ” H [I N _n
1] 5 10 15 20 0 5 10 15 20
n n
3 04 3 04
Q N=10 = N=20
= alll ] Sl T
0 I ” H I p bl H H ” 0
5 10 15 20 0 5 10 15
n n
2 04 2 04
= N=20 = N=20
S 02 p=05 | Z o2} p=06
. il . e
5 10 15 20 0 5 10 15

n

n

Example: observe N decays of W=, the number n of which are
W—pv is a binomial r.v., p = branching ratio.



‘& I, PDF: Poisson

Consider binomial » in the limit

IS el ol Ok VB | == el A
;; 0.4
— n follows the Poisson distribution: = ,, | il
n E | ” N H | ..
0 5 10 15 20

fniv)="e™" (n>0)

Enl=v, Vn]l=v. =
Example: number of scattering events ~ _
n with cross section o found for a fixed £

integrated luminosity, with v = o [ L dt .

0.2

0.4

0.2

0

n

:HHHHHHHHHH, ﬂ

0 5 10 15 20
n

v=10

~ a0l ” ” H H H ” [ -

0 5 10 15 20
H




‘& JLPDF: Uniform

Consider a continuous r.v. x with —oo <x < oo . Uniform pdf is:

12

1t o B

a8

0

f(x;on,B)

otherwise

Elz] = ~(a + )

o4 |

a2 r

Vizl = (8- )

N.B. For any r.v. x with cumulative distribution F{(x),
y = F(x) 1s uniform in [0,1].

Example: fOl’ 11;0 — VY, E}f iS uniform n [ Eminn Emm]n With
Emin = %Eﬂ(l —B), FEmax = %Ew(l + 3)



# J.PDF: Exponential

The exponential pdf for the continuous r.v. x is defined by:

1 _ —x/¢ el £ e
] Mp 08 it
f(z:§) = {5 [
0 otherwise |
Flx] =€ i
2 - e — a .__.._\- - _ _. SS—
Viz] =€ o TR TRRIE e T
0 1 i ’ : ’

Example: proper decay time 7 of an unstable particle

f(t7) = Let/T (7= mean lifetime)
T

Lack of memory (unique to exponential): f(t — tolt > to) = f(t)



‘& JL.PDF: Gaussian

The Gaussian (normal) pdf for a continuous r.v. x 1s defined by:

‘E: T T T T

1 2 2 5 I — u=0.o=1 |
flz,p,o0) = 6_(:3_”) /20 = % --- p=0, 0=2
21O e p=t, o1

Elz] = p  (N.B. often u, 6® denote
mean, variance of any 02 r
V[z] = o2 rVv.,notonly Gaussian.)

0 =IO

Special case: £ =0, 6> =1 (‘standard Gaussian’):

r) = - e~ /2 D= [ o) dd
pr)= e "2, o@) = [ pa)d

If y ~ Gaussian with u, 6%, then x=(y — ) /o follows ¢(x).

The Gaussian pdf is so useful because almost any random variable

that is a sum of a large number of small contributions follows it.
This follows from the Central Limit Theorem



‘& JL.PDF: Chi2

Chi-square (¥?) distribution

The chi-square pdf for the continuous r.v. z (z> 0) is defined by

1 w21 -2 & '
zin) = 2 e S ool — s
flzn) 21/2[(n/2) ° nez
A Th ::10
n=1,2,. .= number of ‘degreesof |}
freedom’ (dof) I
B Ry
Blzl=n, V[:1=2n. RN

For independent Gaussian x,, i = 1, ..., n, means y,, variances o7,

N (o — (L 2
z= ) (: JQM) follows y? pdf with » dof.
i=1 i
Example: goodness-of-fit test variable especially in conjunction
with method of least squares.



‘= J.PDF: BW

Cauchy (Breit-Wigner) distribution

The Breit-Wigner pdf for the continuous r.v. x 1s defined by

1 r/2
f(mr I_:I‘T’O) — ~ | T
T |_2/4 + (z — 330)2 r:E' . 3, Tt
é -~ Xg=2, I=1
08 I — xepre

(I'=2, x, = 0 1s the Cauchy pdf.)

E[x] not well defined, V[x] —o.

X, = mode (most probable value)

I" = full width at half maximum

Example: mass of resonance particle, e.g. p, K*, ¢°, ...

I" = decay rate (inverse of mean lifetime)



‘% JL.PDF: Landau

[Landau distribution

For a charged particle with = v /c traversing a layer of matter
of thickness d, the energy loss A follows the Landau pdf:

1 A
f(A;B) = Eqb(/\) , .
ﬁ +—4- s
1 oo —+—+
H(\) = —fo exp(—ulnu — ) sin rudu |
— d =
_ 1A _ §.4_
= 2oe(nS 1))
_ 27Nae*2%p> 7 d ,  I?exppB?
$= mec?S A (2 - 2mec?[32~y2

L. Landau, J. Phys. USSR 8 (1944) 201; see also
W. Allison and J. Cobb, Ann. Rev. Nucl. Part. Sci. 30 (1980) 253.



‘% JL.PDF: Landau

Long ‘Landau tail’
— all moments oo

Mode (most probable
value) sensitive to f3,

— particle 1.d.

(keV )

f(A;B)

Ay (keV)

10

By

2
10

3
10

4
10



‘& I, PDF: Beta

Beta distribution

- i r(Cli_l_ﬁ) a—1 p-1

f(SB,CE,/B) — r(a)r(ﬁ) T (1 . 217)

= 3
Elz] = “ ‘:‘%25- —ujﬁj
Ty ST

ol

Viz] = -
A= a2t i+ D

Often used to represent pdf
of continuous r.v. nonzero only
between finite limits.




‘= JLPDF: Gamma

Gamma distribution

- — 1 a—1_-—z/8
f(‘r’ﬂra:ﬁ)_l_(a)/@a&? €

0.5

fix;a.B)

V[:E] 1o Cliﬁz 047 -
Often used to represent pdf 3
of continuous r.v. nonzero only

in [0,00].

Also e.g. sum of n exponential ~ 01} *
r.v.s or time until nth event |
in Poisson process ~ Gamma

0.2




void random2()
{
gRandom = new TRandom3();
// create a histogram
TH1D * hist = new TH1D("data", ";x;N", 20, 0.0,
100.0);
// fill in the histogram
for (inti =0; i <2000000; ++i)
hist->Fill(gRandom->Exp(10));
TCanvas * c1= new TCanvas("c1",
"random",5,5,800,600);
hist->Fit("expo");
TF1 *fit = hist->GetFunction("expo");
Double_t chi2 = fit->GetChisquare();
cout<<chi2<<endl;
hist->Draw();
cl->SaveAs("random2.pdf");}

x10 data
= C Entries 2000000
300__ Mean 81
B RMS 5
250
200(—
150
100
50
L L Illl\\II‘\\\IlII\\‘\\II‘\III L
% 65 70 80 85 90 95 100
X
x10° data
<8001 Entries 2000000
r Mean 9.994
600—
500[—
400
300[—
200
100—
0:\\II|I\II|I\\\‘II\\I “‘Illl\ \‘\\Illl\\
0 1 0 5 60 70 80 90 100
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“““ -

Gaussian
f(x;u,0)=

Negative
Exponential
f(x;T)=

Uniform
f(x;a,B)=

Poisson f(x; )=

e-lbew?/20%]/
(2mo?)1/2

eXt/t T T2

(B-a)/2 for a<=x<=B
0 otherwise

(a+B)/2 (B-a)?/12

e HuN/N! U M

Notable facts

Limit of sum of random
vars is Gaussian distr.

Useful for particle
decays; it is also a
common priorin
Bayesian calc's

Any continuous r.v. can
be easily transformed
into uniform

(= MC method !)

Turns into Gaussian for
large u

Gaussian or

"normal”
distribution

o
[N
W

probability density
=] o
- 8

e
-
o

@
(=]
a

o
o
=]

00135 .00135
\h L 1 1 L L 1 4/
830 -20 -0 [§] 20 3o

l-ﬁ T T T
14l A=05 |
1.2} A=l
1=
10 A=1.5
"
= 0.8 1
0.6F R
0.4} R
0.2+ R
0‘(} 1 1 1
0 1 2 3 4 5
f(x) x
1
_ . *_’
b-a | ‘
| |
| |
| |
| |
| |
| |
1 ,J.
0 a b X
0.40
— el
0.35 - p=2
oo p=4i
0.30 -

o

15 20



Binomial Distribution PDF
I_I 0.3 — n=5p=0.5
l% j—‘ PDF — n=20p=0.5
025 1 _ n=50p=0.5
. ””Hhhl.lll”” |]I|.
0 10 20 30 40 50
Expression: Varian | Fun facts Random Variable
ce
0.51 T k;Q
— k=3
Special case 0.41 ' ' ' — k=4
Binomial of — k=6
I -p)N/[rl(N-r)! 1
f(r;N,p)= ) P N Nee Multinomial 0.3 — k=9
distribution 021
0.1
y Turns into Moo 2 3 4 5 6 7 8@
fC !sqL_Jare e¥2 (x/2)N21/[21(N/2)] n 2n Gaussian for
OGN)= large n
(>30 or so) 0.7 ' ' ' '
. — oz, =0, y=0.5
U.E B II| |II _ J.“ =“1 Ar:l i
AKA Breit- 0.5f II I|| — g =0, y=2
Wigner. Can 04 [ | —ay=-2, =1
cauch be X
f{ a)lic Y [y (1 + (m)Z]_l Undefined!  Infinite ~manageable if
X)= ¥ Y truncated




The Poisson counting experiment
Suppose we do a counting experiment and observe » events.

Events could be from signal process or from background —
we only count the total number.

Poisson model:

b n
P(n_|3’ b) — Me‘(sﬁ'b)
1.

s =mean (i.e., expected) # of signal events

b =mean # of background events

Poisson counting experiment: discovery p-value

Suppose b = 0.5 (known), and we observe n_ = 5. : . . . C
‘ ‘ _ Poisson counting experiment: discovery significance
Should we claim evidence for a new discovery? _ o
) ' Equivalent significance forp=1.7 x 10 7 = @‘1(1 —p) =36
Give p-value for hypothesis s = 0: o _ _ ‘
Often claim discovery if Z> 5 (p <2.9 x 1077, i.e., a “5-sigma effect”™)
p-value = P(n>5,b=0.5,5s=0)

[e)]

In fact this tradition should be
revisited: p-value intended to
quantify probability of a signal-

‘ like fluctuation assuming

ol | background only; not intended to

= 1.7 x107% # P(s = 0)!

significance
'
I

Prob(n)

06 |-

5 Prob(n>5) | ] cover, e.g., hidden systematics,
= 17107 Al o P=29x10 plausibility signal model,
e2r compatibility of data with signal,
0 “gok-elsewhere effect”
10 10 10 10 1 i .
0% ) 2 4 5 4 5 $ pvalue  (~multiple testing), etc.



Confidence
interval

0.674 4900
0.994 458a
1o

1.281 5520
1.644 854g
1959 964g
20

2.575 8290
30
3.290527g
3.890 5920
4g
44171730
450

4891 6380
50

5.326 724a
5730729
60

6.109 4100
6.466 951ag
6.806 5020
7a

Proportion within

Percentage
50%
68%
£8.208 9492%
80%
90%
95%
95.449 9736%
99%
99.730 0204%
99.9%
99.99%
99.993 666%
99.999%

99.999 320465 3751%

99.9999%

99.999 942 6697%
99.999 99%
99.999 999%
99.999 999 8027%
99.999 9999%
99.999 999 99%
99.999 999 999%

99.999 999 999 7440% | 0.000 000 000 256%

Percentage
50%
32%
31.731 0508%
20%
10%
5%
4.550 0264%
1%
0.269 9796%
0.1%
0.01%
0.006 334%
0.001%

0.000 679 534 6249%

0.0001%

0.000 057 3303%
0.000 01%

0.000 001%
0.000 000 1973%
0.000 0001%
0.000 000 01%
0.000 000 001%

Proportion without

Fraction

1/2
1/3125
1/31514872
1/5

1/10

1/20
1/21.977 895
1/100
1/370.398
1/1000
1/10000
1/15787
1,/100000

2.4 /1000000 fon each side of mean)

1,/1000 000
1/1744278
1,/10000000
1/100000 000
1/506797 346
1,/1000 000000
1,/10000 000 000

1,/100000 000 000
1/390682 215445

root [0] RooStats::PValueToSignificance(1l.7e-4/2)

RooFit v3.60 -- Developed by Wouter Verkerke and David Kirkby

0.4

0.3

0.1

0.0

We have observed a new

In summary

boson with a mass of
125.3 £ 0.6 GeV
at
4.9 o significanc

34.1% 34.1%

—3o

Copyright (C) 2000-2013 NIKHEF, University of California & Stanf

ord University

icense.txt

All rights reserved, please read http://roofit.sourceforge.net/1

(Double 1)3.75987246477831949e+00
root [1] RooStats::PValueToSignificance(l.7e-4)
(Double t)3.58274690211504376e+00

YE = one-sidedflltwo-sided

—20 —1a 0 1o 20 3o

The Nobel Prize in Physics
2013

Photo: A. I o oto

o ud
Francois Englert
Prize share: 1/2

Photo
Peter W
Prize share: 1/

The Nobel Prize in Physics 2013 was awarded jointly to Francois
Englert and Peter W. Higgs "for the theoretical discovery of a
mechanism that contributes to our understanding of the origin of
mass of subatomic particles, and which recently was confirmed
through the discovery of the predicted fundamental particle, by the
ATLAS and CMS experiments at CERN's Large Hadron Collider”



Poisson Significance

n ~ Poisson(s+5), where
s = expected number of events from signal,

b = expected number of background events.
To test for discovery of signal compute p-value of s = 0 hypothesis,

p=Pn>nglh)= 3 T t=1-Fa(@bhong.) e

n!

Nn=—Ngbs

Suppose b = 0.5 (known), and we observe n_, = 5.

(Double t)9. 99827884370044107¢-01
root [1] 1-[iM&@ER: :Prob(1,10)

(const double)1.72115629955893468e-04

root [2] [IM&ER: :NormQuantilelj1-1.72115629955893468e-04/2f)

(Double t)3.75677716069010614e+00
root [3] ROOSEEES: : PValueToSignificancel]1.72115629955893468e-04/2})

(Double t)3.75677716069010614e+00

root [4] [MEEH: :Probli3.84, 1Jj

(Double t)5.00435212487/051889¢e-02




Approximate Poisson Significance

s/\b for expected discovery significance
For large s + b, n — x ~ Gaussian({l.0) , i =s + b, 0= ’w"'(s + b).

For observed value x_, p-value of s = 0 1s Prob(x > x| s = 0),:

Lohs — b
po=1— (—)
Po /b

Significance for rejecting s = 0 1s therefore

Lobs — b

Vb

1, \
Zyp =0 (1 —py) =
Expected (median) significance assuming signal rate s 1s

median[Zg|s + b] =



Likelihood-ratio test and Wilk’s Theorem

Suppose we model data y with a likelihood L(p) that depends on a set of N parameters
= (pi1, ..., pn). Define the statistic

I-J
tp = —2In M

L(jr)
where fi are the ML estimators for . The value of £, is a measure of how well the hypoth-
esized set of parameters p stand in agreement with the data. If the agreement is poor, then
o will be far from g, the ratio of likelihoods will be low and £, will be large. Larger values
of t,, thus indicate increasing incompatibility between the data and the hypothesized p.

According to Wilks’ theorem, if the parameter values g are true, then in the asymptotic
limit of a large data sample, the pdf of £, is a chi-square distribution for N degrees of freedom.
We will write this as

f(tulp) ~ XN -

Poisson likelihood for parameter s 1s

(s+b)"

n!

o—(5+b)

L(s) =



Better Approximate Poisson Significance

g = —21In L(_:;) — (nlnE + b — n.) for n > b. 0 otherwise
L(s) b

For sufficiently large s + b, (use Wilks’ theorem).

Zz\/Z (nln%+b—n) forn > band Z = 0 otherwise.

To find median[Z]s]. let » — s + b (1.e.. the Asimov data set):

Z,q:\/Q((s+b)ln(l+§) —s)

This reduces to s/\b for s << b.




Approximate Poisson Significance

n ~ Poisson(s+b), median signiticance,
assuming s, of the hypothesis s =0

CCGV.EPJC 71 (2011) 1554, arXiv:1007.1727

— 8

N —\ %A “Exact” values from MC,

L=, . .

2 5k - sn\b jumps due to discrete data.
« exact

Asimov Vg, , good approx.
tfor broad range of s, 5.

s/\b only good for s « b.

5-0.5
V0.5

J2(5*In(L+4.5/0.5)~4.5) ~3.745

~ 6.364




Upper Limit

Frequentist upper limit on Poisson parameter

Consider again the case of observing » ~ Poisson(s + 5).
Suppose b =45, n_, = 5. Find upper limit on s at 95% CL.
Relevant alternative 1s s = 0 (critical region at low n)

p-value of hypothesized s 1s P(n <n_,. s, b)

Upper limut s, at CL =1 — a found from

Mgbs !
a = P(ﬂ i nnbs;supg b) — Z (Supﬂ-ll_ b) E_{Sup+bJ
n=>0 '

|
sup = 5F\a (1= @52(nops + 1)) —

1
= 5J!?M;l (0.95:2(5+ 1)) —4.5=6.0



Upper Limit

gliphy@qliphy- XPS 8910:~% root -1

root [0] : :ChisquareQuantile 0.95,12
{Duuble_t}Z.1@26@6981?4862313&+91
root [1] :ChisquareQuantile(0.95,12)/2-4.5
{dnuble}ﬁ 813@3498874311564e+98

[ruut 2] . :ChisquareQuantile(0.95,2)/2-0 ]
{duuble}Z 995?322?3555963??e+99
root [3] : :ChisquareQuantile(0.68,2)/2-0
{dnuble}l 13943428318832352&+9@
root [4] : :ChisquareQuantile(0.99,2)/2-0

{dﬂuble}4 6@51?918598?89285e+99

L(s) =(s+4.5)° /5! xexp(-s—4.5)

§=0.5 (which maximize L(s)) Likelihood ratio,
chi2-distribution

_21n { ::ES;} 3.84 = sup = 6.24 95% confidence level 3.84
S



For low fluctuation of » formula can give negative result for s, :
1.e. confidence mnterval 1s empty.

—
Mo

o

6 events observed

o




Upper Limit

The Bayesian approach to limits

In Bayesian statistics need to start with ‘prior pdt” 7( ), this
reflects degree of belief about 6 before doing the experiument.

Bayes’ theorem tells how our beliefs should be updated n
light of the data x:

L(x|0)7(0)

[ L(zlo)n (o) ag < L&)

p(0lz) =

Integrate posterior pdf p(6| x) to give mterval with any desired
probability content.

For e.g. n ~ Poisson(s+b), 95% CL upper limit on s from

Sup
0.95 = / p(sn) ds
E}{:.



Upper Limit

Include knowledge that s > 0 by setting prior 7(s) = 0 for s < 0.

Could try to retlect ‘prior ignorance’ with e.g.
1 s>0
0 otherwise

m(s) = {

Not normalized but this 1s OK as long as L(s) dies off for large s.

Bayesian interval with flat prior for s

Solve to find limit s,:

[
Sup = Esz [p,2(n+1)]=b

where

p=1—-—a (1 —F,2[2b,2(n+ 1)])

For special case b = 0, Bayesian upper limit with flat prior
numerically same as one-sided frequentist case (‘coincidence’).



Upper Limit

For 5 > 0 Bayesian limit 1s everywhere greater than the (one
stded) frequentist upper limut.

Never goes negative. Doesn’t depend on b 1t n = 0.

—_
no

o

Sy (CL=95%)
(o o]




Confidence interval for Poisson Distribution

Confidence interval

The confidence interval for the mean of a Poisson distribution can be expressed using the relationship between the cumulative
distribution functions of the Poisson and chi-squared distributions. The chi-squared distribution is itself closely related to the gamma
distribution, and this leads to an alternative expression. Given an observation k from a Poisson distribution with mean p, a confidence
interval for g with confidence level ws

33 (a/2;2k) < p < 5xP(1 - @/2;2k + 2),
or equivalently,
Fla/2ik,1) < p < FU1-a/2k+1,1),

where x” (p; n) is the quantile function (corresponding to a lower tail area p) of the chi-squared distribution with n degrees of freedom

and F~1(p; n, 1) is the quantile function of a Gamma distribution with shape parameter n and scale parameter 1 27I3% This interval is
'exact’ in the sense that its coverage probability is never less than the nominal 1 —a.

When quantiles of the Gamma distribution are not available, an accurate approximation to this exact interval has been proposed
(based on the Wilson—Hilferty transformation): (40!

3
1 Za 2 1 o2
Fﬁ‘(l——— ) Ep.i{k+1}(]— + ),
9k 3@ 9k +1) Ivk4+1

where z, /o denotes the standard normal deviate with upper tail area o /2.

https://en.wikipedia.org/wiki/Poisson_distribution#Confidence_interval



qliphy@gqliphy-XPS-8910:~% root -1

root [0] O0.5*TMath::ChisquareQuantile(1-(1-0.682689492)/2,2*0+2
(const double)l.84102164457785333e+00

root [1] 0.5*TMath::ChisquareQuantile(1-(1-0.682689492),2*0+2
(const double)l.14787446401725934e+00

root [2]

root [2] 0.5*TMath::ChisquareQuantile(1-(1-0.682689492)/2,2*1+2)
(const double)3.29952655855387977e+00

root [3] 0.5*TMath::ChisquareQuantile((1-0.682689492)/2,2*1)
(const double)l.72753779105486810e-01

root [4]

root [4] 0.5*TMath::ChisquareQuantile(1-(1-0.682689492)/2,2%*%2+2)
(const double)4.63785962279801200e+00

root [5] 0.5*TMath::ChisquareQuantile  (1-0.682689492)/2,2%*2
(const double)7.08185440015169920e-01
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The central limit theorem

The sum of many random variables will tend to a Gaussian distribution!
This is at the basis of MUCH of the statistics practice we do
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The central limit theorem

I void random0O()

| { TCanvas *c1= new TCanvas("c1", "demo", 10,10,700,700);

gRandom = new TRandom3(0);
int n=200000;

int n2=500;

double ftot;

TF1 *f1 = new TF1("f1","gaus",0.6*n2,1.5*n2);

TH1F *h = new

TH1F("h","demo",100,0.6*n2,1.5*n2);

for (inti=0;i<n;++i){
ftot=0.0;
for (intj = 0; j < n2; ++4j) {
double x=gRandom->Exp(1);
ftot+=x; }
h->Fill(ftot);
}
h->Fit("gaus");
TF1 *fit = h->GetFunction("gaus");

Double_t chi2 = fit->GetChisquare();

cout<<chi2<<endl;
h->Draw();
cl->SaveAs("Exp_500.png");
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Covariance and correlation

* If you have two random variables x,y you can also define their covariance, defined as

VXy - E[(X_:ux)(y_;uy)] = E[Xy]—Z,uX,uy —I—quluy —

= [t (x, y)dedy - e,

e This allows us to construct a covariance matrix V, symmetric, and with positive-defined
diagonal elements, the individual variances ze,csyz:

2
V- (VXX ny] [ oy ro,o,
- — 2
Vix Vg ro,o, O,
A measure of how x and y are correlated is given by the correlation coefficient r:

V

Xy
0,0,
* Note that if two variables are independent, f(x,y) = f,(x) f,(y), thenr=V, =0and
E[xy] = E[X]E[y] = p,u,,.

F =

However, E[xy]=E[x]E[y] is not sufficient for x and y be independent! In everyday usage
one speaks of “uncorrelated variables” meaning “independent”. In statistical
terms,uncorrelated is much weaker than independent!
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#include <iostream>
#include <cmath>
#include <cstdlib>
#include <ctime>
using namespace std;
int main()

{

double mean=0.0, mean2=0.0;

double variance=0.0, variance2=0.0;

double var=0.0;

int NN;

cout << "Number =";

cin >> NN;

double f[NN], f2[NN];
for(int i=0; i<NN; i++) {
f[i]=0.; f2[i]=0.;

}
srand(unsigned(time(0)));

for(int i=0; i<NN; i++) {

double fx=rand()/(double)RAND_MAX;

fli]=fx;

mean+=fx;

variance+=fx*fx;

double fx2=rand()/(double)RAND_MAX;

f2[i]=fx2;

mean2+=fx2;

variance2+=fx2*fx2;

var+=f[i]*f2[i];
}
mean=mean/double(NN);
mean2=mean2/double(NN);
variance=sqrt(variance/double(NN)-mean*mean);
variance2=sqrt(variance2/double(NN)-mean2*mean2);
var=(var/double(NN)-mean*mean2);

cout<<"mean= "<<mean<<endl;

cout<<"mean2= "<<mean2<<endl;

cout<<"variance= "<<variance<<endl;
cout<<"variance2= "<<variance2<<endl;
cout<<"var/vl/v2= "<<var/variance/variance2<<endl;

}



FEHLIE RISt 2

0.1 .: | , .i ; |

for(int d=0; d<NN; d++) { : | | ‘ | | |
for(int i=0; i<NN-d; i++) { :
dff[d]=dff[d]+(df[i]-mean)*(df[i+d]-mean); 0.05 """""""""" """""""""
} : | |

dff[d]=dff[d]/double(NN-d)/variance/variance;

Cp = 1.The non-vanishing of Cy for k # 0 means -0.05 ‘ ”””””””””” ”””””””””” ””””””””””

that the random numbers are not independent.
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I #include "TF1.h"

: #include "TMath.h"

I void randomOb()

: {// a*exp(-ax)dx=d(1-exp(-a*y))
 //a=2.0 here

TCanvas *c1= new TCanvas("c1", "demo", 10,10,700,700);
gRandom = new TRandom3(0);
int n=200000;
TH1F *h = new TH1F("h","demo",100,0,1.);
for (inti=0;i<n; ++i){
double y=gRandom->Uniform(0,1);
double x=-1./2.*TMath::Log(1.0-y);
h->Fill(x);
}
h->SetLineColor(kRed);
// dN/dX -> density
h->Scale(1.0/0.01/double(n));
h->Draw();
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e EER 2 f(x)dx=xdx

void randomO()
{ // xdx=1/2d(x"2)
TCanvas *c1= new TCanvas("c1", "demo", 10,10,700,700);
gRandom = new TRandom3(0);
int n=200000;
TH1F *h = new TH1F("h","demo",100,0,1.);
TH1F *h0 = new TH1F("h0","demo",100,0,1.);
for (inti=0;i<n;++i){
double y=gRandom->Uniform(0,1);
double x=sqgrt(2.*y);
h->Fill(x);
hO->Fill(y, y); }

// dN/dX -> density
h->Scale(1.0/0.01/double(n));
h0->Scale(1.0/0.01/double(n));
h->Draw();
hO->Draw("same");
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#include "TF1.h"

#include "TMath.h"
void random2()
{ /7 f(x,y)=1/(2*pi)*exp[-(x"2+y"2)/2]
// note \int_{-inf}*{inf} exp(-x*2/2)dx=sqrt(2*pi)
TCanvas *c1= new TCanvas("c1", "demo", 10,10,700,700);
gRandom = new TRandom3(0);
gRandom2 = new TRandom3(1);
double pi =3.14159265358;
int n=200000;
double u,v, x, y;

TH2F *h = new TH2F("h","demo",20,-1,1.,20,-1,1.);

for (inti=0;i<n;++i){
u=gRandom->Uniform(0,1);
v=gRandom2->Uniform(0,1);
x=sqrt(-2.0*TMath::Log(u))*TMath::Cos(2.*pi*v);
y=sqrt(-2.0*TMath::Log(u))*TMath::Sin(2.*pi*v);
h->Fill(x,y); }

/!
/!
/!

/!
/!
/!

h->SetLineColor(kRed);

h->Scale(1.0/(0.1*0.1)/double(n));

h->Draw("colz");
TH1D *hx = h.ProjectionX();

hx->Scale(1.0/(0.1)/double(n));

hx->Draw();
TH1D *hy = h.ProjectionY/();

hy->Scale(1.0/(0.1)/double(n));

hy->Draw();
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// h->SetLineColor(kRed);

- // h->Scale(1.0/(0.1*0.1)/double(n));
void random2b() /| h->Draw("colz");

{// f(x,y)=1/(2*pi)*exp[-(x"2+y"2)/2]
// note \int_{-inf}inf} exp(-x"2/2)dx=sqrt(2*pi)

//Marsaglia Method TH1D *hx = h.ProjectionX();
hx->Scale(1.0/(0.1)/double(n1));
TCanvas *c1= new TCanvas("c1", "demo", 10,10,700,700); hx->Draw();

gRandom = new TRandom3(0);

oy N
gRandom?2 = new TRandom3(1); /[ TH1D *hy = h.ProjectionY();

// hy->Scale(1.0/(0.1)/double(n));

double pi =3.14159265358; /| hy->Draw();

int n=200000; int n1=0;

double u,v,x,y,w,z; cout<<double(n1)/double(n)<<"
TH2F *h = new TH2F("h","demo",20,-1,1.,20,-1,1.); "<<1.0/sqrt(2.0*pi)<<endl;

for (inti=0;i<n;++i){

u=gRandom->Uniform(0,1); cl->SaveAs("sample2b_x.png");

v=gRandom2->Uniform(0,1); }
w=(2.*u-1.)*(2.%u-1.)+(2.%v-1.)*(2.%v-1.); demo
if(w>1) continue; : e s

0.4 Mean —0.00361
RMS 05393

z=sqrt(-2.*TMath::Log(w)/w);
x=(2.*%u-1.)*z;

y=(2.*v-1.)*z;

h->Fill(x, y);

nl++;

}
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#include "TF1.h"
#include "TMath.h"

void random3()
{ /] xdx=1/2d(x"2)

TCanvas *c1= new TCanvas("c1", "demo", 10,10,700,700);
gRandom = new TRandom3(0);
gRandom?2 = new TRandom3(1);
int n=200000;

TH1F *h = new TH1F("h","demo",100,0,1.);
TH1F *hO = new
TH1F("h0","demo",100,0,1.);
for (inti=0;i<n;++i){
double x=gRandom->Uniform(0,1);
double y=gRandom2->Uniform(0,1);
if(y<=x) {h->Fill(x);}
hO->Fill(x, x); }
h->SetLineColor(kRed);
h->Scale(1.0/0.01/double(n));
h0->Scale(1.0/0.01/double(n));
h->Draw();
hO->Draw("same");
c1->SaveAs("sample_3 x.png"); }
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#include "TF1.h"

#include "TMath.h"

void random3b()

{// f(x)=1/sqrt(2*pi)*exp(-x"2/2), 0<x<inf

// h(x)=exp(-x)

TCanvas *c1= new TCanvas("c1", "demo", 10,10,700,500);
gRandom = new TRandom3(0);
gRandom2 = new TRandom3(1);
double pi =3.14159265358;
int n=1000000; int n1=0;
double u,v;
double L=sqrt(exp(1.0)/2.0/pi);

TH1F *h = new TH1F("h","demo",100,0,3
for (inti=0;i<n;++i){
double k1=gRandom->Uniform(0,1);
double k2=gRandom2->Uniform(0,1);
x=-TMath::Log(k1);
v=L*exp(-(x-1.)*(x-1.)/2.0)/L;
if(k2<=v) {h->Fill(x,L); n1++;} }
h->SetLineColor(kRed);
h->Scale(1.0/0.03/double(n));
h->Draw();
cout<<double(nl)/double(n)<<"
"<<1.0/L/2.0<<endl; }
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#include "TF1.h"

#include "TMath.h"

void random4()

{TCanvas *c1= new TCanvas("c1", "demo", 10,10,700,500);

gRandom = new TRandom3(0); ......
gRandom4 = new TRandom3(3);

double pi =3.14159265358;
int n=10000; int n1=0;
double Id=7.; double x;

_k _. _‘
[N » @

-

demo double p1, p2, p3;
Eios hmo:;ggg p1=3/|d, p2=3/|d, p3=1/|d,
RMS 02725 TH1F *h = new TH1F("h","demo",100,0,3.);

for (inti=0;i<n;++i){
double k1=gRandom->Uniform(0,1); ......
double k4=gRandom4->Uniform(0,1);
x=k2;
if(k1>pl && k1<(pl+p2)) {
if(k3>x){x=k3;} }

DO

—E if(k1>(p1+p2)) {
if(k3>x){x=k3;}
if(k4>x){x=k4;} }

double y=(2.-1.)*x+1.;

h->Fill(y); }
h->SetLineColor(kRed);
h->Scale(1.0/0.03/double(n));
h->Draw(); }
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//Maxwell Distri.

// f(x)=2*sqrt(x)/sqrt(pi)*exp(-x), O<x<inf
/1 f(x)=H(x)*g(x)

/] 8(x)=2/3*exp(-2x/3)

/] H(x)=3/sart(pi)*sqrt(x)*exp(-x/3)
/] L=max(H(x))=sqrt(27/2/pi/e)
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#include "TF1.h"
#include "TMath.h"
void random5()

{

TCanvas *cl1= new TCanvas("c1", "demo", 10,10,700,500);

gRandom = new TRandom3(0);

gRandom2 = new TRandom3(1);

double pi =3.14159265358;

int n=1000000; int n1=0;

double u,v;

double L=sqrt(27./2./pi/exp(1.0));

TH1F *h = new TH1F("h","demo",100,0,5.);

for (inti=0;i<n;++i){
double kl1=gRandom->Uniform(0,1);
double k2=gRandom2->Uniform(0,1);
double x=-3./2.*TMath::Log(k1);
if(k2*k2<=(-exp(1.0)*k1*TMath::Log(k1))) {h-

>Fill(x); n1++;}

}

h->SetLineColor(kRed);

h->Scale(1.0/0.05/double(n1));

h->Draw();
cout<<double(n1)/double(n)<<" "<<1.0/L<<"
"<<2./sqrt(pi)/exp(1.0)<<" "<<2./sqrt(pi)*sqrt(2.)*exp(-2.0)<<endl;

}
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